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Abstract

This thesis is mainly a study of convergence estimates of various approximation opera-
tors. Approximation theory is indeed an old topic in mathematical analysis that remains
an appealing field of study with several applications. The findings presented here are
related to the approximation of specific classes of linear positive operators. The introduc-
tory chapter is a collection of relevant definitions and literature of concepts that are used

throughout this thesis.

e The second chapter is based on Durrmeyer-type modification of Apostol-Genocchi

operators.

o The third chapter is devoted to a modification of the Lupas-Kantrovich operator that

preserves exponential function e™*.

e The fourth chapter is based on the inverse Pdlya-Eggenberger distribution.

e The chapter fifth is dedicated to estimating the difference between Mastroianni and

Gupta operators.

e The chapter sixth is dedicated to Micchelli-type iterative combinations of general-

ized positive linear operators.

e The last chapter summarizes the thesis with a brief conclusion and also discusses

the prospects of this thesis.
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Chapter 1
Introduction

In mathematics, the main focus of the theory of approximation is on identifying the best
ways to approximate functions with simpler ones and quantifying the errors that are in-
troduced thereby. The foundation of approximation theory was laid on a result first given
by Karl Weierstrass [147] in 1885, which states that for every continuous function f on a
closed interval [a, b] and any € > 0, there exists a polynomial p of degree n on [a, b] such
that

lf(x) = p(X)| <€, Vx € [a,D].

In other words, any continuous function on a closed and bounded interval can be uni-

formly approximated on that interval by polynomials to any degree of accuracy.

1.1 Preliminaries

In this section, we recall some definitions and properties regarding approximation opera-

tors discussed here that will be of interest to the whole thesis.

1.1.1 Linear Positive Operators

Definition 1.1.1 Let X and Y be two linear spaces of real functions. Then the mapping

L : X — Y is a linear operator if:

L(af + Bg; x) = aL(f; x) + BL(g; x),

forall f,ge Xand a,B € R. Ifforall f € X and f > 0, it follows that L(f; x) > 0, then

L is called a positive operator.

Next, we define the modulus of continuity, mainly used to measure quantitatively the

uniform continuity of functions.
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1.1.2 Usual and Higher Order Modulus of Continuity
Definition 1.1.2 Let f € Cla,b] and 6 > 0, then
w(f;0)=sup{lf(x+h)— f(x)]:x,x+hela,b],0<h<d}.

Where w is known as the usual modulus of continuity or simply first order modulus of

continuity which was introduced by H. Lebesgue in 1910.

Some of the error estimates in this thesis are given in terms of the modulus of conti-
nuity of higher order. Therefore we now give the definition of w,, r € N, as given in 1981
by L. L. Schumaker [135]].

Definition 1.1.3 Let f € Cla, b], then for r € N and 6 > 0, the modulus of continuity of

order r is defined as:

w, (f36) = sup

ALf ()|t x,x+rh e [a,b], 0<h <6},

where

NS () = Z(—l)""[ : ]f<x+ih>,
i=0

denotes the forward difference with step size h. In particular, for r = 1, w(f,9) is the

usual modulus of continuity.

Proposition 1.1.4 The modulus of continuity of order r verifies the following properties:
1. w,(f;.) is a positive, non decreasing and continuous function on (0, 0);
2. wy(f;0)=0;5
3. w, (f;.) has sub-additive property;
4. W, (f;.) <20, (f,.) forall x > 0;
5. wy(fsnx) <nw,(f;x) foralln e N and x > 0;

6. w,(fikx) < (1 +[k]) w,(f;x) for all k > 0 and x > 0, where [a] denotes the

integer part of a;

For r = 1, these properties are valid for the usual modulus of continuity w (f;.).
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1.1.3 Ditzian-Totik Modulus of Smoothness

We recall the definitions of the Ditzian-Totik first-order modulus of smoothness and
the K-functional [54]. Let ¢(x) = Vx(1 — x) and f € C[O0, 1], then the first order modulus
of smoothness is defined as:

ho(x)
-2

Further, the corresponding Peetre’s K-functional is given by

,xi@e[(),l]}. (1.1

he(x)
2

wy(f;0) = sup {f(x+

0<h<6

Ko(f30) = Inf {lif -4l +0lleg’ll}, 6>0, (1.2)

where
Wo =1{g : llgg'll < o0, g € AC[O, 11},
and ACIO, 1] denotes the space of all absolutely continuous functions on every interval

[a,b] c (0,1) and ||.|| is the uniform norm in C[0, 1]. Moreover, from [[54], p. 11], there

exists a constant C > 0O such that:
K,(f;6) < Cw,(f;6). (1.3)

1.1.4 Weighted Spaces and Corresponding Modulus of Continuity

Let B,,(I) be the space of all functions f defined on the interval I € R for which there
exists a constant M > 0 such that |f(x)] < Mp(x), for every x € I, where p is a positive
continuous function called weight function. In 1974, A.D. Gadjiev [60; 61] introduced
the weighted space C,(I), which is the set of all continuous functions f on the interval

I € Rand f € B,(I). This space is a Banach space, endowed with the norm

)
Wl =0 o5

For I = [0, ), the subspace C; [0, 00) is defined as follows:

x Sl
GO ) =1 € G0 fim oty =

Many authors [15; [82]] use the following weighted modulus of continuity Q (f, ) for
f S CB(O, 00):

k < +oo}.

0o sy MW =S

xe0.oopni<s (L+02)(1+x%) "

Let us denote by C*[0, o), the Banach space of all real-valued continuous functions

on [0, co) with the property that lim f (x) exists and is finite endowed with the uniform

norm. In [35]], the following theorem is proved:
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Theorem 1.1.5 If the sequence A, : C*[0,00) — C*[0, 00) of positive linear operators
satisfies the conditions
lim A, (e x) = e, k=0,1,2

n—-oo

uniformly in [0, o), then
lim A, (f;x) = f(x),
uniformly in [0, o), for every f € C*[0, o).

1.1.5 Modulus of Continuity for Exponential Functions

To find the rate of convergence of operators satisfying the conditions from the above

theorem, we use the following modulus of continuity:

e — e_'| < 5}

W (f38) = sup{If (¥) = F (O] : x>0,
defined for every 6 > 0 and every function f € C*[0, o).

Proposition 1.1.6 The modulus of continuity defined for exponential functions has the

following properties:

1. w*(f;0) can be expressed in terms of usual modulus of continuity, by the relation
W' (f3;0) = w(f"0),
where f* is the continuous function on [0, o) given by:

| FEm@. e,
Y Viim s, x=0.

>0

2. Foreveryt,x € [0,1] and M > 0, we have
w (f30) < (1 + ") w (f:6)-

3. The defined modulus of continuity w* possess the following property:

(=)

5 )w(f*;d).

If (@)= fl < (1 +

1.1.6 Lipschitz Spaces

Definition 1.1.7 For non-negative real numbers a and b, the Lipschitz space [I22] is
defined as:

=
(ax + bx + P>

Lipy(B) = {f € Cl0,1] - 1f() - fl < M x, 1 € (0, 1)},

where B € (0, 1] and M is a positive constant.



1.2 Historical Background and Literature Review 5

To discuss some direct estimates of operators in this thesis, we used Lipschitz-type maxi-

mal function of order § defined by Lenze [101] as follows:

lf (@) — f(X)l

agel0] |t — xfP

wp(f;x) = , x€[0,1], (1.4)

where S8 € (0, 1].

The definitions we provided above are for functions with a single variable. These

definitions are slightly different for a function with two independent variables.

1.1.7 Total and Partial Modulus of Continuity

To establish the degree of approximation of bivariate operators in the space of con-
tinuous functions on the compact set 1> = [a, b] X [a, b], the total modulus of continuity
for the function f € C(I?) is defined by:

Wiorat(f3 61, 62) = sup{|f(t1, 1) — f(x,y)l : (t1,12), (x, ) € I?, |t — x| < 61, |t — y| < 62}

Further, the partial moduli of continuity with respect to the independent variables x

and y is given as:

WV(f;0) = supllf(x1,y) — fa, sy €1, |x1 — x| <6,
and

W ?(f;6) = supllf(x,y1) — fF(x, o)l : x €1, ly; — yal < 6}

Both total and partial modulus of continuity for bivariate functions satisfy the properties

of the usual modulus of continuity and can be studied more in [22].

1.2 Historical Background and Literature Review

A simple yet powerful tool for deciding whether a given sequence of linear positive oper-
ators on C[0, 1] or C[0, 2] is an approximation process or not are the Korovkin theorems.
These theorems are abstract results in approximation which gives conditions for uniform
approximation of continuous functions on a compact metric space. The Korovkin theo-
rem [[21] pp.218] elegantly says that, if (L,),-; 1s an arbitrary sequence of linear positive

operators on the space Cla, b], and if

lim L, (e;; x) — e; uniformly on [a, b],
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for the test functions e;(x) = x', i = 0, 1, 2 then
lim L, (f;x) — f uniformly on [a, b],

for each f € Cla, b].

The above theorem, known as Korovkin’s first theorem, was proposed by P. P. Ko-
rovkin [100] in 1953. Korovkin’s second theorem has a similar statement, but the space
CI0, 1] is replaced by the space CI0,2n], i.e., the space of all 2z periodic real-valued
functions on R. The test functions e; in this case belong to the set {1, cos(x), sin(x)} for
i = 0,1,2 respectively. H. Bohmann [34] in 1952 had proved a result similar to Ko-
rovkin’s first theorem but concerning sequences of linear positive operators on C[0, 1] of

the form

L(f;x)= ) fla)g, feClo1],

iel
where (a;);ca 1s a finite set of numbers in [0,1] and ¢; € C[0,1],i € A. Therefore,
Korovkin’s first theorem is also known as Bohman-Korovkin Theorem. An immediate
analogue of Korovkin’s theorem does not hold if the domain of definition of the function
Jf becomes unbounded and hence requires the function to have some finite limit at infinity.
For continuous and unbounded functions on [0, o0), A. D GadzZiev [60] in 1974 introduced
a weighted space C,[0, co) defined as the set of all continuous functions f on the interval
[0, o) for which there exists a positive constant M such that |f(x)] < Mp(x), for every
x € [0, 00). Here p is a positive continuous function called the weight function. The space

C,[0, o) is a Banach space equipped with the norm

3 If (x)]
1A, = X:[%Eo> ek

The Korovkin theorem by GadZiev is given as: Let ¢ : [0, 00) — [0, c0) be a continuous,
strictly increasing and unbounded function. Set p (x) = 1 + ¢?(x). If the sequence of

linear positive operators L, : C, [0, 00) — C, [0, o) verifies

lim | L,(¢'; x) — go"(x)”p =0,i=0,1,2.
Then,
lim [IL,(f:.) = f(l], = 0,
for every f € C, [0, o) for which lim % exists and is finite.

With the application of Korovkin theorems to study the uniform convergence of lin-
ear positive operators, advancement in approximation theory began with the development

of new linear positive operators, the first and most important of which are the Bernstein
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polynomials. In 1912, S. N. Bernstein [32] gave an elegant proof of the famous Weier-
strass approximation theorem by defining a sequence of polynomials called Bernstein op-
erators on the closed interval [0, 1] (extended on [a, b] by simple manipulations). These
operators are defined as:

Let f be a bounded function on [0, 1]. The Bernstein operator of degree n with

respect to f is defined as:

- k
B, (f;x) = Z By (x)f(—); x €[0,1], (1.5)
=0 n
where
bn’k (x) = ( Z )xk(l _ x)n—k;k = O’ 1’2, ceen,
and [ Z ] = FEDroD ;ﬁl'f&l_)k D represents the binomial coefficient. It should be noted that

by (x) € Py, k=0,1,2,---,n, where P, denotes the space of all polynomials of degree

at most n, are the so-called Bernstein polynomials.

Proposition 1.2.1 Some important properties of the Bernstein polynomials are listed as
follows:

1. The Bernstein polynomials of degree n form a basis for P, ;

2. The Bernstein polynomials satisfy symmetry property b, (x) = by, (1 = x), k =
0’ ]‘?2’.. : ?n;

3. The Bernstein polynomials are all positive over [0, 1], that is b,; (x) > 0, Vx €
[0, 11;

4. Another important property is that the Bernstein polynomials form a partition of

an bpy (x) = 1;
k=0

5. The recursive formula for the Bernstein polynomials is as follows:

unity:

b (x) = (1 = %) by i (X) + Xy j—1 (X) .

Since the Bernstein operators were only suitable for approximating functions on a com-

pact interval, O. Szdsz in 1950 [[143]], and G. Mirakiyan in 1941 presented a generalization
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of these operators for a continuous function f on the interval [0, o), which later came to
be known as Szdsz-Mirakiyan operators. These operators are defined as:

[

k
Su(fiX)= ) suk (x)f(;), x € [0, 00), (1.6)

k=0
where

()t

__—nx
Sax(X) =e T

In 1957, V. A. Baskakov [30] introduced another sequence of linear positive opera-

tors on the interval [0, co) called Baskakov operators which are defined as:

= k
G (x)f(;), x € [0, 00), (1.7)
k=0
where
n+k—1 xt
Un (X) = ( p )—(1 e

To approximate integrable functions on the compact interval [a, b], Kantorovich [92]
was the first to define the integral variant of Bernstein operators by replacing the weight
k
n

function with the average mean of the weight function in the vicinity of the point = as:

(k+1)/(n+1)

By (fix)=(n+ 1)) by () f f@ar,

k=0 k/(n+1)

where b, (x) is defined in (1.5)).
Similarly, Szdsz-Kantorovich operators on the unbounded interval [0, co) for given
basis function s, (x) in are defined as:

(k+1)/n

(o9

S =nYy s [ so (18)

k=0 k/n

For Baskakov operators, the integral variant on the semi-real axis is:

(k+1)/(n—1)

Vo (f;x) = (n— I)Zvn,k(x) f f@dt, (1.9)

k=0 k/(n—1)

where v, (x) is defined in similar manner as in . To estimate functions on
an unbounded interval, Kantorovich forms of various approximation operators have
been defined from time to time. For further reference, one can visit the articles
[165 14 (175 455 1665 [118]].
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In 1967, J. L. Durrmeyer [55] gave a more generalised integral modification of Bern-
stein operators by replacing the values of f(k/n) by an integral over the weight function
on the interval [0, 1]. These so-called Bernstein-Durrmeyer operators were first studied

by Derrienic [48] and are defined as:

1
B(f;x)=(n+ 1)an,k (x)fbn,k (0 f(dr. (1.10)
k=0 o
In the year 1985, Mazhar and Totik [115] introduced the Szasz-Durrmeyer operators
as follows:
Sn(f;x):nzsn,k(x)fsn,k(t)f(t)dt' (1.11)
k=0 0

In the same year Sahai and Prasad [[133]] also established the Baskakov-Durrmeyer

operators defined as follows:
Vo (fs) = (n - 1)2 Unk (X)fvn,k () f () dr. (1.12)
k=0 0

where b,k (x), s, (x) and v, (x) are same as in (L.5)), (1.6) and (1.7) respectively.
Durrmeyer-type variants of a number of linear positive operators were constructed in

subsequent years. One can refer to the articles [9; 115 42; 162} 196]].

As approximation theory continues to advance, researchers have been motivated to
explore the development of innovative approximation operators that exhibit faster
convergence rates and are applicable across a diverse range of functions and spaces. In

1976, May [112]] introduced operators of the following form:

A wa (A, x,0) f (1) dt,
and termed it as exponential operators ;)jovided they satisfy two conditions, first is the
homogenous partial differential equation

%S (A, x,1) = A(; (;)x)

where S (4, x, ) > 0 is the kernel of these operators and ¢ is a polynomial of at most degree

S A, x,1), (1.13)

n which is analytic and positive for x € (a, b) for some a, b such that —co < a < b < 400,

while second is the normalization condition

(o)

W,(1;x) = fS A, x,0dt = 1. (1.14)

—00
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These operators satisfying the above conditions are, for example, the Bernstein operators,
Széas- Mirakiyan operators, Post-Widder operators, Gauss-Weierstrass operators and
Baskakov operators. These well-known operators are thus referred to as exponential
operators. Some approximation properties were also studied for polynomials of degree at

most 2.

Another approximation operator examined in this thesis is the beta-type operators.
A vital tool among the researchers to study linear positive operators is Euler’s beta

function, which for @, 8 > 0 is defined as follows:

© gl @+
B(a,ﬁ)—fo T G (1.15)

The transform (1.15) reproduces the Durrmeyer type modification of the linear positive
operators defined by for all real-valued continuous and bounded functions f on
[0, 00). The derived operators have been studied extensively by researchers over the past

few decades; for instance, see [[1; 43} 1465 52].

1.3 Improvement in the Order of Approximation

The central idea in approximation theory is to estimate the rate of convergence of the se-
quence of operators using various convergence methods. These methods aim to improve
the rate of convergence of operators, thereby reducing the error induced during the ap-
proximation process. Let E,(f) be the error function for the best uniform approximation

of function f by trigonometric or algebraic polynomials 7, of degree n, then

E,(f) = infsup|f (x) - T, ()]

We expect that the smoother the function f is, the faster E, (f) converges to zero.

If f is r times continuously differentiable on some compact interval, then

En(f) < Cr”fr”n_r’ n= 172a"'

For instance, we say that E, (f) tends to zero at least as fast as 1/n whenever f is differen-
tiable i.e. degree of approximation of fis 1/n and 1 /n2 when it is twice differentiable, and
so on. Estimates of this type of estimating error have a rich history. The first results of this
type were given by S. N. Bernstein [33]] and later Favard [S8]] found the best constant C,.

Jackson [87] then refined the above given estimate of E,, (f) by using subtler measures of
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the smoothness of a function f such as modulus of continuity w (f, ¢) for f € C(I) as: If

f 1s r times continuous differentiable, then

E.() < Cw(fn), n=1,2,-

The continuity of f ensures that w(f,9) — 0 as § — 0. Although the linear positive
operators are conceptually simpler and easy to construct and study, they lack the rapidity
of convergence for sufficiently smooth functions. In the same context, a well-known
theorem of Korovkin states that the optimal rate of convergence for any sequence of linear
operators is at most O(n~2). Thus if we want to have a better order of approximation
for smoother functions, we must slacken the positivity condition. Several investigations
indicate that even when a sequence or class of linear positive operators is saturated with a
certain order of approximation, some carefully chosen linear combinations of its members
give a better order of approximation of smoother functions.

Our interest in this thesis is to improve the order of approximation of classical and
existing operators. For instance, many of the standard operators in approximation theory

preserve the test functions ey and e for all n € N, i.e.,

L,(ep;x) =ey L,(e1;x) =ey.

An important approach to improving the order of approximation was given by J. P. King
in his pioneer work [98]]. He presented a non-trivial sequence of positive linear operators
defined on CJ[0, 1] that preserved the test functions e, and e,. Let {r, (x)} be a sequence
of continuous functions defined on [0, 1] such that r, (x) € [0,1]. Then the operators
Vour, + Cl0, 1] = CIO, 1] are defined as:

- k
Vi, (f30) = Z (ra ()1 =1, (x))”"f(z), x € [0, 1],
k=0

where

X, n=1

rp (X) = » +\/(L)x2+; n=273,--

2(n-1) n—1 4(n-1)*’

The operators V,,, interpolate f at the endpoints O and 1 and are not polynomial
operators. King also proved that the order of approximation of operators V,,,, is at least
as good as the order of approximation of Bernstein operators for x € [0, %]. Inspired by
his work, other modifications of well-known operators were constructed as well to fix cer-
tain functions and to study their approximation and shape-preserving properties. In [36]]
Cardenas-Morales et al. presented a family of sequences of linear Bernstein-type opera-

tors B, o, n > 1, depending on a real parameter o > 0, and fixing the polynomial function
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e, +ae;. Among other things, the authors prove that if f is convex and increasing on [0, 1],
then f(x) < B, .(f; x) < B,(f; x) for every x € [0, 1]. In their research paper, Duman and
Ozarsalan [56] proposed an improved version of the classical Szdsz-Mirakiyan operators
that provide a more accurate error estimation. Similarly, Ozsarac and Acar [125] intro-
duced a new modification of the Baskakov operators that preserve the functions ¢* and
e where 1 > 0.

In this thesis, we have used King’s approach as well as the sequential approach to
present a better modification of various operators, thereby reducing the error and improv-

ing the rate of approximation of the considered operators.

1.4 Chapter-Wise Overview of the Thesis

The thesis consists of seven chapters, whose contents are described below:

The literature and historical context of some key approximation operators are
covered in Chapter 1. Along with a brief summary of the chapters this thesis is divided
into, we also discuss some preliminary instruments that will be employed subsequently

to derive our main results.

Chapter 2 is dedicated to certain operators based on a class of orthogonal polyno-
mials called Apostol-Genocchi polynomials. It is majorly divided into two sections. The
first section considers a Durrmeyer-type modification of Apostol-Genocchi operators

based on Jain operators for f € C[0, o).

We established a Durrmeyer-type modification of Apostol-Genocchi operators based on

Jain operators:

[e9)

- -1 o
H, (f3) = Z( [ (f)df) e [ phered e
0 0

k=0

S ph©.r©)
_kzz(; PO @.1) "

where

1+ el\* G (nx; A
+e ) k ( )’ (117)

(a) __-nx

bui () = € ( 2 !

and

nx(nx + kB)< e~ (k)
k!

Here G,(:’) (nx; A) 1s the generalized Apostol-Genocchi polynomials of order «, and pf,)( (x)

pY (x) =

is the Jain basis. First, we estimate the convergence rate of Jain-Durrmeyer operators
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associated with the Apostol-Genocchi operators. We establish approximation estimates,
such as a global approximation theorem along with some convergence estimates in
terms of the usual modulus of continuity, and study the approximation behaviour of
these operators including K—functionality. We also estimate the convergence rate
of the proposed operators for functions in Lipschitz-type space. Moreover, graphical
interpretation to determine the absolute error for some particular values of the parameters

is performed using Mathematica software.

The second section of this chapter is dedicated to a Durrmeyer-type modification
of Apostol-Genocchi operators based on the beta operator. In this section, For
f € C[0, ), Prakash [129] et al. considered a sequence of linear positive operators
using Apostol-Genocchi operators polynomials. We presented a Durrmeyer form of

Apostol-Genocchi operators based on the beta function as:

[59)

1 *° t*
VOfix)= > v (x) f
n (f ) ; nk ﬁ(k + 1,’1) 0 (1 + t)n+k+1

f(ndt, (1.18)

where

1 * G (nx; A
+e/l) ¢ (nx; ) (1.19)

vﬁlalz (x) = e‘”x( 5 o ,

and B (k + 1,n) is Beta function given as:

00 ta—l W + E
ﬁ(a’ﬁ)_fo (1+t)‘”ﬁdt_ @+pB) “B>0.

Here G,({“) (nx; 1) 1s the generalized Apostol-Genocchi polynomials of order «, and
B(k+1,n) is the Beta basis. We propose the Beta function associated with the
Apostal-Genocchi polynomials to study the approximation properties of these Durrmeyer
operators and obtain the rate of convergence. Furthermore, we give a direct approxima-
tion theorem using first and second-order modulus of continuity, local approximation

results for Lipschitz class functions and direct theorem for the usual modulus of continu-

ity.

Chapter 3 deals with a modification of the Lupag-Kantrovich operator that pre-
serve exponential function e™*. We considered these modified operators in the following

way:

M A() (mﬂm(x))k

Tl f (w)du, (1.20)

Fon (f32) = (m+1) Y27
k=0
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where

o = x + log ((1 + m)(l l—em?'l)). (121
mlog(Z—e‘m)

Here 4,, (x), is calculated under the assumption that these operators preserve exponential
function ™. The moments and central moments of the proposed operators are evaluated
with the help of moment-generating functions. We estimate the convergence rate of
the operators in terms of both the usual and exponential modulus of continuity. Our
analysis also includes a global estimate and quantitative Voronovskaya results. Some
approximation results associated with the rate of convergence and order of approximation

are also provided, along with some numerical examples and graphical representations.

Chapter 4 is related to the study of operators associated with inverse Pdlya-
Eggenberger distribution. It is divided into two sections and the first section focuses
mainly on introducing Bézier variant of Baskakov operators associated with inverse
Poélya-Eggenberger distribution, a concept originated by Stancu and then thoroughly re-

searched by Deo and Dhamija[435]]. For 6 > 1, Bézier variant is defined as:

L0 = ) ulflo f X (D p(0)dt + u ()0 (0), (122)
r=1 0
where
tge " npty?!, =0
/\/ﬁ,r(t) = (123)
T(2+4rp)  oppp-t
LepT(E) (14enye e’ ceN,
roti 1 .
B ] rl("(/i;)j) j — J #0
f Xﬁ,r(t)ﬂd[ = Hl‘zl (I’lp - lC) (124)
O .
1, i=o,
and
r—1 ' n—-1 '
[T+ 11+ B
(ﬂ)(x) _ n+r-— 1 i=0 j=0
w"’r - r n+r—1

[T (x+1+kB)
k=0

with uf(0) = (£,0) = (#,,0) and 2, (x.c) = ¥ w). Itis obvious that the
jr "

n,r+

operators ﬁfz(.; x) are the linear positive operators.

Special cases:
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e For ¢ = 0 and @ = 0, the operators (4.5]) reduce to Baskakov-Szdsz type operators

based on inverse Pélya-Eggenberger-distribution [935]].

e Forc =4 =0and 8 = p = 1, the operators (4.5)) include Baskakov-Szdsz operators
(see [2;80]).

e Forc=8=0,0=1and p — oo, the operators (4.5]) reduce to Baskakov operators
(301

e Forc=0,0=1,8>0and p — oo, the operators (4.5) include Stancu operators
[142]].

We estimate the approximation behaviour of proposed operators in terms of first and
second-order modulus of smoothness. Additionally, the degree of approximation is also

established for the functions of the derivative of bounded variation.

The second section of this chapter is dedicated to a-Pdlya-Baskakov operator [[128]]

based on inverse P6lya-Eggenberger distribution as follows:

_(a,e)

Q" =Yg con(2). (1.25)
s=0

where a being a non-negative parameter, which may depend only on the natural number

r,witha —» O whenr — oo, r > 1, x € [0, ), and

r+s—1| 1helxls=el
g, (x) = a[ ) T
Ky (l + x) ’

r+s—-3 1[r—1,—e] [s—1,—¢]
- (1 — a,) —XZ
) (1 + x)[r+s— ,—e]

+(1—a)[

r+s—1 ] l[r—l,—e]x[s,—e]

s (1 + x)[r+s—1,—e] .

This section explores the approximation properties of a non-negative real parametric
generalization of the Baskakov operators based on inverse Pdlya-Eggenberger (I-P-E)
distribution. As a result of this study, we can obtain some approximation results,
including the Voronovskaya type asymptotic formula, error estimate in terms of modulus

of continuity and the sense of k-functional, and weighted approximation.

Chapter 5 investigates the difference between Mastroianni operators with Gupta

operators in terms of modulus of continuity of first order. We considered here
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Srivastava-Gupta [68]] operators

(0]

Gue£i0) = ) vnilx, YHui(f), (1.26)

i=0
The Mastroianni operators [[113;|114] are mentioned below:

[oe]

Moc(f3 0 = > 006 OF i ), (1.27)

i=0
where

o) = S0, 700 = 1)

with individual cases, which are mentioned below:

o If 7,0(x) = exp(—nx) then v, ;(x,0) = exp(—nx)("l.—f)i, and the operators (5.1) reduce

to Szasz operators.

(n/o)i _ (cx)

then we have v,(x,c) = = Tren B

o If c € Nand 7,0(x) = gy and the opera-

tors (5.1) reduce to Baskakov operators.

o If 7, _;(x) = (1 —x)"thenv, (x,-1) = (’})xi(l —x)"", and the operators || reduce

to Bernstein polynomials,

H,i(f) = (n+ C)f Uns2c,i-1(8 Q) f(Ddt, 1 <i < oo, H,o(f) = f(0).
0

We study the approximation properties of Gupta operators and the approximation of the
difference of operators and find an estimate for the difference of Mastroianni operators
with Gupta operators in terms of modulus of continuity of first order. We give the rate of
convergence with the help of the moduli of continuity and Peetre’s K-functional and in

the last section, the weighted approximation of functions is studied.

Chapter 6 is dedicated to Micchelli-type iterative combinations of generalized pos-

itive linear operators T, : C2(R;) — C(R,), which is defined as:

k k
mum:ZeW%J%qm. (128)
r

r=1

The generalised form of linear positive operators L, . : C2(R+) = C(R,) defined as:

= k
Mﬁm:Z%Mﬂﬁ, (129)
k=0

where
() ®)(x)

qn.k (X) = k!
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and
(I+cx)™; c=-1, xe0,1]
¢n,c(x) =

(1+cx)™; ¢>0, xel[0,00).

This is a generalised form of iterative combinations of positive linear operators
with well-known Bernstein and Baskakov operators as its particular case. We have

estimated the r”

moment of the iterative operator and found a recurrence relation
between the central moments and their derivatives. We deduce the Voronovskaya type
asymptotic formula and the relation between the error of continuous function and its

norm with restrictions on its higher derivatives.

At the end of the thesis, we serve to summarize the research conducted, highlight-
ing the key findings and implications of the study. This summary provides readers with
a clear understanding of the research and its significance. Additionally, the author offers
their thoughts on the future direction of the research, outlining potential areas for further
investigation and providing insight into how the research could be expanded or improved.
Overall, the thesis serves as a comprehensive conclusion, bringing together the various

elements of the research and providing valuable insights for future research in the field.

We now move on to our second chapter, which explores some important operators
based on a class of orthogonal polynomials called Apostol-Genocchi polynomials. These
operators are particularly significant and we will explore them in depth throughout this

chapter.






Chapter 2

On Durrmeyer Variant of Operators
Involving Apostal-Genocchi

Polynomials

In the late 19th century, P. L. Chebyshev initiated the research on orthogonal polynomials,
which was further developed by A. A. Markov and T. J. Stieltjes. This chapter focuses on
certain operators based on a class of orthogonal polynomials known as Apostol-Genocchi
polynomials. The first section constructs the Durrmeyer variant of these certain opera-
tors using the Jain operators with real parameters a, 8, and A, whereas the second section
deals with the Durrmeyer variant associated with the Beta basis function. We estab-
lish approximation estimates such as a global approximation theorem along with some
convergence estimates in terms of the usual modulus of continuity and examine the ap-
proximation behaviour of proposed operators including K— functional. Furthermore, we
estimate the rate of convergence of the proposed operators for function in Lipschitz-type
space and local approximation results by using the modulus of continuity. Employing
Mathematica software, we show the approximation and the absolute error graphically by

varying the values of given parameters.

19
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2.1 Integral Modification of Apostol-Genocchi

Operators

2.1.1 Introduction

The classical Bernoulli polynomials B,(x), Euler polynomials E,(x), and Genocchi
polynomials G, (x), together with their familiar generalizations B (x), E‘®(x) and G'®(x)
of (real or complex) order «, are usually by means of the following generating functions
(see, [45 110512151134 1385 141]] for details):

£ i = N (@) i L1a .
(ez_l) ¢ —;Bn (O (d <2m 17:= 1), (2.1)
2 aexz — iE(Q)(x)i (|Z| <71 1%:= 1)’ (22)
et +1 £ A
and
2Z @ . 00 @ Zn .
(ez+1) €Z—;Gn (X)I; (|Z|<7T1 = 1) (23)
Obviously
Bu(x) := BY(x), E,(x):= EV(x), and Gu(x):=GV(x), (neNy), 2.4)

where Ny := NU {0} (N :={1,2,3,--- .

From Equations (2.1)), (2.2) and (2.3)), it is easy to find the classical Bernoulli num-

bers B, (x), Euler numbers E,(x) and Genocchi numbers G,(x), which are defined as
B, := B,(0) = B(0), E, = E,(0) = E{(0), and G, := G,(0) = G (0),

respectively.

Analogues of the classical Bernoulli polynomials and numbers were first inves-
tigated by Apostol [23]] and later on Srivastav [[137]. An analogous extension of the
generalized Euler polynomials as the Apostol-Euler polynomials studied by Luo [107].

Moreover, Luo [104; [105; [106; [107] introduced and investigated the Apostol-

Genocchi polynomials of (real or complex) order @, which are defined as follows:

Definition 2.1.1 [I07] The Apostol-Genocchi polynomials G\ (x; 1) of order « in vari-

able x are defined by means of the generating function:

2Z ¢ N > o Zn .
(ﬂez n 1) e = ;Gﬁ (x; & (Izl < [log ()| 17:= 1). (2.5)
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with, of course,

G (x) = G (x;1) and G (1) := G (0;1),
and

G,(x;2) =GV (x;1) and G,(A) =GP (1),

where G, (1), Gﬁf’) (1) and G, (x; 1) denote the so-called Apostol-Genocchi numbers,

Apostol-Genocchi numbers of order a and Apostol-Genocchi polynomials, respectively.

For our convenience, we consider the operators in the following form:

For f € C[0, 00), the operator is defined as:

(9]

o o k 1T +ed\' < G (nx; ) [k
A(frx) = Zb;,ﬂ (x)f(;) =e ( ¢ ) Z k f(;), (2.6)

k=0 2 k=0 k!

where GE{“) (x; A) is generalized Apostol-Genocchi polynomials, which have the generat-

ing function of the form

26\ L N @ it
"= Gy g (<. 2.7)

1+ et k:O

The Apostol-Genocchi polynomials and their properties are studied by many
researchers for the detail here we refer (cf. [24; 91} 1055 1065 1245 [129; [1401)).

In [108], the following explicit formula for the Apostol-Genocchi polynomials
G;{“)(x; A) is given:

k—a

k A k—a\la+i-1
G (x; 1) = 2! —
R I Y

< M) R e ik L L @8)
J

J=0

where k,a € NU {0}, x € R, 4 € R\ {-1} and ,Fla, b; c; z] denotes the Gaussian

hypergeometric function defined by

S (@, (B2 _abz  ala+ Dbb+1) 7

Fila, b;c; = = + +--,
hlabiad = 2 0, T e c 2!
where (@) = 1, (@), = a(@+1)---(@+n-1)= 2 (n> 1) and 0 < @ < 1 (see [4],

pp- 37).
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Over the most recent two decades, an amazing number of papers showed up
contemplating Genocchi numbers, their combinatorial relations, Genocchi polynomials,
and their speculations alongside their different extensions and integral representations,
which provides a new direction in the field of positive linear operators. To the readers,

we suggest the following articles [} 144} 164; 85].

Jain [88] introduced a new class of linear operators as:
®) > ® k
IO (f;0 =) phf|=) x=0, (2.9)
=0 n

where 0 < 8 < 1 and
nx(nx + kB)< e~ k)
k! ’

For § = 0, these operators reduce to Szdsz-Mirakyan operators. Several researchers

pY (x) =

studied Jain operators and their integral variant in [19; 205 1525 57} 1132} [1435]].

Durrmeyer variants of various operators are studied by several researchers [1}; 43}
46; 52; [146] but in the year 2015, Gupta and Greubel [/5] introduced the Durrmeyer
variant of Jain operators (2.9). Motivated from [75], we now consider a Durrmeyer type
modification of Apostol-Genocchi operators based on Jain operators. For f € C[0, o) the

operators are defined as:

(o9

o -1 00
Hy (f:%) = Z( f Y (§)d§) B (x) f Pl @ f ) de (2.10)
0 0

k=0

X AGHIG)
_;1 (p? @), 1)

where (f,g) = [)” f (g (€) dé.

Some interesting results are studied by several mathematicians which have given a

new direction in the field of positive linear operators (cf. [3; 44 1645 85]).

2.1.2 Auxiliary Properties
Lemma 2.1.2 [[75] For 0 < B < 1, we have

(r8©).€)

oy e e
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where P, (k;8) is a polynomial of order r in variable k and (f,g) = fooo f(&gé)dé. In

particular

Po(k:p) =1

1 1
P (k:B) = ;[(1 —Bk+——I;

-5

1-B

P, (k) = % [(1 B + 3k + L]

P3 (k;B) = % [(1 —BYE +6(1 =Bk +

(11-89k 3! ]
- 1-8|

Py (k; B) = % [(1 =Bk + 1001 = YK +5(7 - 4) K

Ps (k;B) =

L10G-3p)k 4l ];

-3 1-p

% [(1 -8’k + 151 -k +5(1 -p) (17 - 8B) k°
15(15 - 208 + 68°) K L QT4-144p)k !

1-5 1-B -5

Lemma 2.1.3 [/29] For ﬂﬁ”(xm; x), m=0,1,2,3 and 4, we have

A5 x)
A E; x)

AXE; x)

AE; x)

A E x)

(04

X+ —
n(l +ed)
, (+2a+ed) @ —2aeld — a/ez/lz_

+
n(l+ed) il +ely?
(3 +3a+3ed) , (3&2 +3a + e 4? — 3ae’ A’ — 3aed + 2ed + 1)

+
n(l+el) (1 + ed)? o

(a3 — 6a2ed — 3a%e* A% — Saeld — dae*A® - a/e3/l3)

+—
n3(1 + ed)?
—902ed + 21ed + 20 + 24ae/l] .

n(1 + ed)? ’
. (B+2a+3ed) (—6(12 — 25622 — 50ed + 6ae’A* — 12a — 25) )
+
n(l+ed) (1 + ed)? g
x

[2(1/3 + 7828 =50 2 + 212 2% + 3a° — 6a%e* A% + 3ae*1?
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Lemma 2.1.4 The operators (2.10), for ‘H, (fi ; x), the moments up to second order are
given by:

H, (1;x) = 1;
o a(l -p) I
H, (& x)=(1-px {1+e/l +1—,3}’
2
1+2a+ed)(1-p) +3}x

?@@%@:wl—m?#+{ —

(1-py7 (a/2 - 2aed - a/ez/lz) 3a 21
s 1+ ey T T1o8(

Proof: By using Lemma and Lemma 2.1.3] we get

H, (1;%) = Z%mmwm

k=0
=1,

H, (&%) = Zﬂ@me

Reii 1 e

-2 [(1 Bk + l_ﬁ]bn’k (x)

_ (@) (¢ 1 (@ (1.

=1 -pA, (f,X)+—(1 ’B)ﬂn (1; x)

a(l-p) 1
=1 -Px {1+e/l+1—,8}’
H, ( Z% (k, @) b (x)

- l[(1—ﬁ)2k2+3k+ 2! ]b(")()

i -B

:U—ﬁf?WWé;Q+%9WN$x%+ AL (15%)

ﬂhﬁ%ﬂ

D P D
A\ T ren T 20 -p)
2
e _ﬁ)2xz+{(1+2a+e/l)(1—,8) +3}x

2!
n?(1-p)
(1+2a+ed) a*-2aed —ae*?

X+
n(l + ed) n%(1 + ed)?

1+ed n

(1-p)7* (az - 2aed - aelez) 3a 21
+— + + :
n? (1+e)? l+ed 1-p
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Lemma 2.1.5 By direct computation, we have

1 1- 1
Hy (€~ x):0) = ;{“fwf) + l_ﬁ}—ﬁx,

2N o [U+20+e)( =B 22(1-B 2 x

H, (€ - x7 1 x) = o +{ 1+ed 1+ed 1—ﬁ+3}n
{(a/z—2a.e/l—cxe2/12)(1—,B)2 3a 2 } 1
+ + + —.
(1 + ed)? l+ed 1-8|n?

Lemma 2.1.6 For the operators H,, we have |H,(f; x)| < |If]l,
where f € C[0, ) and ||f|| = sup |f(x)l.

x€[0,00)

Proof: From operators (2.10) and using Lemma [2.1.4] we get

[ee)

00 -1 -
Z( | e <§>ds‘) by [ pr @ds
0 0

k=0

o) 00 -1 00
<> f PP & dé) b (%) f PE©1f @1dé < IfIl.
k=0 \WO0 0

|H,(f; x)| <

2.1.3 Main Results

Let f € C%[0, o) be denoted the space of all functions f € C[0, o) such that f*, f”
define in C[0, o). Let || f|| be denoted the usual supremum norm of a bounded function f.

Then Peetre’s K—functional

K (f;6) = iznfm){llf —gll+6llg”lI}, 2.11)

g€C3l0,

and for 6 > 0 the modulus of continuity of second-order

w; (f;0) = sup If (x+2h)=2f(x+h)+ f(x)|. (2.12)

0<h<6,x€[0,00)

Also from ([49], p. 177, Theorem 2.4), there exists a constant C > 0 such that

K (f:6) < Can (f: V0). (2.13)
Now we get the following approximation results.
The Bohman-Korovkin-Popoviciu theorem [99] is a powerful mathematical tool

used to prove uniform convergence. In this context, it has been applied to the Apostol-

Genocchi-Jain-Durremyer operators (2.10) to establish their uniform convergence.
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Theorem 2.1.7 Let us f € C[0, 00) N O and this function also belongs to the class

o o fx)
—{f.xe[O, )’1+x2

is convergent as x — 00} ,

Then, the uniformly on each compact subset of [0, 00), where C[0, 00) is the space of all

real-valued continuous functions on [0, ), i.e.,
lim V% (f; x) = f(x),
n—-oo

where a(n) be such that « — 0 as n — oo.

Proof: As @ — 0 as n — oo, from Lemma we have

lim #, (&3 x) = ¥, i=0,1,2,

n—oo

uniformly on each compact subset of the non-negative half-line real axis. Hence, we get
the desired result by applying the well-known Korovkin-type theorem [21] regarding the

convergence of a sequence of positive linear operators.

Theorem 2.1.8 If f € C3[0, ) then for x € [0, ), we have

[, (300 = 1001 < 20 (f3 /(€ - 0%5)).

where w is the modulus of continuity of f [49] defined as:

w(f;x) = sup |f(x) = fy)l.

X,y€[0,00)
[x—yl<é

Proof: Applying the well-known property of w (f; x), Lemma and from operators
(2.10), we have

: Z( I (§)d§) b () f YO (f @ - f () de
0

fo P @) df) b (x) fo PE@I(f (&) - f (x)de

fo pff,i(f)df) B () f w(f;0)p” (§>(1+ If—xl)dé

1l & 00 00
= 1+52(f0 pff,i(f)dg) bff;f(X)fo pfi(§)|§—x|d§]w(f;5),

k=0
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For the integration, the following result holds by using Cauchy-Schwarz inequality

1 co 00 -1 00 1/2
H, () - F)] < [1+52( fo ) (f)df) B () ( fo p? (f)df)

k=0
1/2

x ( f P ) (€ = 27 df) dé|w (£:6).
0
Now using the last inequality for infinite sum and we have

[H, (f5 %) = f(x)l

1 o0 00 -1 . 1/2
s[1+5{2(f0 pff,i(f)df) b“(x)f ) @)de)

k=0

[

x {Z( fo e dé-‘) b () f Vo€ -0 d) o

k=0

2 1500 1, (€ - 07 x)}”] W (f:9).
By taking

= (M, (€~ 07:)) "
We get the required result.

Now, for 0 < o < 1 and let us present approximation in terms of Lipschitz constant
defined as:

Lipy = {f € Cp[0,00) : |f(m) — f(2)] <

where K > 0 is a constant.

_ o
% 1 — m2

W}’ N1, M2 € [0, 00),

Theorem 2.1.9 Suppose that f € Lip%, then

1 0/2
[H, (f5 %) — f(0)] < K{;Wn ((-f - x)’ ;x)} :
Proof: Since f € Lip% and 0 < o < 1, we have
|H, (f; ) = fO = [H, (f(E) — f(x); 0|
< H, (1f(E) = (0l x)

o
< KH, (('i ’;'@/2, ) (2.14)

From (2.14)), it becomes

7{ ( |§ xlg ) — i (f B) (é‘;) dg)_lb(a) (x)f (g) |‘§: - X|Q dlf
(g + X)Q/Z » X Lt n,k n,k nk (5 + X)Q/Z

) -1 <2 0)/2
( fo P2 (@) df) B () f ) de)
=0
00 2 /2
( f p2@) dg) b () f (§) f}g ,
k=0 0



28 On Durrmeyer Variant of Operators Involving Apostal-Genocchi Polynomials

where we use the Holder inequality by taking p = g and q = ﬁ. Now using the fact that

f%x < % we have

€ - x| o f 1 o2
H, (Wx) = {H, (1;x)}*0" {;% (€ -»2 ;x)} :

This proves the required results.

Theorem 2.1.10 For every f € Cg[0, ), we have

0,(x, @)

I(Hn(f;X)—f(X)ISsz(f, )+w(f’%),

where M > 0 is a constant.

Proof: For f € Cz[0, 00) and by the definition of the operators 7:7,1, we have

al-p) 1
l+el 1-

H, (f1x) = Wn(f;X)—f((l—B)X+%{ ﬁ})+f(X)- (2.15)

Using Lemma we obtain
‘ﬁn (eg;x) =1, and 7~{n (e1;x) = x,
ie., ?7,1 preserve constants and linear functions. Therefore
H, ((ey — x); %) = 0. (2.16)

Let f € C3[0, ) and using Taylor’s expansion
g(&) = g(x) +(E -0 g' (0 + f ¢ —wg"wdu, & x¢€][0,0). (2.17)
Applying 77,1 to above expansion and using (2.17), we have
fﬁ&m@—g@):quﬂﬁg—xmyuﬁ4lf@—unfwwmxy

and from (2.16), we have

7, (g:) - 9(0)

f (& —uwg"wdu

)
f (¢ —u) g"(wdu ;x)
al-p), 1

(1-Byx+ {2 + L) 1 (a(l1-Pp) 1 "
£ ((l_ﬁ)x+ﬁ{1+e/l +1_’8}—M)9 () duj .

sﬁn(

-
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Now we consider
<(E-2%g"ll,

| €= wgwa
¢
then we get

[, (930 = 90| < (Ho (€ = 07 5.x) + (Ho € = x5.02))llg "I
From Lemma and using (2.15), for the operators H®, we have

[H (f20) = £O0| < [ (f = g::0] + [H (30 = 9] + lg(0) = f)

1 (al-p) 1
f((l—ﬁ)x+;{ o +1_ﬁ})—f(x)‘

<4(lf = gll + (Ha (€ = 07 5x) + (Ha € = x:0°)) llg”
+w(f,H, (¢ — x;0).

+

Taking infimum on the right hand side over g € W2 and from (2.13), we have

h(x, @)

H, (3 - ()] < 4K (f, ) +(fir,)

0,(x, @)

Sng(f, )+w(f,7w),

where

Tﬁ(x, a)=H, ((f — x)? ;x) + (7{” (& -x; x)z) and 7, = H, (£ — x; x).

2.1.4 Numerical Results

Let f(x) = x> =2x* +x-2, =2,8=001,1 = 4and n € {10,20,30}. The
convergence of the defined operators H, towards the function f(x) and the absolute error
E,(x) =

The absolute error of the operators is also computed in Table 1 for some values in [1, 3].

ﬁn( fix)—f (x)| of the operators are shown in Fig(a) and Fig(b), respectively.
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— n=10

n=20

— n=30

Figure 2.1: Considering n = [10, 20, 30], the convergence of operators H, towards the

function f(x) = x> — 2x? + x — 2 with parameters @ = 2, 8 =0.01 and 1 = 4.

of

S S S S S R S S ST S|
1.5 2.0 2.5 3.0

H,(f3 %) = f()] to the
function f(x) = x* — 2x* + x — 2 with parameters @ = 2, 8 = 0.01,4 = 4and n =
{10, 20, 30}.

Figure 2.2: Graphical representation of absolute error E,(x) =

2.2 Integral Modification of Beta type Apostol-Genocchi
Operators

For f € C[0, o), Prakash et al. [129] considered the following operators:

a @ o (K) 2 e[ LB\ S Y Bk
ﬂn’ﬁ(f;x)=2qu.z(x)f(;):e ( eﬁ) > f(;), (2.18)

k=0 2 k=0 k!

where ¥ (x; f) is generalized Apostol-Genocchi polynomials, which have the generating

function of the form:

2 a 0 k
( t ) =Y W wh o (<. (2.19)

1 + Bet e
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Table 2.1: Estimation of absolute error E,(x) for some values of x € [1, 3].

X n=10 n =20 n =30

1 0.31827 0.12793 0.07812
1.2 0.58023 0.24848 0.15482
1.4 091155 0.40104 0.25106
1.6 1.31081 0.58416 0.36541
1.8 1.77657 0.79643 0.49645
2.0 2.30742 1.03641 0.64276
2.2 290192 1.30269 0.80290
2.4 3.55866 1.59383 0.97545
2.6 4.27620 1.90842 1.15890
2.8 5.05312 2.24502 1.35209
3.0 5.88800 2.60221 1.55333

The Apostol-Genocchi polynomials and their properties have been studied by many re-
searchers over the past few decades; for instance, see (cf. [24; 91} 1055 1065 [124;140]).

In [108]], the following explicit formula for the Apostol-Genocchi polynomials
i (x; B) is given:

v (NS B (k—a\fat+i-1
wem=zel )3l

X Z(—l)f(’.)j’(x + )R e+ i-kii+ L j/e+ Dl (2.20)
- J
j=0
where k, @ € NU{0}, g € C\ {-1} and ,F[a, b; c; z] denotes the Gaussian hypergeometric
function defined by
O (@), (b), 2" ab Db + 1) 22
Filabiez = S b _abz aar Dbb+Dz

oy (¢), n! c 1! c 2!

where (@) = 1, (@), =a(@+1)---(@+n-1) = (n2 Dand 0 < a < 1.

Durrmeyer variants of various operators are studied by several researchers [1} 143}
465 52 146[]. In this paper, we consider the Durrmeyer type modification of the linear
positive operators defined by (2.18)) for all real-valued continuous and bounded functions
f on [0, o) as follows:

[ee)

1 00 k
V,§a>(f;x)=zu;f’,§(x)ﬁ(k+Ln)fo (1+Z)n+k+lf(z)dr, 2.21)

k=0
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where S (k + 1, n) is beta function.

We proceed by obtaining the moments and giving a direct approximation theorem
using first and second-order modulus of continuity, local approximation results for Lips-

chitz class functions and direct theorem for the usual modulus of continuity.

2.2.1 Basic Properties

Lemma 2.2.1 The moments of Vi f; x) are given as follows:

VOl = 1,
VOt x) = (nil)[nx+a+l+eﬁ]
fo')(tz;x) = n’x*+ %+l]nx
2 o2
" [a flaiﬁeﬂ)g e Y 2] n-— 1>1<n —)

Lemma 2.2.2 For 6, (x) = V,(,“)[(t —x)";x] and n € {1, 2} we have

o1(x) = V,(l")[(t—x);x] = ! [x+a+1+eB];
(n—1)
2
V@ Ny T _ 2x |,
60(x) = VIV@E-x);x= (n—l)(n—2)+1 n—l]x

n (1+2a+eB) X
+ [(n—Z)( T+ ) +1)—2(a+1+e,8) —(n—l)
a? - 2aef — ae’B? a 1
[ (1+e,3)2 +(l+eﬁ)+2 n-1Hn-2)
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Lemma 2.2.3 For .?lff"g (" x), m=0,1,2,3 and 4, we have

APAx) = 1
B e — o .
TG ) o n(l+ep)’
B2, _ 2 (1+2a+ eﬁ) a’ — 2Q€ﬁ _ 06'2,82.
A = e n(+eB) | m(+eBP
2 232 22
ﬂa,ﬁ(§3;x) - B (3+3a+3eﬁ)x2+ (30’ +3a + e°” — 3ae’ B — 3aef + 2ef + 1)x
n n(l + €ﬂ) n2(1 + €ﬂ)2
(a/3 - 6a’ef — 3a*e*B? — Saef — 4ae’B? - ae3ﬁ3)
" n3(1 + eB)3 ’
2 232 202
Aoty — ity OF20E3B) o (~602 — 25682 — 50¢B + 6ae’B” — 12a - 25)x2
n n(l + eB) n2(1 + eB)?

+—n3(1 _T_ B [2&3 +7°B° — 50’8 + 216*8° + 30 — 6%’ + 3ae’ B’

—9a’eft + 21ef + 200 + 24aep|.

2.2.2 Main Theorems

The Bohman-Korovkin-Popoviciu theorem [99] is a powerful mathematical tool
used to prove uniform convergence. In this context, it has been applied to the Apostol-

Genocchi-Jain-Durremyer operators (2.21)) to establish their uniform convergence.

Theorem 2.2.4 Let us f € C[0, 00) N U and this function also belongs to the class

O = f:xe[O,oo),&is convergent as x — oo,
1+ x?

where C|0, 00) is the space of all real-valued continuous functions on [0, co).

Then, we have

lim Vi (f;x) = f(x),
uniformly on each compact subset of [0, 00), where a(n) be such that @ — 0 as n — oo.
Proof: As @ — 0 as n — oo and from the Lemma we have
lim V@ (f;x) - f(x) = x, i=0,1,2.

uniformly on each compact subset of the non-negative half-line real axis. Hence, we get
the desired result by applying the well-known Korovkin-type theorem [21|] regarding the

convergence of a sequence of positive linear operators.
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Let Cé [0, o0) denote the space of real valued contiuous and bounded function f on

the interval [0, c0), endowed with the norm,

Il = sup [f(0)l.

x€[0,00)
For any ¢ > 0, the Peetre’s K-functional is defined by:

K> (f:0)= inf {llf =l +4l"]l},
[€C2[0,00)

B
where
C510,00) = g € C[0,00) : I',1" € Cy [0, 00)}..

By DeVore and Lorentz [49], there exist an absolute constant C > 0, such that
K> (f:6) < Cawn (f; V6),
where second order modulus of continuity for f € Cz [0, o0) is defined as:

w2 (f: V8) = sup sup |f (x+2h) = 2f (x+ )+ f ()

X€[0,00) 0<h< V5

Also, we denote the usual modulus of continuity by w (f; 9).

The following auxiliary operators are defined in order to prove our next theorem.

nx+ (a+1+eB)

(n—1)

‘N/n(l;X)ZVﬁ"’(f;X)—f( )+f(X)-

Lemma 2.2.5 Let g € Cé [0, 00). Then for all x > 0 and n > 2, we have

Va0 = 10| < g I

where

)c+cy+1+e,8)2

¢a(0) = Vi [t - 0 x| + (

(n—-1)
Vi) = VO f3 ) - f(’” ro )) L r.
Proof: By the definition of ‘N/n, it is obvious that
V, (= x; %) = 0, (2.22)

letl" € Cé [0, o0) , from Taylor expansion of |

) -1lx)=0-x)0"(x)+ f(t —w!” (u) du.
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We can write

V,(x) =) =L () V, (- x:x)+V, [ f (t — )" () du: x]

= \;,l [f (t—w!l” (u)du; x] \;,1 [f (t—w!l" (u)du; x]

(o) 1
B f nx+ (a + +e,8)_u v (wdr.
(n-1)
Since
t
V. [f(t —wl” (u) du;x] <=,
and

()

f (nx+ (@+1+ef) u)l" W dil <
(n—1)

2

x+(@+1+epb) na

(n-1)

X

= ‘;n |(l; x) = L(x)| < {Vlga) ((t - x)z; x) + —

X + (CY +1+ eﬂ):r} ”l//” )

By Lemma[2.2.2] we may conclude that

x+cy+1+e,8)2
CEDENA

Theorem 2.2.6 Let f € Cg[0,00). Then for all x > 0 and n > 2, there exist a constant
C > 0 such that

¢ (0 = V| (t = 0%, x| +( Va0 = 10| < 5 Il

nx+(a+1 +eﬁ)))

Vi (f:2) = f (0] < Caon (£ W)er(f;( (n=1)

where ¢% (x) defined as in above Lemma
Proof: For f € C[0,00) and g € Cé [0, o0), by the definition of the operators V,, one has

Va (£ = F < | Vo (F = gs.0| + 1(f = ) 0

f(nx+(a+1+e,6’)

+'X7n(l;X)—l(x)'+ (n—1)

)—f(x)|,

and

| Vi@ 0| <3171
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Therefore, we can get

nx+ (@+1+eB)
(n—1)

Vo (fs0) = fF QI < NI(f =9Il + ‘N/n(l;X)—l(X)|+w|f;(

Using Lemma[2.2.5| the above inequality leads to

Vi (f50) = fOI <N = Il + ¢ )17 + w

7 nx+(a+1+eB)

’ (n—-1) '
Thus, taking infimum over all g € Cé [0, o0) on the right-hand side of the last equality and
considering the definition of K-functional, we get the required result.

Now consider the Lipschitz-type space:

lip} (r) = {f € Cy10,00) : |f (1) — f ()] < M(" . X; x.1e 0, oo>},

r—x

where M is a positive constant and r € (0,1].

Lemma 2.2.7 Forall x <0 andn > 2, we have

Vi (It = x| 50) < /6, (%),
where

6, () = Vo (1= 07 x).
Proof: By the definition of the proposed operators, we get

(o)

Vol =252 = > o)

k=0

1 I *
t — x|dt.
(x)ﬁ(k+ 1,n) f (1 + ¢y =
0
After applying the Cauchy-Schwarz inequality on the right-hand side of the above in-
equality, we get

[

) 2\ 2
n 1 £
V(= xl;x) = va”’z(x)[ﬁ(k+1,n)J(1+t)"+k+1 |t—x|dt] . (2.23)

k=0

Again applying the Cauchy-Schwarz inequality to the integral in the right-hand side of
(5:2.2), we have

1

N @ 1 jﬁ A 2 '
V=l {Zvn’k(X)[ﬁ(k+l,n)O e

k=0

= V(- % 2) = VB, .
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Theorem 2.2.8 Let f € lip), (r). Then for all x > 0 and n > 2 we have

5, (0)\?
=

Vi (f3) = £ (0] < M(

where 6, (x) defined as in Lemma|2.2.5]
Proof: Firstly, we suppose that r = 1. Then for f € lip), (1) we may write:

o0

Vi (f3 0 = F Ol < Y0l () B(k+1n) f 03 t),ﬁ,m |f (1) = f (x)ldt

k=0

@) II—XId
Z ( )ﬁ(k+1 n)f(1+r)"+k+1 N

Using the fact \/% < % and Lemma |2.2.5|in the last inequality, we get

) Mo f a
Vo (1) = f ()] < WC;vn,koc>ﬁ(k+l’n)0 T

0 (X)

|t — x|dt

WV, lt—x|;x) <

This is the required result for r = 1. Let r € (0,1). Then application of the Holder
inequality two times with p:% and g = ﬁ gives

(o)

*
V. (f; - < (a) f — d
\AGE) f<x>|<; (X)ﬁ("”’”)o (5ot O~ f e

A

[

@ 1 ji t* ~
<y <>[ﬂ(k+1’n) Ty O f(x)ldr]

k=0

N (@)
S{Z (X),B(k+1n)f i+ n+k+1'f A d’}

k=0
ﬂ i (w)( ) 1 f t ||t — x||dt
x2 | & Bk+1,n) J 1+

0

M
= —{Vu (It = x50}
X2

Since f € lipy, (r), this equality leads to

(o0

IVn(f;x)—f(x)|<M{Z 0y () ﬁ(“l > f (Ht)nml

|t — x|

Vi x

k=0

N

Therefore, by Lemma|2.2.5] we may conclude that

Vi (50 — £ ()] < M(‘S"ix))z,
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which completes the proof.
Let H,2 [0, 00) be set of all functions f defined on [0, co) having the property

If @l < My (1427,

where M/ is a constant depending only on f. By C, [0, c0), we denotes the subspace of

all continuous functions belonging to H . [0, o). For any positive b, by

wp (f;6) = sup sup |f (1) = f(x)l,

lt—xI<6 x,1€[0,b]
we denote the usual modulus of continuity of f on the closed interval [0, b].

Theorem 2.2.9 let f € C,[0,00) and wp. (f;s) be its modulus of continuity on the
finite interval [0,b + 1] C [0, 00) with b > 0.Then for all n > 2, we have

1V, (20 = £ @llegsy < 6My (14 52) 8, (B) + 20ps1 (£36),

where 6, (x) defined as in Lemma[2.2.5]
Proof:

|t —

If (@~ f )l <6Mf(1+b2)(t—X)2+(l+ )wb+1 (f36),
IV (f:2) = f (0] < 6M (1 + b)) M, (£ — ) x)

1
+ Wpy (f;5)(1 + 5—Mn (t—X);X)-
From Lemma[2.2.5] for x € [0, b] , we get

1
Vi (3 ) = £ GO < 6M (1 4+ 57) 6, () + @i (30) (1 + =5, (x))

n

<6M; (1+5%)6, (b) + w1 (f30) (1 + 51 6, (b)).

n

Finally, by choosing 6 = 6,,(b), we arrive at the desired result.

Theorem 2.2.10 If f € Cg|0, 00) then for x € [0, 00), we have

V@ (f x) - f(x)| <2wf; AV ((f - x)z;x),
where w is the modulus of continuity of f [49] defined as:

w(f;x):= sup |f(x) = fy).

x,y€[0,00)
x—yl<s
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Proof: Applying the well-known property of w (f; x), Lemma we have

VI (10 = £ = D B+ LmT by () f Vo (1) £ (0
k=0 0

Bk Ll B0 [ Vi (0= f oy
k=0 0

(k + 1,m)] ' b (x) f Vi (f (8) = f (x) dt
0

2B
k=0
Yk Ll B @ [ Ve (1 f - x|)dz
k=0 ’ 0 J

o0 -1
1 . o
1+5;[ﬁ(k+1,n)] bi]z(x)j; Vn,k(t)|t—x|dt a)(f;(i).

For the integration, the following result holds by using Cauchy-Schwarz inequality

Vi (30 = f| < [1+ % DB+ 1,m)de) b (x) Bk + 1,m)de)'V?
k=0

o 1/2
X ( fo Bk +1,n)(& - X)de) délw (f;6).

Now using the last inequality for infinite sum and we have

1 0 &) 1/2
V(0= o] < [T of 3 @k Lmdey e f Blk+ 1, mde)
k=0 0

00 00 -1
xZ(f ,8(k+1,n)d§) b (x)
k=0 \W0 ’
X fo Bk +1,n) (5)(§—X)2d§}”2]w(f; 5)

VAT x)lfz] V(€ - x2) 0 (f:6).

By taking
. 1/2
§ = {Vi(E-073x)

we get the required result.

2.2.3 Graphical Comparisons

Example 2.2.11 We have estimated the rate of convergence for the operators Vi fix)
to the function f(x) = 9/2x* —2/9x + 1. In table, we estimated the absolute error E,, =
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|V,§f’v)(f; X) — f(x)| for different values of m = [20, 40, 60, 80], while keeping u,v=1. As
the conclusion comes from the error table for a large value of n the proposed operator

(2.21) converges to f (x).

Table 2.2: Table for absolute error E,, = [V (f; x) — f (x)| with m = [20,40, 60, 80].

X Exo E4o Eeo Es
0 | 0.0365846 0.0225925 0.0159124 0.0122399
0.4 | 0.319678 0.142688 0.0916417 0.067467
0.8 | 0.920152  0.422625 0.274099  0.202792
1.2 | 1.76484 0.817217 0.531461  0.393736
1.6 | 2.85373 1.32647 0.863725  0.640298
2 | 4.18683 1.95037 1.27089 0.942478

Our postulated operators (2.21)) is an enhanced operator that enables faster conver-
gence and better approximation. To emphasise our claim, we present a figure based on a

numerical example to demonstrate a quicker rate of convergence for our operators.
20
15

10 -

0.5 1.0 1.5 2.0

Figure 2.3: Considering m = [20, 40, 60, 80], the convergence of operators V,(,’f ’”)( f:x)
towards the function f(x) = 9/2x*> —2/9x + 1.



Chapter 3

An Approach to Preserve Functions
with Exponential Growth by Modified

Lupas-Kantrovich Operators

We propose a modification of the so-known Lupags-Kantrovich operators that preserve
exponential function e™*. To support this claim, we estimate the convergence rate of the
operators in terms of both the usual and exponential modulus of continuity. The idea
of the moment-generating function is used to determine the moment and central moment
for modified operators. Our analysis also includes a global estimate and quantitative
Voronovskaya results to examine the asymptotic behaviour. At the end of this chapter,
we present a result and accompanying graphs to illustrate the efficiency of our modified

operators.

3.1 Introduction

King [98] received recognition in 2003 for his modification of Bernstein operators that
preserve test functions ¢y and e, on [0, 1]. Later, King drew the attention of scholars to
this topic, and they presented numerous related studies. Many researchers have done
exceptional work in this area by defining the operators that preserve ¢y and e;, e, + ae;
for a > 0, exponential functions, linear functions, and so on. According to the overall
purpose of this paper, we will limit the scope of our investigation to only preserving the
exponential functions. We know, studying how to preserve exponential functions is still

at its dawn. Let us provide some of the most recent sources for this subject here. Acar et

41
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al. [13]], published the modification of Szdsz-Mirakyan operators that preserves e?**, for
a € (0, c0]. They discussed shape preservation properties and compared modified opera-
tors to Szdsz-Mirakyan operators. They also used a natural transformation to estimate the
error in terms of the modulus of continuity of first order. Further, these modified operators
[13]] were studied in detail by Aral et al. [25], who demonstrated their importance from
a computational perspective. Acar et al. [12] calculated the approximation order using
a new proposed weighted modulus of smoothness and introduced the Szdsz-Mirakyan

operators that fix ¢** and >~

where @ > 0 concurrently. Furthermore, they presented
some saturation results for their modified operators to illustrate the accuracy of their

estimates. Reader can also refer to the article [51}; (73 102]] and references therein.

Many operators have been modified during the last four years using the same idea,
including Bernstein [25], Baskakov-Szdsz-Mirakyan [71], Stancu Szdsz-Mirakyan-
Durrmeyer operators [93]], Phillips operators [/6; [144], Baskakov-Schurer-Szasz-Stancu
operators[136l], and Baskakov-Schurer-Szdsz operators [[148]. Also, Deo et al. [41;47]
suggested the operators based on King’s technique that outperforms the Baskakov
Durrmeyer operators and Szdsz-Mirakyan Durrmeyer in terms of convergence rate.
Yilmaz et al. [149] altered the Baskakov-Kantorovich operators in such a way that we
get a sequence of operators that preserve constant functions and e*. The whole purpose
of our paper is to give an alteration of the operators [98] that preserves constant functions

and e™".

3.1.1 Construction of Operators

In the year 1995, Lupas [[109] proposed discrete operators and established some

direct results. For f € C[0, c0), the Lupas operators are defined as

N k
G (F;0)= ) Gk (x)f(z),
k=0

where

iy (MX)y,

G (x) =2 W

In [[777]], Page No. 210], the modified form of Lupas Kantorovich operators for the

objective of approximating integral functions is defined as:
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k+1
m+1
C ) — N e (MX)
Gm(f,x)—(m+1)22 ETE f (u)du. 3.1
k=0 /
m+1
We aim to construct operators that preserve 1 and e™*. Let us assume operators (3.1) for
some function A4,, (x)

k+1

m+1

G (e, (%) = (m+ 1)22—%(*)% f e “du,
k=0 :

_k_
m+1

therefore

G (e, (x)) = — (m+ 1) 27" (e‘ﬁ - 1)

S () (e )
k! 2 '

k=0

Now using the binomial series (%Zk =(1-27%|z] < 1, we obtain
k=0

_ L \ml(X)
G (e, (X)) = = (m+ 1) 27" (e_ﬁ _ 1)(1 e i ]
=—(m+1) (e—ﬁ _ 1) (2 _ e_m)_

Taking G,, (¢e7*;4,, (x)) = e”* into account, we can calculate

x+log ((1+m) (1 - er))

A (x) = ] (3.2)
mlog (2 — e‘ﬁ)
We analyze the modified form of the operators (3.1)) is
hl]
_ 00 nﬂ m+
T (f5) = -+ 1) Y 27T [ (33)
£ 24!

_k_
m+1

where1,, (x) is given in (3.2).

3.2 Preliminaries

Performing basic calculations, the moment-generating function of the operators (3.3)) can

be expressed as:

Ko (™ x) = %(m +1) (ei ~1)(2- eﬁ)_ " (3.4)
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Since the moments are linked to the moment-generating function, the r—th moment

K, (e,; x), e-(u) = u" (r e NU {0}) can be calculated by employing the following relation:

7?m (eri 0= [%(i(m (egu;x)L:o B [:;r%(m D (6% B l) (2 - e"ﬁl)_,mm(X)]

Employing Mathematica software, the expansion of the above statement in powers

of 8 would be as follows:

%, (ee"; x)

= Lom+1) (77 = 1) (2 = enir) ™

0
00mt, (x)+1) O (3m* @ux)* +9mL,, (x) + 1)
2m+1) 6m + 172
6 (4m® (%)) + 30m* @, (x))* + 40ml,, (x) + 1)
24(m + 1)}
g* (Sm4 @) + 70m> @,,(x)) + 250m> @,,(x))? + 215m1,, (x) + 1)
1200m + 1)?

Moreover, by changing the scale attribute of moment-generating function, if we

=1+

+

+ 0(95). (3.5)

+

can expand e‘e"f(m (eeu;x) in powers of 6, the r-th order central moment ¥, (x) =
%, ((u — x)"; x) may be produced by accumulating the coefficient of %

e K, (e(’”; x)

= e_gx%(m +1) (e% - 1) (2 - e%)_"ﬂ’"(x)

02mi,, (x) —2mx —2x+ 1)

-1
* 2m+ 1)

2
" 6(m + 1)>2

—3mx+3x*=3x+1)
3

T Am + 1)
— 12m?x® + 241, (x) m*x* + 6m*x* — 12m® @,,(x))*x — 36m*%,, (x) x + 40m,, (x)

(3m? @,(x))* + 3m*x> — 6m*,, (x) x + Il (x) + 6mx> — 6ml,, (x) x

@’ @u(0)) = m’x + 12m°, () x* = 12m° @, (%)) x + 30m* @,(x))*

— 12mx® + 12m1, (x) x> + 12mx* — 36ml,, (x) x — 4mx — 4x> + 6x*> —4x + 1)

- 4 4 4.4 4 3 4 2.2 4 3
200 1O @)+ S’ = 20m %, (x) 2 + 30m”" @)~ 20m” @ ()’

+70m° @,(x))* + 20m°x* — 60m,, (x) X* — 10m° x> + 60m> @,,(x))* x> + 90m1,, (x) x*
—20m° @,(x))*x = 150m> @,,(x))*x + 250m> @,,(x))* + 30m*x* — 60m°1,, (x) x* — 30m* x>
+30m* @,,(x))*x* + 180m,, (x) x* + 10m*x* — 150m* ,,,(x))*x — 200m1,, (x) x

+ 215m1,, (x) + 20mx* — 20ml, (x) x* — 30mx’ + 90m1,, (x) x* + 20mx* — 200m1,, (x) x
—5mx +5x* —10x° + 10x% = Sx + 1) + 0(95).
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Lemma 3.2.1 We calculate the moments of the proposed operator (3.3) using (3.5) as

described below:

K (e0; %) = 1;
~ 2ml, (x) + 1
T (erin) = oD,
i (3m? @ (x))? + 9ml, (x) + 1)
HKon (€2:3) = 3m+ 1) ;
_ (4m® @u(x))* + 30m? (@, (x))? + 40mil,, (x) + 1)
Ko (€35 %) = AT 17 ;
_ (5m* @u(x))* +70m® @u(x))> + 250m? @, (x))> + 215m1,, (x) + 1)
Kin (€45 x) = S 1) :
Lemma 3.2.2 As a result of the above analysis, the first four central moments are as
follows:
Uy (x) = o+ 1)(2m?[m (x) —2mx —2x+1);
Yo (x) = m(3m2 (X)) + 3m*x* — 6m°T, (X) x + 9, (x) + 6mx>
— 6ml,, (x) x — 3mx + 3x* = 3x + 1);
U3 (x) = m@mB (%) — 4m’ x> + 12m0, (x) x* — 12m° @,,(x))*x
+ 30m° @, (%)) — 12m>x° + 24m%,, (x) x> + 6m°x* — 12m* (0,,(x))*x
— 36m°1,, (x) x + 40m,,, (x) — 12mx’ + 12m1,, (x) x* + 12mx* — 36ml,, (x) x
—4mx — 4x° + 6x% — 4x + 1);
W (x) = W(sm“ @)t + 5m*x* = 20m*,, (x) x° + 30m* @,,(x))*x*
—20m* @,.(x))*x + 70m° @,,(x))* + 20m’x* — 60m1,,, (x) X* — 10m° x°
+ 601> @, (x))*x* + 90mA,, (x) x> — 20m> @,,(x))* x — 150m> @,,,(x))*x
+ 250m2, (x)? + 30m*x* — 60m21,, (x) x> — 30m*x> + 30m> (@, (x))>x*
+ 180m°1,,, (x) X* + 10m*x* — 150m* (X,,(x))*x — 200m*1,, (x) x + 215n1,, (x)
+20nx* - 20n1,, (x) x> — 30nx" + 90n1,, (x) x* + 20nx* — 200n1,, (x) x
— Snx + 5x* — 10x° + 10x* — 5x + 1).
Also,

2l (x) = 2mx — 2x + 1
lim gy (x) = lim | o0 = 2mx =20+ 1))

frare 20m+ 1) !
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and

lim my (x) = lim ———— [3m2@(0)? + 3m*2 — 6172, (x) x + 9ml,, (x)
es nos 3(m + 1)

+6mx® — 6ml,, (x) x — 3mx + 3x*> = 3x + 1] =2x.

3.3 Main Results

The subspace of real-valued continuous functions with uniform norms that have finite
limits at infinity can be represented as C*[0, co). For a function over an infinite interval,
Boyanov [35] described its approximation properties. Holhos [82] later proved the next

theorem to figure out how fast a function will converge.

Theorem 3.3.1 Let Q : C*[0, 00) — C*[0, 00) be the sequence of linear positive operators

and
10 (e0) — 1llj0.00) = @1(m);
||Q (e™) - e_x”[O,oo) = ax(m);
HQ (6_2”) —e 00 asz(m).
Then

1Omf = fllio.o) < @1l fllig o) + 2 + @1 (M) (f5 Va1 (m) + 2a2(m) + a3(m)).
The modulus of continuity can be expressed as:

W (@;0)=  sup [p(x) -0,
|e‘*"—e—“|s<5
x,u >0

with the property
I €=\ .,
0(u) —0(x)| < 1+T W ([@;0), 6>0. (3.6)

In the presented theorem, we present quantitative estimates for proposed operators

as an application of the previous theorem.

Theorem 3.3.2 For f € C*[0, ), the inequality

R = Hl < 20" (1. Vastm).

holds true. Here K, f converges to f uniformly and az(m) — 0 as m — co.

X

Proof: The operators preserve constant functions as well as e™, so a(m) = ax(m) = 0.
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Now, we simply need to evaluate az(m).
From (3.4)), we obtain

2

K (6_2“;)6) = %l(m + 1)(em;+21 - 1)(2 _ em‘%l)‘”’"(x)

where

. x+log ((1+m)(1 1— e*‘))
mlog(2 - e‘m)

Employing Mathematica software, we obtain

% (6‘2”;x) o, 2 xe2" N (24x2 - 72x - 11) e N 0((1)3)

m 12m?

Since

1
sup xe > = —, sup x’e = -
x€[0,00) € xe[0,00) e

So, we obtain

az(m) = H7~(m (6_2”) — e

[0,00)
= sup ‘7?,,1 (6_2”) —e

x€[0,00)

S L A U O T A D 1\
“m\e m2\e2 e 12 m

1
SO(—)—>Oasm—>00.
m

Remark 3.3.3 With the aid of Mathematica and Lemma we find
m2
5(n+1)*
—20m* (,,(x))’x + 70m° @,,(x))* + 20m>x* — 60mT,, (x) x* — 10m°x°
+ 601 @, (x))> %% + 90m°1,, (x) X* = 20m> @X,,(x))*x — 150m> @,,(x))*x
+ 250m°1,, (x)* + 30m*x* — 60m>1, (x) x* — 30m*x> + 30m* @,,(x))*x*

lim m*yy (x) = lim

+ 180m*, (x) x* + 10m*x* — 150m* (,,(x))*x — 200m1,, (x) x

+ 215m, (x) + 20mx* — 20m1,, (x) x° = 30mx> + 90m1,, (x) x> + 20mx>

—200m,, (x) x — Smx + 5x* = 10x* + 10x* = 5x + 1

= 12x%,
and

lim m*%,, ((e_" —e ) x) = 12e7+ 7.

m—oo

[Sm4 @, (0) + 5m*x* — 20m*T, (x) 2 + 30m* (1, (x))2x

2
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Theorem 3.3.4 For x € [0, ), and f, f” € C*[0, ), we obtain

[ (3.0 = £ 0] = 2 [ (0 + 77 )
1

< o OIS Ol + 1B (OIS (0] + 4w (f N7

) (B (X) + X) + Y (X)) .
Proof: Using Taylor’s expansion, we obtain

1
F@=f@+@=0f ) +50- X)2f7 (%) + 0 (u, x) (u — x)%,

where

W)
2 2

Applying the operators K,, to both sides of the aforementioned expression and the

U(u, x)

x<p<u

Lemma (3.2.2) results in the following expression.:

~ 1 ~
1 (20 = £ =01 (0. @) = 30200 " 0] < [ (0.0 20 o= %52
Using Lemma[3.2.2] we get

[ (720 = ] = 7" (0= 3 @0 " @

1
< Im (1 (%) = x| f" (0] + 3 Im (Y2 (x)) = 2| | f7 (%)
+ ‘m?N(m (T) (u, x) (u — x)*; x)‘ .

Taking a,, (x) = m (Y1 (x)) = x and B, (x) = 3 [m (Y (x)) — 2|, we get

[ % (30 = £ 0] = x [ 0+ 77 )
< lam O (1 + B (I O+ i (5t ) (1 = )% )|

To conclude our proof, we need to find the estimate of 'n‘f(m (5 (u, x) (u — x)%; x)' . Employ-
ing inequality (3.6), we arrive at

(e —e™)

[0 (u, x)| < (l + =

Jor 70,

For the cases |e™ — e™*| < § and |e™ — e™*| > 0 the two inequalities

2e ™ — e)?

|6 (u, x)| < 20" (f";6) and [|o(u,x)| < s

w* (f”,(S) ,

holds true respectively.

Thus
(e —e™)’

0,0 < 2(1+

W' (£7:9))
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Making use of the preceding argument and Cauchy-Schwarz inequality, we obtain
mkK,, (ﬁ (u, x) (u — x)*; x)
5 (e—u _ e—x)Z s
< m¥K,, (2(1 g (f ,6))(u -~ x)z;x)
* 17 2m * 17 7, —u —x\2 2
=2m (Y (X)) " (f”,0) + 2 (f ,5)7(,,1((e —e ) (u—-x) ;x)
* (o m - —u x 1/2
= 20" (,0) [ W2 () + S () (R (e = )5)
o
Conclude the result by selecting 6 = \/%% and y,, (x) = (Yy (x))l/ 2(7~(m ((e‘” - e‘x)z; x))l/z.
Theorem 3.3.5 For f, f € C*[0, 00) and x € [0, 00), the following equality holds

lim m %, (%) = £ ()] = x[£' () + £ ()]

m—00

Proof: With the help of Taylor’s expansion of f, we obtain
1
S@=f@+@-x)f x+ Slu— X2 () + 0 (u, x) (u = x), (3.7)
where

Iim 7 (u, x) = 0.

Uu—x

Applying K,, to both sides of and from Lemma we obtain
~ 1 ~
Kon (1) = @) = 1 () S () + 5902 (0 7 () + Ky (0.2t ) (= 2% ).

The Cauchy-Schwarz inequality can be used to determine

%, (5 (u, x) (u — x)%; x) < \/‘f(m (@ (u, x) ; x) X, ((u —x* x). (3.8)
Also, we have

lim K, (52 (1, x) ;x) = 0. (3.9)

m—o00

From (3.8) and (3.9), we obtain

lim m%,, (T) (u, x) (u — x)%; x) =0.

m—oo

Thus we achieve
Tim m | K, (30 = f ()]
= lim m [wl () [/ () + %'//2 () £ () + Ko (B 1, ) (= 0% x)]
= x[f () + " (0]
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Let Cp [0, o) denote the space of real-valued continuous and bounded function f on

the interval [0, c0), endowed with the norm,

Il = sup [f(x)].

x€[0,00)

For any ¢ > 0, the Peetre’s K-functional is defined by:

K> (f;0) = _inf ){Ilf—l||+5||l"||},

€Cp[0,00

where

C%[0,00) = {g € Cp[0,00) : I',]” € C5[0, 0)}.

By DeVore and Lorentz [49] there exist an absolute constant C > 0 such that
K> (f16) < Cawn (f3 V6),
where the modulus of continuity of second order is denoted by

wz(f; \/(75): sup sup |f(x+2h)-2f(x+h)+ f(x).

¥€[0,0) 0<h< V5

Theorem 3.3.6 Let f € Cg[0, ), then the inequality

((2m'[m(x)+l) _

2
s =) | ( B (<2m‘fm @+ x))

- 1
|7(m(f;x)—f(x)|SMw2 f§§\/¢2(x)+ 2 N 2m+1)

holds true for all x € [0, 00) and a positive constant M.

Proof: We establish the auxiliary operators K,, : Cp[0, 0c0) — Cpg[0, o)

2m1, (x) + 1))

Eutfon =+ 01 25al0

For the operators (3.3), we have
|17 (F: 0] < 11
implies
K (F 0l < 3111 (3.10)

Additionally, for h € C%[0, o), Taylor expansion is presented as:

() —0(x)=(w—-—x)0" (x) + f(u — )" (u) du, x € R[0, o0).
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By applying operators K,, (f; x) on both sides of the above equation and utilizing the

Cauchy-Schwarz inequality, we obtain

Ko (5. = 5] = [Kon f (= 100" () s x

Qmlp(0)+1)
2(m+1)

2mi, (x) + 1) )
N f(—z<m+1> —#)v () di

, f (= 100" () dps x

IA

X

2
2ml,(x)+1)
( 20m+1) _x)

2

(3.11)

< 15"l [tﬁz (x) +

Using the estimates from equations (3.10) and (3.11)), we can finally conclude that

K (f3 %) = f ()]

2ml,, 1 - -
<Ko (F = 553) — (f = ) (0] + f(%) P )|+ Koy (55 0) = 5 ()
m+ 1)
Cm,(0+D) )2
<4lf—dll+ [% . sl ) ]ua"n + U(%) —f<x>|
2
I (%5 - x) @ml, () + 1)
<4K2(f»1[lﬂz(x)+ 5 + f(w)—f(x)l
Qmly(x)+1) 2
1 2min X 2ml, 1
ol BT

3.4 Graphical Comparisions

Example 3.4.1 The function f(x) = cos(x) is approximated by the operators K, in
Figure[3.1| for n = 10,20,40. The operators (3.3) clearly converges to the function f(x)
as n is increased. We calculate the error |K,, ( fix) — f(x)| in Table and also give a
graph depicting the error in Figure[3.2]
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-05++

-10+

— n=10

n=20

—_— n=40

— f

Figure 3.1: Approximation behaviour of %, for the function f(x) = cos(x).

Table 3.1: Estimation of absolute error |‘]~(m (f; x) — f(x)| for the function f(x) = cos(x) at

different values of n = 10, 20, 40, 60.

X n=10 n=20 n =40 n =60
% 0.107714 | 0.0648587 | 0.0356679 | 0.0245513
7 | 0.286407 | 0.152325 | 0.0777487 | 0.0520773
37” 0.236268 | 0.166841 | 0.0992171 | 0.0700621
27 | 0.528039 | 0.296931 | 0.154454 | 0.103863
05f /)
----- n=10 /
C /
0.4 - n=20 /,——\\ ll
----- n=40 J 5 !
- _ / \ !
03[ n=60 / \ I
V4 \ ] /
’ e \ 1 /
i /! 277NN / /!
0.2+
i // \\\\\ ’, I/
y W\ H .
. ! // =TT W 1) //
0.1 //’ \\ [I 4 ,/’ SS ‘\ 'I ,I /’
,/ ”—‘——~\ \ [I/ , \\\ I II ,/
e /’ o — ~ S\ 1 7 ,, A \Y / 7
q’ﬁ;,’— | |~I§¥u//,| | L | \\'\\'w’. L
1 2 3 4 5 6

Figure 3.2: Absolute error |7~(m (f5x) — f(x)| of the proposed operators for f(x) = cos(x)
with n = 10, 20, 40, 60.



Chapter 4

Study of Operators Associated with

Inverse Polya-Eggenberger Distribution

Researchers have spent the last few decades studying a large array of approximation oper-
ators due to the development of the theory of inverse Polya-Eggenberger distribution. This
chapter focuses mainly on the investigation of a modification of certain inverse Pélya-
Eggenberger distribution. In the first section, we introduce the Bézier variant of a se-
quence of summation-integral type operators involving inverse Polya-Eggenberger distri-
bution and Pdltdnea operators [126)]. For these operators, we estimate the approximation
behaviour including first and second-order modulus of smoothness. Lastly, we establish
the rate of convergence for a class of functions with derivatives of bounded variation. In
the second section, we explore the approximation properties of a non-negative real para-
metric generalization of the Baskakov operators using the inverse Polya-Eggenberger
(I-P-E) distribution. As a result of this study, we can obtain some approximation results,
including the Voronovskaya type asymptotic formula, error estimate in terms of modulus

of continuity and in the sense of k-functional, and weighted approximation.

4.1 Bézier Variant of Summation-Integral Type

Operators

4.1.1 Introduction

In 1970, Stancu [142] presented the generalization of Baskakov operators using

the concept of inverse Pdlya-Eggenberger distribution (IPED) with subject to parameter

53



54 Study of Operators Associated with Inverse Polya-Eggenberger Distribution

B = 0. For ¢ € C[0, o), these operators are defined as follows:

LP(pix) =

r=0

— f(%)

w0 H(X+lﬁ)H(1+J,3)
(n+r—1 )
[T x+1+kB)
k=0

r

:i ,”(x)f( ) x € [0, ). (4.1)
r=0

In the current decade, several researchers proposed various operators and their vari-
ants based on PED as well as IPED and studied their approximation properties
and interesting results. For more literature on this topic, one can refer to articles
(155 144 1465 1505 1525 1535 1785 1855 93]].

In 2003, Srivastava-Gupta [139] introduced a widespread family of positive linear
operators and contemplated their estimated properties and interesting results. In light
of this work, we consider summation-integral type operators involving inverse Pdlya-

Eggenberger distribution [142] and Péltdnea operators [[126].

For p > 0, we consider the integral-type operators, which is a generalisation of the

operators (4.1)):

LP(g; x) = w@(x) f X, () edt + w?) (x)¢ (0) (4.2)
r= 1
where
ety ¢ =0
X (1) = (4.3)
F(%ﬂ’p) Crptrpfl
LT () (14en) e te’ c €N,
and |
. - ol — —, j#0
f X D dt = [T, (np —ic) (4.4)
’ 1, ji=0.

The operators (4.2) were also studied by Kajla et al. [95] for ¢ = 0. Now we introduce
the Bézier variant of (4.2)) for 6 > 1 as follows:

Lyo(eix) = Zw () f Xor (0 @Dt + w50 (0), 4.5)

where u¥(x) = (7,0)) - (#,,,(0) and J%,(x,c) = 3 wf)(x). It is obvious that the
"

operators L,('ZB;(.; x) are the linear positive operators.
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Special Cases:

(1) For ¢ = 0 and 6 = 0, the operators (4.5) reduce to Baskakov-Szdsz type operators
based on inverse Polya-Eggenberger-distribution [935]].

(2) Forc =B =0and 6 = p = 1, the operators (4.5) include Baskakov-Szdsz operators
(see [2;80]).

(3) Forc=B=0,0 =1 and p — oo, the operators (4.5]) reduce to Baskakov operators
(301

(4) Forc =0,0=1,8>0and p — oo, the operators (4.5) include Stancu operators
[142].

A lot of work has already been done on summation-integral type operators involving
various linear positive operators and analysis of their convergence results. We refer to the

readers some interesting articles (see [7;37;39; 815 [118; 130]) for more information.

The vital target of the paper is to contemplate the approximation properties of opera-
tors (4.5)) including K-functional and second-order modulus of smoothness. Lastly, we set

up the rate of convergence for functions with a class of derivative of bounded variation.

4.1.2 Preliminaries

Lemma 4.1.1 For e (x) = x*, k = 0,1,2, ..., the moments of positive linear operators
®.2) are as follows:

LP(eq; x) = 1;

L (e = — 22—

P =B)mp - o)
N 1 1-2
L,(lﬁ)(eg;x): npx p{(n+ )(x+B) +( B)} +1l
(1 = B)(np — c)(np — 2c) 1-28

Lemma 4.1.2 For n € N and with the help of Lemma the central moments of the
operators (4.2)) are as follows:

(1-B)np—c)”’
np[l+p+p{n-1)p-2] .
(1-p 1 -28)(np — c)(np — 2c)
. 2c2(1=-38+28%) +c(1 +B—68Hnp + {1 +B(1 + 2,3)n}np2x2
(1 =B 1 =28)(np — c)(np — 2c) :

LP((e; - x);x) =

LP((e; - x)*; x) =
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Further, for every x € [0, 00), ﬁ,(lﬁ)((el — x)"; x) is a polynomial in x of degree m with

asn — oo,

"(ﬁ) _ m., — —_—

LP((ey —x)"; x) = O(n[(m+l)/2])’

Lemma 4.13 If B = B(n) — O as n is sufficient large and lim nf (n) = s € R, then
(i) 1im nEP((er — x):x) = (s + £)

(ii) li_)rgnf,ff)((el -x)%x) = (1 +s+£)x+(1 +s+f)')x2 < (1 +s+§)(1 + X) x.

Lemma 4.1.4 For every ¢ € Cg[0, 00), we have

LY, (o(0); 0| < OLP (llgll s ) < O llgll
Proof: For0 <1, <1, <1, 6 > 1, using the inequality

£ -B] <ol - b,
and from the definition of wz’f(x), we get

0 < (,0) (.,
<0(7,00- 7, )
= 0% \(x).

Hence

L) (o(1); )] < 0L (gl s ) < Bl

4.1.3 Direct Estimates

Suppose Cp [0, o0) denotes the class of continuous and bounded functions in [0, co)

with norm |[¢|| = sup |p(x)|.
x€[0,00)
The usual modulus of smoothness for function ¢ € Cp [0, o) is defined as follows:

w(p; Vo) = sup sup lp(x+h) -,
0<h< \/3 x€[0,00)

and let

wy (; V6) = sup sup o (x+2h) — 20 (x + h) + ¢ (x)].
0<h< V6 *€[0,00)

be the second order modulus of continuity and corresponding K-functional is defined as
follows:

K (@6) = inf {le-gll+5lgll+6llg"ll - g € C3[0.)}. 6>0,

X€C%[0,00)
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where C3 [0,00) = {g € C5[0,) : ¢, g” € Cy [0, c0)}.

From DeVore and Lorentz ([49], p.177., Theorem 2.4), the following inequality
holds for M > O:
K> (¢;0) < Mw, (90; \/5)- (4.6)

Theorem 4.1.5 For ¢ € C[0, ), we have

N e
(@5 X) — t,o(x)| { +s+p x(1 + x) wf\/ﬁ

Proof: By linearity property of L(ﬁ)( X), we have

81 0) - ()] < f K (x, 1) (1) — ()| dt

sf 7(3(x,t;c)(1+| xl)dt.
0 5

Using Holder’s inequality on the right-hand side of the above expression, we have

) - o) < { (i~ o7 x));}w«o;a)

1, -
5{1+5(9Lf{”((t 0% %)) }w(<p,5)

By using Lemma.1.3) Lemmad.1.4\and choosing 6 = % we obtain the result.

Theorem 4.1.6 For ¢ € C[0, ), we have

L2(p(1); %) — ¢(x)| < Mw; [90 \/926; ;(x)]
where 6,,,(x) = \/I:,(fg)(t - x)%; x).

Proof: Using Taylor’s expansion for g € Cy and x,1 € [0, o), we get

g =g+ (=g (x)+f (t = u) g (u) du.

Applying L® on both sides of the above expansion, we get
pply n.

LPg(; x) = g(x) = g’ (LY, ((t = x); x) + L) ( f (t—u)g” (u)du; x) .
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Using Cauchy-Schwarz inequality, Lemma and Lemma we get

f,r(lﬁg, (f (t—u)g” (u)du, x)

)7 gl -
<N/ £ (i = x1:0) + =L (0 = 0% x)

<l (22 (¢~ 27:)) + 120 (- i)

0 IIg"II ( 52 x))z. 4.7

L7900 = 9| < g LY, (1 = 003 0| +

<Vollg'll 655 (x) +
Using Lemma and (4.7), we obtain
L) = g(0): )| + [LE(g(1): x) = g0 + le(x) = ()]
"0 5500)

Taking the infimum on the right-hand side of the above inequality over g € C%, we get

LE @) x) - ¢(x)] <

<@+ Dllg - gll + Vollg'll 655(x) +

2

> 1
LP (1) x) — p(x)| < (0 + DK, (90; 02 5;:;()()) _

Using relation (4.31), we obtain the required result.

4.1.4 Rate of Convergence

In this section, we discuss the rate of convergence by means of the decomposition

technique of functions with a derivative of bounded variation (DBV).

Let ¢ € DBV, € [0,00), ¥ > 0, be the class of all functions defined on [0, c0),
having a derivative of bounded variation on every finite subinterval of [0, c0) and

lp ()] < Mt", M > 0.

The function ¢ € DBV, [0, o), we may write

sO(X)=fO g (1) dt + ¢(0),

where ¢g(¢) is a function of bounded variation on each finite subinterval of [0, c0).

We may rewrite the operators (4.2)) as:
ﬁfé((ﬁ; x) = L KO (x,t;¢) ¢ (t) dt, (4.8)

where (K,f (x, t; ¢) is the kernel function given by

KL (x,10) = > wblOoxs, (0 di + uf (06 (1),
r=1
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where ¢ (¢) is the Dirac delta function. We denote the auxiliary function f; by

o) —¢'(x-), 0<t<x,
(1) = 0, t=x, 4.9)
o'(t)—¢'(x+), 0<t<oo.

Lemma 4.1.7 Let 8 = f(n) — 0 as n — oo and lim nB(n) = s € R. For all x € (0, )

and n is sufficiently large, we have

. ! 1+. >
(i) &g (xyze) = [ KE (x.t;0)de < & +,2f’+‘)—9(ff_l;)§), O<y<x

.. _ B . [ are . ((1+s5)p+c) Ox(1+x)
(ii) 1 g‘fig(x,z,c)—fZ K, (x,t;¢0)dt < gt X <T< 0o

Proof: In view of Lemma and Lemma4.1.4) first we prove (i)

Y Y _ A2
f 7(,? (x,t;0)dt < (x I)ZV(f (x,t;¢)dt
0 0o (x—y)

<Ox—y) 2 LP((e) — x)%;x) <

((1T+s)p+c)fx(1+x)
np (x—y?

The proof of (ii) is similar to (i), so we omit the details.

Theorem 4.1.8 Let ¢ € DBV [0,00),8 = B(n) = 0 asn — oo and lim nB(n) = s € R.
Then for every x € (0, 00) and sufficient large n, we have

O(ps + ¢)
@+ Dnp

L2 (g3 %) — p(x)| < I (x+) + 0g (x=)| x

6
+ —— ¢’ (x+) = ¢’ (x-)|

0((1+ s)p+c)x(1+x)
0+1

np

[vi]
N 0((1+ s)p+c)x(1+x) Z
k=1

npx

X X
Ve +— V ¢
oot Ve

X X
Tk

N 01+ s)o+c)x(1+x)
nox

lo(2x) = @(x) = xp(x+)|

N 01+ s)o+c)x(1+x) [Zlﬁ]
k=1

g x Y ,
V§0x+_ Vv (QDX)+M(’)/,C,F,X)

N
\/QN(p, s,¢)x(1 + x)
n

np

N 0((1+ s)p+c)x(1+x)
npx

Proof: Using the (4.2) of the operators ﬁ(ﬂ), we have
8 P n,0

()l + lo(x+)I .

i,(fé(so;X)—Mx): f K (x,1;0) (@ (1) — ¢ (x)) dt
0

= foo (f KO (x,t;0) ¢ (u) du) dt. (4.10)
0 X
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X 9 ]

+ % ((p’(x+) + 9(p’(x—)) (sgn(u —-Xx)+ E)

6+1
X 0.(u) [¢' () = (¢"(x+) + ¢'(x-))], 4.11)
where
{1, X=1u
6x (I/t) =
0, x#u.
It is easy to say that
f«f (x,1; C)f[so'(u) - %(w'(ﬁ) + ¢’ (x=)]0,(w)dudt = 0. 4.12)
0 X
Now
Pﬁ:g(x) = f?(,f (x,t;0) f Q_F%((p’(xﬂ + 0y’ (x=))dudt.
0 X
= ﬁ((p’()ﬁ) + 0¢'(x—)) f?(,f (x,t;¢) (t — x)dt
= L( "(x4) + 00" (x=NLP (&t — x; x) (4.13)
“h+1” ¢ mott T X 1 ‘
and

Qﬁ:g(x) = f‘KfZ (x,t;0) f %((p’(x+) + 0o’ (x—)) (sgn(u - X)+ %)dudt

= —((p (x+) + 0" (x— ))[ f7(9 (x, t; c)f(sgn(u -Xx)+ u)dua’t

f?(e(x t c)f(sgn(u x)+—)]

0 (cp(x+)+9g0(x ))f‘](g(xtc)lt—xldt

9+

Cb

D=

S (@) + 0 (- WL ((er = 0% x))*. (4.14)

|
Q:
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By using Lemma and Lemma from (4.10) — (4.14), we have

L2 (g3 %) — p(x) <

AP x) + BE(¢'s )|

N O(ps + ¢)

@+ np 0" (x+) + 0" (x—)| x

o ,
+9+—1|<,0(x+)—<p(x )]

\/0((1+s)p+c)x(1+x)’ s

np

where
X t

A,(fé(go’;x) :f f<p;(u)du KO (x,t; c)dt,
0 X
and

o t

Bf;(go’;x) :f f(p;(u)du KO (x,t; c)dt.

X X

To estimate Affg(go’;x), using integration by parts and applying Lemma withy =

N .
X = 5 we obtain

t

Affé(so';x) = f{fga;(u)du] d,{%(x; 1)
0

X

= f 2 Dl (dt

0
fy
0

X

Y
0((1+s)p+ 1+ x x
< ({d+5p+c)xl+x) f V¢l (x - Ot + f V¢ldt
t t
0

IA

@)

Yy
£ )| di + f 0| ¢ )
0

np
y
0((1 1 "
+ + + > "
B (1 + s)p+c)x(1 + x) f W;(x_t)zdﬁi Vg (4.16)
np t Vne-s
0
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Substituting u = ==, we get
6((1 1 o 6((1 1
((1+s)p+c)x(1+x) f ‘)}go;(x—t)zdt— (1 +s)p+c)x( +x)f o du
no t npx pass
0
[\f k+1
9((1 + s)p+c)x(1 + x) Z f V(,D du
X% *
9((1 + 5)p +c) x(1 + x) [Zﬂ
nox s
4.17)
From (4.16) and (4.17)), we get
®) 9((1+s)p+c)x(1+x)[ il x X x
A3 %) = D VetV g (4.18)
’ nox i nx-4

We can write

2x t

®) , B
B, (¢';x) < f f wx(u)du] di(1 = &5 (x: 1))
Sy
+ f[fgo;(u)du] dK? (x,t;0)|.
2x X

From the second part of the Lemma we get

KE (x,1;0) = di(1 = Lig(x;0)  for t> x.

Hence
BYJ(#':x) = BY (¢ ) + Bl (¢ %),
where b
BY) (¢ x) = f [ f so;<u>du]d,<1—éf:;'<x;r>>,
and x wx t
By (%) = f [ f ¢;(u)du]d,7(,f (x,t;0)].
o \%
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Using integration by parts, applying Lemma 1- {f”g (x;1) < 1 and taking t = x + %

successively,

2x 2x
BY (¢ x) = f @ wydu(l = &(x;2x)) — f QD = Ly (x; D)

2x

f @1 = £y (x; 0)dr

X

1- {ﬁ’;(x; 2x)| +

2x
< f (¢ () — @' (x+))du

S9((1 +85)p + ) x(1 + x) 1p(2%) — @(x) — xp(x+)|

npx
2x x+i”
L 0L+ 9)p+)x(1 +) f Vel i+ f{‘tfso'dt
np (t— J o '
39((1 + $)p+ o) x(1 + 1) lo(2x) — @(x) — xp(x+)|
npx
9((1 + s)p+c)x(1 +X) [Zﬂ"“ - _”V%((pf), (4.19)

Using Lemma we have

f

2x

B (¢':x) =

[ f (¢’ (u) —cp’(x+))du] KO(x, 1, c)dt

X

< f o) — @(OIKL (x, , ¢)dt + f It — Xl lp(x+)| K (x, 1, c)dt

f KO (x,t,c)dt

1

(o)

f go(t)(Ke(x t,c)dt

2x

+ (x|

+ |90(X+)|{f (er = 0K (x, 1, C)dt]

f (K,f (x,t,c)dt
2x

1+ s)o+c)x(1+x)
+ p”

<M f KO (x, t, c)dt + |p(x)|

lp(x+)]. (4.20)
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Fort > 2x, we gett < 2(t — x) and x < t — x, applying Holder’s inequality, we have

[

2k
B:(f;,z(‘:"/? x) <M 2{ f (e — )" K (x,1, c)dt]

2x

N (1 + s)p+c)x(1+x) o) + \/9((1 + 8)p + ) x(1 + x) (b))
npx np
_ M(y.c.kox) + 0((1+s)o+c)x(1+x) ()|
nox
. \/9((1+s)pl;-oc)x(1 FO . wan)
From (4.19) and (4.21)), we get
B x) = LU IR OIMLAD oy o) = ()
nox
9((1+s)p+c)x(1+x) Vs _“X
Z Vg + R
+ My, corx) + 9((1 + s)p + c) x(1+ x) (o)l
npx
. \/9((1 + s)p’;c)x(l I )

From (4.15), @.18)) and (4.22)), we get our desired result.
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4.2 Generalization of Parametric Baskakov Operators

based on the I-P-E Distribution

4.2.1 Introduction

In literature, the inverse P6lya-Eggenberger (I-P-E) distribution is defined as:

e 1 H(A+§S)H(B+§S)
P(X:¢>:( : ] — L E=01Lh (423)
¢ [T (A+B+&S)
=0

shows the probability that ¢ white balls are selected preceding the 7i-th black ball. The
details have been given about this distributions (4.23) in [45}; 52} 90].

In 1957, Baskakov [30] presented a sequence of positive linear operators, known as
Baskakov operators on the unbounded interval [0, co) for appropriate functions specified
on the interval [0, c0). Afterwards, many mathematicians who studied the Baskakov

operators came up with various modifications, including [[70; [11°7; [127]].

Recall that for every h € Cp [0, ), classical Baskakov operators are defined as:

[oe]

L) = ) 0,00 (), (4.24)

=0

where 2> 1, x € [0, o0) and

e :{ 2+ J—1 ] x?

J (1 +x)"”

Furthermore, using the inverse Polya-Eggenberger distribution (4.23)), Stancu [[142] pre-
sented a special class of positive linear operators contextualising the Baskakov operators

tied to a real-valued function bounded on [0, o) as follows:
19 i) = 30 Jn(2)
v+ =1\ 1a2lxla=el
- Z( p )(1 + x)[w—mh( ) (4.25)

For the case where ¢ = 0, the operators (4.25) reduce to the basic Baskakov operators [30].
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We came across a manuscript where in 2019, Ali and Hasan [27] introduced a-
Baskakov operators, which are non-negative real parametric generalisations of Baskakov
operators. The operators are reduced to classical Baskakov operators for @« = 1. Higher
order derivatives are represented as a@-Baskakov operators in this paper to obtain their

new representation as powers of independent variable x.

Now, for every h € Cp[0, ), the parametric generalization of the Baskakov oper-

ators is defined as:
(04 N o j
£9(hx) = 20 o, (on (), (4.26)

where 2> 1, x € [0, o) and

N N X1 ax | ets=-11 e+ -1
lhxhx>_2§(1+mhﬁl{l+X[ p } ‘ aX1+m( -2 ]

2=0

2+ J-1 2+ J-1 J
+(1—a)(1+x)[ ]+(1—a/)x( ]}h(—),
J=2 J 2

we call these operators a-Baskakov operators.

The a-Baskakov operators for h (x) can also expressed as:

2+ J-2 x’
(l + x)z-m—l,gj

£z<h;x>:(1—a)2(
ey J

Z‘” v+ J-1 x? J
+ —h(_)’
¢ 20 [ J ](1 + X)MJ’ z

where

J J J+ 1 J
:h(—)(l —)—h iy B
9 JU T 2 | e—1

We consider generalised a-Baskakov operators based on the I-P-E distribution
(4.23). This work was prompted by D.D. Stancu [142], who introduced two classes of
linear positive operators depending on a non-negative parameter « (this parameter may
depend only on natural numbers), and proceeded to establish some of their approximation
properties to real-valued functions. In 2019, Deo and Dhamija [46] considered a new
modification of the Baskakov operators based on I-P-E distribution, and they also
examined various modified forms of the Baskakov operators in the context of the Lupasg
operators on the basis of I-P-E distribution. In 2016, Dhamija and Deo [52]] provided Jain-

Durrmeyer operators connected to the I-P-E distribution and examined the approximation
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properties of the Jain-Durrmeyer operators based on the I-P-E distribution, including the
degree of approximation and uniform convergence of the operators. Baskakov-Szisz
type operators on the inverse Pdlya-Eggenberger distribution were presented by Kajla
et al. [94]. The rate of convergence for functions with bounded variation derivatives is
established by using a Durrmeyer-type operator with basic functions in summation and
integration based on Stancu [[142] and Pltdnea (2008). Numerous authors contributed to
the I-P-E distribution and the Baskakov operators [16; 45;59].

Now we propose a-Pdélya-Baskakov operator based on inverse Polya-Eggenberger
distribution (4.23]) as follows:

22(:’9) (h; x) = Z g2 (x)h(—i), (4.27)

where « is a non-negative parameter, which may depend only on the natural number #,

with « — 0 when 2 — o0, 2> 1, x € [0, o), we have

(2,0) 2+ J-1 1[&_@])(:[4—@]
T W= R
J (1 + x)7*¢

2+ =3 | 1l l-dl 12l
- (1 - a) T Jmra—ol
J=2 (1 + x)t+r22l

2+ J—1 1[e-1,-01 4 [4-0]
+(1-a —_—
P (1 + x)trrhel
Another way to express the above operators is as follows:
~(@d) (4t 5-2 ) 1lr-1-01 40l
Q, (h;x)=(1—a);{ P )MTL_@]%

2+ -1 | 1»=0xla=el —y
ra Z A (9),
(1 + x)l#+2=el g
where

J J J+ 1\ o
—n(2)(1+ ) -n[Z2) L
90 (z)( +z—1) ( 2 )z—l

The purpose of this note is to investigate the approximation behaviour of the proposed

operators.
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4.2.2 Premiinary

Lemma 4.2.1 Deo and Dhamija [44|] use the Vandermonde convolution formula and the
substitutions 1 = 0, p = 0 to derive the moments of I-P-E distribution based operators

(4.25). Stancu [I42] however, already calculated these moments using hypergeometric

series.
L(1;x) =1;
E(vix) = a ~
1-0

o( 2.\ XO(e—D+ex+x+1)
L) = i—ame
(2+ Dx((2+2)x+3) = x(0A((B - 22— 1) = p(-3dzx + 1) + 3x+2) - 1)
(1-0)(1 -20)(1 -39)7 '
1

i o
L) =g mea e a1 7200 -0 -4

—(2+ DO +x) {6@2((z— 3e+4)+0(2+2)(52—9)x+ 122-25)
+(2z+ 2)x((e+3)x+6) +7}].

_(a,0)
Lemma 4.2.2 The moments of Q, (f;x) are given as follows:

—(@.9)

2+ 5=2 ) 110140l
Q¢<hw=u—m§1 ]——————
20

P (1 + x)l#+ el

2 e+ a-1 | 1160l ls-al
ra ) (a0l
puy J (I+x)"”

=1.
~ (@) © (ot s=2 ) 1ELtldadl [ 4(p—2)
;x)=(1- ;
b 2+ J—1 1[&—@] [4-0] J
* aZ )[CMJ—A] [_]
— J (1+x)t"le
-72) . R
=(1-a) (2 )Ii_l (t; x) + ol (t; x)
-2
:(l—a)(z ) xA+ axA
-0 1-9
_2a +2-2

T a-oe2
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~(2,0) 2~1,-0] ,[4-0]
Q, (v x)—(l_a)Z[“” 2]1 sl [f(e 3)]

4 (1 + )70 2 (e— 1)

2+ -2 | 1lrlelyla-el J
[
;( 4 ](1 + )b 2 (2= 1)

2 e+a—1 | 1ledyla-al |2
(I-a)(2=3)(e= 1), (1 a)
= 3 Ii_l(tz;x)— — I, (tx )+ozlg(t x)
_(daz+(2—3)? 2+40/@(@—2)+4cx+g((z—5)¢+8)+ z—4x
T -0(1-20)7 (1-0)1-20)7

—(@.0) 2+ =2 | 1lrbelylsal [ 3 (- 4)
Q, (V x)—(l—a)Z[ , ](1+x)[”ﬂ g][za(z_ 1)]

2+ =2 1[z- L=l [4-0l £
=-3(1 —0/);[ , ](1+x)[?’+'H’_@] [é(a— 1)]
© (g2 ) qlrl-dldadl 4
_(1—0’)2( p ](1+x)[z+4—1,—@] [53(@_ 1)]

2+ =1 | 1le=0lyla-al [ 3
+a2( ](1+x)[z+4 Q][é]
_da —a)(z;4)(2— 1)’ [ (t3;x)_ %Iﬁ_l (tz;X)

15 6 (3
— ;I‘;_l (t; x) + ol (t ;x)

___(aDGat =)
C(1-9)(1-20)(1-3p)2

L 362@(2=2) + D +0(2=6)2+ 1D +2-5) ,
(1-0)1-20)1 -30)#

~ 1 (=0(2—3) - D(©O(A22—9) + 16) + 2—8)
(1-001-20(0-30)2 | -22(d(30(&22—T) +8) + 92— 20) + 4)
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~(@d) © ( pr g2 ) 1l BaD [ f(p5)
4.\ (1 _
Q, (V ,x) =(1 a);( p ](1 PR [24(;&_ 1)]
b 2+ J=2 1[?/—17—@])6[4—@] 43
_6(1—01);[ 4 )(1+x)[?,m—1,—@] [a“(z— 1)]
o ( p4gm2 | Ay [ 2
-4 - CY);[ 4 )(1 + x)[)ﬁd—l,—@] [zzl (2— 1)]

©(ptg—2 ) e [y
fr
;[ 4 ](1 + x| A (- 1)

e 2+ J—1 1[&—@])6[4,—@] j‘
o), A+ 07a| 2
g J (1 + x)lrrel | £

_a —a)(zj)(z— 1)313_] (1) - 6(1 —a;(z— 1)21@%] ()
40 - oz;(z— 1)1@H (#5x) - %Ii—l (1) + ol ;1)

_ Badzt 1)(2+2)+ (2= 5)de+ 1)(2+ 2))x4
- (1 -0 -20)(1 - 3p)(1 - 40)#

, a2+ D@(2=2)+ 1) + 6n(n+ D@(2=T)2+14) + 2= 6))
(1-0)(1-20)(1-30)(1-4p)#
| 8aA0((A112—39) +46) |

. +182—38) + 8) + Ao(0(A 2
2

A S dga| (1299 +30D-362) |
+2418n — 139) + 291)

+72—57)
(16a(d(2—2) + 1)(@(3((m — 3
prd)+32-T)+ 1))
+0(60°((2— 5) 2+ 8)*
+0* A A12 2— 109) + 359) — 4169
+0(2—6)(Te—24)) + 2— 16

N 1
(1 -9 =20)(1 = 39)(1 - 4p)in*

Lemma 4.2.3 We establish the following limits of central moments by using Lemma

and, lim 20 = I:
200
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— (@)

(i) lim 2Q, (Fx)=0U+1)x(1+x),

—(,0)

(i) lim 2°Q, () = 3:2(1 + (1 + x)’,

where 9(v) = (v — x) and, i = 2, 4.

4.2.3 Direct Results

The renowned Bohman-Korovkin-Popoviciu theorem is used to obtain the uniform

convergence of the a-Pdlya-Baskakov operator (4.27).

Theorem 4.2.4 For a non-negative parameter a, which may depend only 2 € N, let h €
C[0, 00). If 0 — 0 when 2 — oo, then we have
—~(a.0)
lim @, () = h(x),
uniformly on each compact subset of [0, 00), where C[0, 00) is the space of all real-valued
functions continuous on [0, co).

Proof: Taking Lemma into consideration, it follows that:

NG ,
li Hx)=x', i=0,1,2
;rg@z (V,X) X, i=0,1,
uniformly on each compact subset of [0, 00). Thus, we arrive at the desired conclusion by
applying the well-known Bohman-Korovkin-Popoviciu theorem. a-Pdlya-Baskakov oper-

ator (4.2°7)) asymptotic behaviour is now presented.

Theorem 4.2.5 Let h be a bounded and integrable function on [0, 00). for the first and
second derivatives of h at a fixed point x € [0, ), then the function could be written as

follows:

—~(@9)

lim 2{Q, (h;x)—=h(x)|=+1Dx(1+x)h" (x)+3x*1 +D*(1 + x)*h"(x).

Vadd

Proof: Applying Taylor’s expansion, we can express the function h by writing,
1
h(v) = h(x) + (v — )h’(x) + T x)*h” (x) + &(v, x)(v — x)%,

where, lim g(v, x) = 0 and &(v, x) is a bounded function. By linearity of a-Polya-Baskakov
operator (4.27), it follows

—(a,0) —(@,0) —(@,0)

Q, (iy-h®=Q, (-xINW+Q, ((v-0*x)h" @+

_(a,0)

+Q, (8(V, x)-(v— x)z;x).
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Taking Lemmald into account, we get
4 8

— (@)

lim z(Qz (h; x) — h(x)) =(-2+Dxh"(x)+({+ D x(l+x)h"(x)

—(@:0)
+ lim (Qa (s(v, x)-(V—x)2;x)). (4.28)

200

As a result of the Cauchy-Schwarz inequality,

—(@,0) — (@) —(@0)

xQ, (e(v,x)(v—x)Z;x)s Q, (¥(v,x);x)\2Q, ((V—x)4;x). (4.29)

Since (-, x) € C[0, ) and £*(x, x) = 0, applying uniform convergence and from Theo-

rem (4.2.4), we obtain

—(@0)

ii_)m Q, (82(V, x);x) =& (x,x) = 0. (4.30)

Therefore, from Lemma and (4.30)) yields

—(@,0)

il_)n‘}o Q, (E(V, x)-(v— x)z;x) =0,

and using (4.28)), we obtain the asymptotic behavior of the a-Pdlya-Baskakov operator

(4.27).

Lemma 4.2.6 The following inequality is true for positive linear operators (4.27).

_\(0.’,@)

Q, ()| <]hl.

Proof: From operators (4.27)), we obtain
@ on (2 < (@)
Qz,d (X) 2 = qw ()C)
+=0 =0

< > 4P (0 suplh(l = bl
0

—(@,0)

Q, (hx)

()

Let Cp[0, c0) denotes the space containing the real-valued continuous and bounded

functions h € Cg[0, ), equipped with the norm

[Ih] = sup |h(x)].

x€[0,00)

The Peetre’s K-functional for h has been characterized as follows:

K> (h;6) := inf ){Ilh—fll +ollfIly, 6> 0,

xeC2[0,00
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where Cé[O, o) = {f € Cp[0,00) : f', f” € Cp[0,0)}. Now, according to Lorentz and
DeVore ( [49], p.177. Theorem 2.4) 4 C > 0, such that

K (h; 6) < Caw, (h; 6'7), (4.31)
The modulus of continuity of second order w; (h; oY 2) can be specified by

w; (h;6"?) = sup sup|h(x+2d) — 2h(x + d) + h(x) .
0<d<o1/2 xel
Furthermore, the modulus of smoothness of first order can be provided by
) (h; (51/2) = sup suplh(x+d)—h(x).
0<d<6'/2 xel

Theorem 4.2.7 Forh € Cg[0, ), we conclude

A(O'/s@)

W' (x)
Q, (h;x)—h() -

Qa +062-2)
2 b

(1-0)2

<w (h, x) + sz h’

where C > 0 is a constant and

. ~ (@) Qa+o2-2) \
D=, ((v-xPia)+ {_021 _@é)z_x} .

Proof: We proceed with auxiliary operators

(@) ~(@0) 2+ 2-2
Q. (;x)=Q, (hx)+h(x)— h(a—Ax). (4.32)
(1-0e
—(@,9)
We found that Q, (h; x) are linear for all x € [0, c0) , hence
a0 @,0)
Qi Q)(l;x) =1 and Q; ¢ (v;x) = x,
ie. Q(:’Q) preserves linear functions intact as a result
(@.0)
Q, " (v-x;x) =0, (4.33)

For v, x € [0, 00) and function g € C3[0, c0), according to Taylor’s theorem we can imply

that, ,
g(v) = g(x) + (v —x)g' (x) + f (v - o) (w)dw.

Applying the operator Q(:’Q) to both sides of above inequality, we can write
(@) , (@) @) [ [ .
Q, (v —g)=4Q, (V-x:0+Q, ( f (v - w)g" (w)dw; x)
@) [ .
=Q, (f (v — w)g" (w)dw, x)

—(@.0) v
=Q, (f (v-— w)g"(w)dw;x)

_ fzgtgfgjx (2a +2-2
' (1-0)2

X — w) 9" (w)dw.



74 Study of Operators Associated with Inverse Polya-Eggenberger Distribution

Furthermore, we acquire

(@) ~(@0) (1 .
Q, (g% —g0|<Q, (f (v - o)y (w)dw ;x)
W%xz +2-2
-0)2 04 —
+ —x—w|qg" (w)dw]|. (4.34)
fx ( (1-0)2 )g
. 4 ’” 2 ’7
Since Ux (v—wm)g (w)dw| < (v—x)lg"”|| and
20402 2
f<1@>zx(2a+ =2 ) "(w)dw| < {2a+ -2 } llg”l
—x-w w)dw| <{——x— X .
. (-0 I (-0 I
As a equation, (4.34) indicates
(@) ~(@Q) 2a+ 22 2
Q 3 X) — <|Q —x)5x)+{ ——"x— "
. (g0 —g(x) [ , ((v=07%x) { o x} ]ng I
(@) Qa+de-2) \°
2. 17
<|Q, ((V - X) ,x) + {U——Wx} llg”|l
=y @ lg” Nl (4.35)

In accordance with Lemma4.2.6|and auxiliary operators, we have

(@d)

Q, (:x) —h()|<|@r” ((h-g):x) Q" (g: ) - g(»)

+1g(x) = h(x) +

‘hfa+z—2

(1-0)2
Ra+02-2)
Ih = gll + ¥ llg” w( TR

x) —h(x)

taking infimum on both side over g € C%[O, ), we get

N6 Qa+p2-2)
< 4K2 (h, 4 ) + w (h, (1——@)2)6) .

—(a,0)

Q, (h;x) —h(x)

using equation (4.31)), we obtain

—(a.0)

Q, (h;x) —h(x)

< Cw, | h;

i) 5,
AWK +w(h;(2a+gz Z)x).
2 (1-0)2

For B € (0, 1], the Lipschitz-type space is defined as: [123|]

Lipy(B) = {h € Cp[0, ) : |h(v) — h(x)| < D%; x,v € [0, oo)}.

Here, 5 € (0, 1] and D > 0 is constant.
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Theorem 4.2.8 Let h € Lipy,(B) where 0 < B € (0, 1]. Then Vx € [0, o), we get

\P(d Q)( ))

—(a,0)

Q, (hyx) —h(x )' (

(4.36)

A(w 0)
where V%9 (x) = Q, ((v - x)% x).

Proof: Let us suppose that 3 = 1. Then, for h € Lip} (1) and x € [0, o), we conclude

—(20)

Q, (h;x) —h(x)]|<

@) () (—'Z ) —h(x)

qu (2]~ fe

Applying the Cauchy-Schwarz inequality for sum and
o 172
(@.0) f_ )
Zq (x){( S }
,) 172
(@,0) (@.,0) f_ )
{Zq (x)} {Zq (X)(Z x }

—(@.0) 172 ¢ _(a.0) 1/2 (a.d) 1/2
< %{Qz i (1;x)} {Q¢ ’ ((V - x)z;x)} = @(@)

As a result, the outcome for 3 = 1 is correct.

< Z)Zq(ag) (x) | xl|/2
(5+)

we obtain

Vz \f,

—(,0)

Q, (h;x) —h(x)|<

As we continue, we will demonstrate the necessary outcome for 0 < < 1 and

consider h € Lip},(B), we get

—(a,0)

B
Q, (h;x) —h()|< -

<D Z 4t () —— 5.
(3+2)

Zq““’) )|1(2)- b

< L\f and using Holder’s inequality in the above summa-

making use of inequality

Z4x

tion with p = As a result of applying the Holder’s inequality to the sum with

2 C] -
ﬁ 2- ﬂ
p =2/B,q =2/(2 - B) and inequality \/ﬁ < @, we obtain

Fe g ofi-)
XB,Z{Z a5 2 - )} {Z 40 (x)}

~(@,0) B2
Q, ((v - %)% x) (‘I’(f@(x) )5/2

—(a,0)

Q, (h;x) —h(x)|<

25
2

< =

X

X
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4.2.4 Weighted Approximation

Gadjiev [60; 61] investigated the weight spaces Cy[0, ) and By[0, c0) of real-
valued functions defined on [0, co) with W(x) = 1+ x2, in order to demonstrate Korovkin’s

theorem, which is not commonly true in all of these spaces.
By[0, 00) := {h : |h(x)| < Dp'¥(0)},

with

iy = sup Pl
xe[0.00) P (X)

and
Cy[0,00) :={h: h € By[0, 0)},

1e. Cy[0,00) = C[0,00) N By[0, o0) is the subspace of By[0, o) containing continuous

functions and

x—o0 P(x)

The Korovkin’s theorem, however, is valid throughout the range C [0, 00).

CL,[0, 00) 1= {h € Cyl0, 00) : Tim D! _ oo}.

The following is the definition of the usual modulus of continuity of h on [0, b]: The
classical modulus of continuity of h on [0, b] is defined as follows:

wp (h;0) = sup sup |h(v) —h(x).

|[v—x|<6 x,ve[0,b]

—(a,0)
Theorem 4.2.9 Leth € Cy[0, o) then for operators Q,  (h; x) we conculde
~(a,0) . A
<4D, (1+62)¥99(x) + 20 (h, \/‘P(f’g)(x)) , (4.37)

Q, (h;x)—h(x)

Cla,b]

) _(@d)
where ‘I’(f’g)(x) =Q, ((V - x)% x).

Proof: Suppose v —x > 1 forv e (b+1,0)and x € [0, b], then, we conclude

Ih(v) = h(x)| < Dy ¥P(v — x) = Dy, {1 +(v— x)z} =D, (v2 A 1)

<Z)h(v2+xz+2) = Z)h{(v—x)2+2x(v—x)+2+2x2}
< D(v =) {207 + 22 + 3} <4D(v = 1) (1 + 2
<ADy(v — x)? (1 + bz) : (4.38)

For x € [0,b] and v € [0, b + 1], we conclude

(V) = hCO| < wpar (v = x]) < (1 + '%x')wbﬂ 0,6),6>0.  (439)
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We find by solving (5.7) and (4.39))
Ih(v) = h(x)| < 4Dy (1 +b%) (v — x)* + (1 +

v —

) wp+1 (h,0),

making use of Cauchy-Schwarz inequality, we obtain

—(@,0)

< 4Dy (1 + b2) Q, ((V - x)z;x)

—(a,0)

Q, h(v;x)—h(x)

1 =@
+ (1 + EQZ (Iv = ;X)) wp+1 (h, 6)

A(O'/s@)

<40, (1+6)Q, ((v-x7x)

INCT) 1/2
1 ’é 2
+[1+ E{Qi ((V - X) ;x)} ]wb+1 (h,9)

1 -
+ 5 \/‘P(za’g)(x)} Wp41 (0),

choosing 6 = ﬂ‘l’(f’@)(x), we receive the desired outcome.

Theorem 4.2.10 Suppose h € C;[0, c0) then, we obtain

<4D, (1+6) P59 (x) + |1

—(@,9)

li_)m Q, (h;x)-h(x)| =0. (4.40)

v

Proof: From [61)], this is sufficient to validate the three equations shown below.

_(@d)
Q, (Vi;x)-Vv| =0,r=0,1,2. (4.41)

b4
—(@,0)

Clearly equation holds forr =0asQ, (l;x)=1.
From lemma we can say that,

lim
200

—~(,0)

Q, (Vv;x)—x

20+ 2—2 '
A 'x_

(I-0)2

Qa+02-2) < QRa+02-2)

1
= su
¥ xe[OIzo) ‘P(X)

= sup - < —
xe[Ooo) X2+1 (1-0)2 (1-0)2
—(@.0)
This implies that lim ||Q, (v;x) — x|| = 0. similarly, we have
200
¥
4((1,@)( ) 1 (4az+(@—3)r;)2 2
Q, (vix)-xY = sup — (1-0)(1-20)
’ 4ad(2-2)+4a+((2=5) +8)+ —4 2
v oo P | + (1-0)(1-20) 2 XX

2

< sup X (4az+(2—3)2 _1'
oo PO [(1 = 0)(1 - 20) 2
- x |x(dao(e—2)+4a+0((2—5)2+8)+ 2— 4)
el P(x) (1-0)(1-20)2
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The anticipated outcome is attained.



Chapter 5

Convergence and Difference Estimates
between Mastroianni and Gupta

Operators

In this chapter, we are concerned about investigating the difference of operators. Gupta
operators are a modified form of Srivastava-Gupta operators. We estimate the difference
between Mastroianni operators with Gupta operators in terms of the modulus of conti-
nuity of first order. We also study the weighted approximation of functions and obtain
the rate of convergence with the help of the moduli of continuity as well as Peetre’s K-

Sfunctional of Gupta operators.

5.1 Introduction

Acu-Rasa [10], Aral et al. [26] and Gupta [69] studied some fascinating results for the
difference of operators in a general sense. Several results on this topic are compiled in
the recent book of Gupta et al. [79)]. We study here the Mastroianni operators [[103] are

mentioned below:

M50 = ) onix OFni(f), (5.1)

i=0
where i _
a0 = S0, 7 = £(2),

i!
with particular cases considered as:

()’
i

@) If 1,0(x) = exp(—nx), then v,;(x,0) = exp(—nx)=, and the operators M, be-

comes Sz4asz operators.

79
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(/o) (cx)'
i! (1+cx)%+i

(@) If ce Nand 7,.(x) =

classical Baskakov operators.

then we have v, ;(x, c) = , and we obtain

1
(I+cxyr/e?

(i) If1,_1(x) = (1-x)", then v,,(x,—1) = (’;)x"(l —x)", and the operators l| reduce

to Bernstein polynomials,

where 7,; : 8§ — R is a functional (linear and positive) defined on S and S c C[0, c0).
Case (iii) has not been considered here, we will continue with this case in our next

upcoming research.

Srivastava-Gupta operator (see [39]], [139]]) reproduces only constant functions. Re-
cently Gupta in [68] studied a few examples of genuine operators (operators preserving

linear functions), we consider here the following operators

[Se]

Guelfs0) = D vail, OHoi(f), (5.2)

i=0

where v,;(x, ¢) is defined in and
Hoi(f) = (n+ C)f Uns2ei-1(t, O f(D)dt, 1 <i<oo, H,o(f)= f(0).
0

Remark 5.1.1 For operators , we have T, (f) = f(ﬁ) such that
Fui(eo) = 1, and b = F, (ey).
If we denote T;F”"' = Friler — b™iey), r €N, then by simple computation, we have

T/ = Fpiler — brieg) = 0, r=2,4.

5.2 Preliminaries
Remark 5.2.1 For the Gupta type operators (5.2), by simple computation, we have

+r—T(2=r+1)
(=D err(z+1)’

7'{n,i (er)

where H,(eq) = 1, b™i := H, (e)) = L. If we denote TZ{”'i = H,i(ey — b™iey), r € N,

n

then after simple computation, we have

) .
ﬂni H,i 2 Cl +nl
T.™ = H ; el -b ""eo) = —
2 n,l( l’lz(l’l _ C)’
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and

T4 Moo= 7-{n,i(el - b(]—{n'ie())4

= H,i(es. x) — 4H, (e3, x) (i) + 6H,i(e, X) (i)

2

i iVt
n n
(+3+2+ DI, (+2)+ DP (+DP 3
nn—c)n-2c)n-3c) nPn-c)n-2c) nn-c) n*

_47{,1,,-(e1,x)( )3+7{n,i(eo,x)( )

Lemma 5.2.2 Few moments of Mastroianni operators are given by

M(eo;x) = 1;

My(er;x) = x;

My(er;x) = g[x(n +o)+ 1]

My(es;x) = %[xz(n +O)(n +20) + 3x(n + ¢) + 1];

Mo(eg;x) = n—i[x3(n +c)(n+20)(n + 3c) + 6x°(n + c)(n + 2¢) + Tx(n + ¢) + 1];
M,(es:x) = %[x4(n +¢)(n + 2¢)(n + 3¢)(n + 4c) + 10X (n + O)(n + 2¢)(n + 3¢)

+25x%(n + ¢)(n + 2¢) + 15x(n + ¢) + 11;
M, (eg; x) = n—xs[xs(n +0)(n+2¢)(n + 3¢)(n + 4e)n + 5¢) + 15x*(n + ¢)(n + 2¢)
(n + 3¢)(n + 4¢) + 653 (n + ¢)(n + 2¢)(n + 3¢) + 90x*(n + ¢)(n + 2¢)

+31x(n+c) + 1].

Lemma 5.2.3 Let f(t) =e;, i =0,1,2,3,4 and c is the element of the set {0, 1,2, }, then

we have
gn,c(eo;x) = 1;
gn,c(el;x) = X
2
Qn,c(eZ;x) = EZ i Z;XZ (n ~ C)x, n>c,

' _ (n+o)(n+20) 4 6(n+c) ) 6 )
Gnelezx) = (n—c)(n—2c)x * (n—c)(n—ZC)x * (n—c)(n—2c)x’ n> 26
Gienx) = (nm+c)(n+2c)(n+3c) , 12(n+c¢)(n+2c) 5

nles ) o =20n=30" =0 -20)(n-30)"
36(n+c) ) 24
X, n> 3c.

M0 m=-20m=30" (o) (=20 (=30
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Consequently,

G ((e1 —x);x) = 0;

Goe ((61 _ x)z;x) - M :
n-c
o 12¢2 (n + 7¢) 4 24¢*(13n + ¢) 3
Gie ((81 x) ’x) T i-0m-20(n-30)" " -0 (n—20)(n-30)"
12¢? (n + 9¢) ) 24

+ (n—C)(n—zc)(n_Sc)x + (n—c)(n—Zc)(n—?)c)x’ n > 3c.

Very recently, Pratap and Deo [131]] considered genuine Gupta-Srivastava op-
erators and studied fundamental properties, the rate of convergence, Voronovskaya
type estimates, convergence estimates and weighted approximation. In the year 2018,
Garg et al. [63] studied the weighted approximation properties for Stancu general-
ized Baskakov operators. In the same year, Acu et al. [8] also studied the order of
approximation for Srivastava-Gupta operators via Peetre’s K—functional and weighted
approximation properties and some numerical considerations regarding the approxima-
tion properties, were considered. Several researchers studied approximation operators
and their variants, and they were given some impressive results on the asymptotic

formula, Voronovskaya-type formula, rate of convergence and bounded variation (See
(1, [81, [26], (28], [29], [371, (401, (411, [64], [72], [891], [LL1], [120], [122]).

5.3 Difference of Operators

Let C3[0, o0) be the class of bounded continuous functions defined on the interval [0, co)

equipped with the norm ||.|| = sup, (g . |/ (X)] < o0.

Theorem A[67;69] Let £ € Cg[0, o), s is a member of set {0, 1,2} and x belongs

to [0, o), then for all natural numbers n, we get

(Gne = Mu (01 < NIf 7 lled(x) + (7,611 + a(x)) + 2w(f, 62(x)),

where
1 N Fni Hi
a(x) =3 ZO 0%, (TS + TJ),
and

[0e]

I & _ _
61 = 5 D o T T, &= ) v )7 = b)2,
i=0

i=0
We give the quantitative estimate for the difference of Mastroianni and Gupta type opera-

tors as an application of Theorem A:
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Theorem 5.3.1 Let ) € Cy[0, 00), jis a member of set {0, 1,2} and x belongs to [0, o),

then for all natural numbers n, we get

where

and

(Gne = M (301 < 7B + w(f”, 601 + B(x)),

_exfx(n+ o)+ 1] nx
Pl = 2n(n — c) * 2n(n—c)’

— 1 2 4
Ry m— {36 (0 + ©) (n +2) (n + 3¢) (n + 60)} x

+6¢(n+¢)(n+2¢){3¢(n+ 6¢) +2n(n + 2c)} x°

+(n+0) {21c2 (n + 6¢) + 36nc (n +2¢) + n* (3n + c)} P

n {3c2 (n+6¢)+ 12nc(n+2c) +n>Bn+c) + 6n3}x] .

Proof: First using Remark , Remark and applying Lemma , we get

Bx) =

1 C Fni (}'{n[
5 Z Un,i(-x’ c)(Tz tt T2 Y )
i=0

cx[x(n+c) + 1] N nx
2n(n —c) 2n(n —c)’

I & . ‘

5 D tnie T + (%)
i=0

1 N (}'{ni

Ezvn,i(x, or,”
i=0

% ivn,,(x,c) (+3)+DG+ Vi, (+DG+DE G+ DP 3
i=0

nn—c)n-20m-3c) nmn-c)n-2) ndn-c) n*
1 - Un,i(xa C) 4 3 2 \ 3
— I+ 6"+ 11+ 6i)n
2 ; n*(n —c)(n —2c)(n — 3¢) [( )

—4 (i4 +3° + 2i2) n2(n - 3¢) + 6(i* + 2)n(n — 2¢)(n — 3¢)
—3i*(n - ¢)(n — 2¢)(n — 3c)]

I — vni(x, C) il )
- i"in” —4n“(n - 3c) + 6n(n — 2c)(n — 3c)
2 ; n*(n — c)(n — 2¢)(n - 3c) [ {

—3(n—c)n—2c)n-3c) + 1 {6n3 — 1202 (n—3¢) + 6n(n—2¢) (n — 3c)}
+ 2 {11n3 — 812 (n — 3c)} + 6in3]



84  Convergence and Difference Estimates between Mastroianni and Gupta Operators

1 N n,i\As
= 5 Z; e c)”(l;(f;c))(n 35 |3i*¢? (n + 6¢) + 12i%nc (n + 2¢) + *n* (3n + ¢) + 6in’ |

_ 1 4 2 4
a7 ey |31 (1 + 6¢) M (eq, %) + 12n*c (n + 2¢) M, (e3, x)
+n* 3n + ) M, (ez, x) + 6n* M, (e, x)]

1 [3xc% (n + 60) {x3(n + o)+ 2¢)(n + 3¢) + 6x2(n + )(n + 2¢) + Tx(n + ¢) + 1}

2 n*(n —c)(n —2c)(n — 3c)

12nc(n + 2c)x {xz(n +c)(n+2c)+3x(n+c)+ 1}

* n*(n — ¢)(n — 2¢)(n — 3c¢)
n?Bn+co)x{x(n+c)+1) 6nx
n*(n—c)(n—2c)(n—3c) - n*(n—c)(n—2c)(n—3c)
1

_ ) )
T 20— o)n - 20)(n - 30) [{30 n+c)(n+2c)(n+3c)(n+ 6c)} X

+6c(n+¢)(n+2¢){3¢(n+6¢)+2n(n+2c)) x°
+(n+c) {2102 (n + 6¢) + 36nc (n+ 2¢) + n* 3n + c)} X

+{3¢? (n + 6¢) + 12nc (n + 2¢) + n* 3n + ©) + 61 }x|,

and

(o)

& = > v )™ - b")? =0,

5.4 Weighted Approximation

The usual first order of modulus of continuity of f on bounded interval [0, b] is defined

as:

wp (f;6) = sup sup |f() — f(x).

0<|r—x|<6 1,x€[0,b]
Let
B, [0,00) := {f : [0,00) = RIf(0)] < My (1 + %)},

where My is a constant dependant on f, with the norm

171l = sup lf ()l

>0 1+ x2

Let
C2 [0’ OO) =C [07 OO) N 82 [0’ OO) .

In [84], Ispir acquainted the weighted modulus of continuity € (f; 6) as:
lf (x+ k) — f(x)]

S ,
o<iki<snz0 (1 + &%) (1 + x2)

Q(f;0) = f€Cy[0,00). (5.3)
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Let

C, [0, 00) = {fe C210,00) : lim LIS oo}.

—co | + 12
From [84;186]], if f € C} [0, c0), then }Sir%Q(f; 0) = 0 and

Q(f:ps) <2(1+p) (1 +6°)Q(f:6), p>0. (5.4)
From @ and @) and for f € C} [0, c0), we have

FO-f@ < (1+@=22)(1+2)Q(f;l - x))
2(1 ; 't;xl)(l +3) Q0 (1+ - x7)(1+2).

IA

Now we give the rate of approximation of unbounded functions in the theorem of

first order of modulus of continuity.

Theorem 5.4.1 Let f € C; [0, 00), then we get

Gue (. 0) = f()] < 4M (1 + %) 52(x) + 2wpr (£30),

where 6 = 6,(x) = \/Qn,c ((f - x), X)-
Proof: For x € [0,b] and t > 0, we have

|t — xl

£ = Fol < 4My (1+67) (2 - x)* + (1 + )wbH (f;8), 6>0.

Applying operator G, . and using Cauchy-Schwarz inequality, we have

Goe (0 - f@)| < 4My(1+5°) G ((t - %), x)

I (1 + gn,c (lté‘_ X| ’X))(Ub+1 (f,5)

< AM;(1+57)Goe (- 20, %)

+ (1 + % NS x)) wps1 (f.6).

After choosing 6 = \/ Ghe ((t - x), x), we obtain the required result.
Theorem 5.4.2 Let f € C/ [0, ), then we have

lim |G, (1) = /], = 0.

Proof: From [83], it is sufficient to verify the following by the well-known Bohman-

Korovkin theorem:

G (1:2) - xl’HZ =0, i=0,1,2. (5.5)

lim
n—o00
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From Lemma (5.2.3), the result is true for i = 0, 1. Again using Lemma ((5.2.3)), we get

(n+c¢) 2
(20 - = 2, 2
‘g( x) XH2 Soln—o) -0 °
Finally, we have
. 2.\ _ 2l =
fim G () =1, =0
Thus we get the desired result.
Theorem 5.4.3 Let g € C; [0, 00) and n > 0, we have
gn,c( ;X) - ()C)
lim sup g g | =0, xp€(0,00].

=0 o) (14 x2)
Proof: Let xy > 0 be any arbitrary fixed value and x, € (0, | then, we have

G (g %) — g(x)| G (g %) — g(x)| G (g %) — g(x)|
sup < sup + su

wel0e0) (14 x2)"7 T o (L) wx (1 +x2)

‘g,,,c (1 + 1% x)'
G @) = 9o + 9l AT
+sup lg()l

> (1 + x%)l‘i'n

IA

(5.6)

From Theorem (5.4.2)), the first term of the above inequality tends to zero.

Since |g(x)| < llgll, (1 + xz), we have

gl _ llgll,
X>X0 (1 + )CZ)H77 Bl (1 + X(Z))n

Let € > 0 be arbitrary and if we choose x very big then

gl _¢ 5

(1 + x%)n 2’

Gne(1+%:x)

Since lim sup ——— = 1, we have

n—0 yo 0

Guc(1+71x) (1+22) ¢
sup 5 < —+1, as n— oo.
X>X0 1 +Xx ”9”2 2

Therefore
Gne (1 + 1% x) llgll, Gne (1 + 1% x)

€ ligll
su < su S St o oy
||g||2 x>)£ (1 + x2)1+7] (1 + sz)ﬂ x>£ (1 + x2) 2 (l + x2)n

From Theorem (5.4.1), and for sufficient large n, we have

Estimates from to (5.9), the Theorem is proved.

(5.8)

Gre@) = 9|y < & (5.9)
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Theorem 5.4.4 Let f € C [0, 00). For sufficient large n, we have

Ge (f3) = £ (1)

wel0e) (14 22)°

<CQ (f; n_l/z),

where C > 0 is constant.
Proof: For x is a point of interval € [0, ) and ¢ is a positive number and by using the

definition of the weighted modulus of continuity and Lemma (5.2.3)), we obtain

IA

O - f@I < (1+ G+ 1e=xD7) Q£ = x)

2(1+2)(1 +(t—x)2)(1 + 't;xl

IA

)Q(f;é).

Applying operator G, . both sides, we get

Goe (130~ £ 0] <2(1+2) Q1|1+ G (1 = 0%:)

+gmﬂl+a—mﬁ“;”mn.

Applying Cauchy-Schwarz inequality, Lemma (5.2.3|) and choosing 6 = \/i;l we obtain the

required result.






Chapter 6

Iterative Combinations of Generalised

Approximation Operators

The purpose of this chapter is to consider the generalised form of iterative combinations
of positive linear operators with well-known Bernstein and Baskakov operators as its
particular case. We have estimated the r' moment of the iterative operator and found
a recurrence relation between the central moments and their derivatives. We deduce the
Voronovskaya type asymptotic formula and the relation between the error of continuous

Sfunction and its norm with restrictions on its higher derivatives.

6.1 Introduction

In the year 1973, Micchelli [[116]] had given several results on saturation class and studied
properties of semigroups of operators of the Bernstein operator. In the last section of his

Ph. D. thesis, he defined iterative operator as:
. k
nﬂﬁmzp—a—mﬂth—EBA%)ﬂqu (6.1)
v=0 v

where B, is the Bernstein operator and B/, is the " iterate of the operator B, with k =

1,2, ... and established the following result

3
Tufi0) = f@] < 5 (2 - 1) £:0).

where w(f;0) is the modulus of continuity. The operators proved to be a better

approach to finding the order of approximation for the Bernstein operator.

89
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Inspired by Micchelli [97; [116], Agarwal [18] et al. gave more intellectual and
sharpened results for the new Micchelli type linear operators such as Voronovskaya type

asymptotic approximation of sufficiently smooth function for the Bernstein operators.

In 1998, Agarwal [18]] extended his work on the Micchelli combination of Bernstein
operators and gave simultaneous approximation results related to the inverse theorem.
Deo [37; 38] had studied Beta as well as Baskakov operators and estimated results for
Baskakov-type operators based on Micchelli [116]. Some interesting approximation

results are studied by several mathematicians [15 15} 855 96]].

We now consider the sequence with the weighted function

(=) B(x)

qn.k(x) = k!

where
(1+cx)™¢; c=—1, xe[0,1]
¢n,c(-x) =

(1+cx)™; ¢>0, xel0,00).

The generalised form of linear positive operators L, . : C2(R+) = C(R.) defined as:

= k
Luc(f3%) = ) dus0f (—) , (6.2)
n
k=0
where Ch(R,) = { feCR,): lim % < O}. The space C,(R,) endowed with the norm
(o)l
= _— >
171 sup{1 S ix200,
such that C,(R,) is a Banach space. For ¢ = -1, operators (6.2)) represent Bernstein

operators and for ¢ > 0, operators (6.2)) represent Baskakov operators.

Now we consider Micchelli-type iterative combinations of generalized positive lin-
ear operators as:
Toi: Co(Ry) = C(R,),

and

k k
Tou(fi0)= Y (=)™ { )L;,C (f:%). (63)
r=1 r

Very recently, Deo et al. [44] studied generalised positive linear operators based on
Pélya-Eggenberger distribution (PED) as well as inverse Polya-Eggenberger distribution

(IPED), which are actually generalised form of classical Bernstein and Baskakov
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operators and authors established direct results for these operators and variant form of
these generalised operators were studied by Dhamija et al. [5S0]. In year 2011, Deo et
al. [41};50] established a generalised form of Bernstein and Baskakov operators and gave

a better approximation with the help of King’s [98]] idea.

6.2 Auxiliary Results

This section of the paper consists of some basic properties and definitions that will be

used further to prove the main theorems.

Definition 6.2.1 (Exponential operators) Let S (f; t) be positive operators of the form
Salfst) = f WA, 1, %) f(x)dx,

such that S ,(f; t) satisfies the following homogenous partial differential equation:

0 A
EW(/L tu) = %W(/l, t,u)(u—1), (6.4)

where p(t) is analytic and positive for t € (A, B) for some A,B,—c0 < A < B < +0o0, and

the normalization condition
Sa(1;0) = fW(/l, t,u)du = 1.

Then operators S ,(f;t) are referred to as exponential operators.

Let m € N° = N[ J{0} (the set of all non-negative integers), p € N (set of Natural

numbers) and 4 denote the integral part of A.

Let the m” order moment af{f ,L(x) be defined as:

af) (x) = LN (= x)"s x).
We shall use g, ,(x) = aii,}n(X), af,l,,)n(x) for the derivative of a

R(j, k; x) be the coefficient of 1/n* in the Tk ((t - x); x).

..m(X) With respect to x and

Lemma 6.2.2 For the operator L, .(f; x)
(i) L, (1;x) =1,

(ii) L, (t;x) = x;
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(iii) L (Pix) =2 (1+£) +£[(1+ ) = 1].

Proof: This result can be easily proved by mathematical induction.
Lemma 6.2.3 There is a recurrence holds for the function a, ,(x) as,

11 (x) = x(1 + ex) @), (x) + m @1 (9)] ;

x(1+cx)

with a,o(x) = 1, a,1(x) = 0, and a,5(x) = =,

Proof: The values corresponding to a,o(x),a, (x) and a,»(x) follows immediately from

the definition. This proof will proceed by proving
x(1 + cx) aﬁll,,)n(x) =Ny p,1(X) = x(1 + cx)ma, -1 (x).

The rest is basic computation which is left to the reader.

6.3 Direct Results

This section is dedicated to introducing approximation theorems and determining the

asymptotic Voronovskaya-type formula to discuss the convergence properties.

Theorem 6.3.1 For every f € C2(R;) withk € N° and n € N,

Toa(f ) = £ < w(f30) [(2" )+ 5% {(2 N %)"_zk} (#+2)).

c

Proof: We consider,

4 k
T (f;0 = f) = D (- 1)’“( ) Ly (f(0) = f(x): ).
r=1 r

Therefore,
5 (k
Tou(f:0) - ] < ) ( )Lz,c (£ = FOOL ). (6.5)
r=1 r
Mond and et al. [119] given the result that for all t, x € [0, co] and 6 > 0,
(t-x)°
lf@—fl< {1+ 2 w(f;0). (6.6)

From (6.5) and (6.6) and using lemma , we have

k k _ 2
| T3 ) = fOO1 < ) (r) L, ((1 ML );x) w(f36)

52
k
2

r=1

r=1

1

(k) L (1;%) + =

< w(f;6) . 5

k
=1

L, (= x% x)] :

r
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and with the help of the central moment

L.((t = )% x) = (x2 +§) [(1 ; %)r—1],

we get

| Tk (f3 X) = f(X)] < w(f;6) [(2" ~1) + % {(2 + y%)k _ zk} (xz +)EC)

S )

k
(2+¢) -2 1
1) 1+H{W}X(X+E)},

Remark 6.3.2 It is easy to verify that for ¢ > 0,

(2 + ﬁ)k -2 k¢
TR < k}; = where ¢, = c*k.

= w(f:0) (2 1)

1/2

Choosing 6 = n~''~ in above, we finally get

ITui(f) = FOONl < w(f; 1/ V)2 —

which is the desired answer.

So we get

I k() = £l < (£ 1/ V) (2 = 1) € [0, o0),

1
1+kcx(x+ )
c

and for ¢ = —1, we have

1 70k (f) = £l < (fl/\f)(2k—1)( §) x € [0, 11.

Lemma 6.3.3 [//9]. a,,,(x) is a polynomial in x and 1/n with degree of a,, ,,(x) in both is
less than equal to m with a,, ,(x) = o (n‘[(’”“)/ 2]) . Also, the coefficient of (1/n)" in an’2m(x)
is 2m— D!p(x)", where a!!= semi factorial of a and ¢(x) = x(1 + cx) and the coefficient
of (1/ny" ina,,, . (x) @m+ D" (x)p (x) (%):

Proof: By the definition of exponential operators, satisfies the partial differential
equation . Also, Bernstein polynomials, Szasz, Post-Widder and Baskakov all are
exponential types. So, the proof follows from [I12] (Prop.3.2).

Lemma 6.3.4 [[8]. There is the recurrence relation:

my 1 d (@l
arie =>(1) > %y a’ (v,
Jj=0 i=0

where denotes the derivative of y with respect to x.
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Lemma 6.3.5 [I8]. We have a!"},(x) = o (n‘[(’”“)/ 2]) )

Lemma 6.3.6 [[8]. For | — th moment (1l € N ) of T,x, we have
T ((t - x)’;x) =0 ( n_k).

Definition 6.3.7

(k)
Ups(x) = Z M( .

k=0 k!
The inequality
0< Upy(x) <Knl; 0<x< oo,

follows from lemma ([6.3.3).

Theorem 6.3.8 Let f € Co(R,) and % exists at a fixed point x € [0, ), then

Z f(])( )

=2

lim 7" [T,(f1 ) = f(0)] = R(j.k; x). (6.7)

Also, if f%*D € A.C.[0,c] with £ € Ly[0,c], then for any proper interval [a,b] of

[0, c], we have

170k = Al < {||f||qa P Vs (6.8)

Proof: Since f is continuous in [0, 00), so it has a Taylors series expansion at t = X,

Z f(’)(x) <r — x)/ .\ O @t - 0!

J@ =5+ TS 0< &< oo (6.9)
Now we consider
2%
i [Tau(f30) = f(0)] = Z W= x5 x]

=
+nt ; (- 1)r+1(r) L. (e(t; 0 — 0% x)
=G +Go,

where €(t,x) = Oast — x.

So for a given € > 0, there exist a 6(g) > 0 such that
le(t, x)| <& whenever 0 <|t— x| <06.

First we evaluate G,

2k (j)
G, =nf Z f;'(x) T, ((t - x)j;x) + 0" [f(x) Tox(t — x; %))

J=2
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From lemma ([6.3.6), we get
Toa((1 = )5 0) = o(n™).

We can directly compute that,

2k i
Z 1(x)

G1 = j!
=2

R(j, k; x) + o(1). (6.10)

Now, we estimate G,

Let @4(t) be the characteristic function in (t — 6,t + 0), we have

k

k
1Gal < ) (r) L, (ls(t, 0)lit - x*©5(1); x)

r=1

k
+ nt Z (k) L. (Is(t, Ot = 2D (1 - 04(1)) ; x)

r=1 r
=Gu+Gn.
Therefore,
5 (k
Gy < sup le(t, x)|n* ()L;C (t—x)*x
. |t—x|1:<)6 ; rj ( )
£ k
en ;an,%(”) eCy
Now

k

k
Gl < nkZ(r)L;,c (Iett, )l = 2 (1 = ©5(1) 5 x)..

r=1

For an arbitrary p > k and using lemma , we have

r M2 ,
Lottt = x%:0) < 52p=h) L, ((t = x)*"; x)

and

M
Gzz < np_fk = 0(1)

Since € > 0 is an arbitrary, G, — 0 asn — oo. From Gy, Gy and (6.7) follows

immediately

Tni(f(2); x) = f(x) = Tux (@) (f @) — f(x)) ;%) + Toi (1 — (@) (f () — f(X)); X)
= G3 + Gy,

where ¢(x) is the characteristics function of the closed interval on [0, c].
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Forallt € [0, c] and x € [a, b], we have

A
f(t)_f(X):; (t—x )+(2k 1),f(t Y PO s)ds.
And
2k=1" ,(I) 1 !
Gy = > L T e - i) + Wnk[ | go(t)(t—s)z"f@“(s)ds]
1=0

S f(’)(x)

Tnk (l - %) ) + Tk ((QD(I) - D -x)" x)]

; [ N2k (2
+(2k_1)g,£[f¢(f)(t s f (s)ds]

X

M

2k=1" A1)
Z / ( ) (G31 + G3) + G3s.

=0

Clearly, G5, = 0( ) by lemma (6.3.6). Similarly by definition of characteristics function,
Gs = (J) Convergence of Gz and G, is uniform for all x € [a,b] & t € [0, b]. Also,

||f(2k)||Lw[0,c] < M ||f(2k)||1~°0[0"']

Gs; < <
BT 2k =1t nk

, where My, is a constant.

Combining the above results and the interpolation property of norms introduced by Gold-

berg and Meir [65], we have

Gs < Mz {IAllcn *+ 1]l 10ur} - 6.11)

For G4, we proceed on the same lines as we have done for and for Gj.

2k-1
G4 < M2 {Z ||f(l)| Clapl T ||f(2k)||Lw[0,c]}' (6.12)
1=0

Hence from (6.11)) and (6.12)), we obtain the required result (6.8).

Theorem 6.3.9 Suppose that k € N°. If the function f, f , f .....f**D are in the class of
C[0, ) and f®*Ve Lip,, 1 on [0, o), then

1
| Tus(f22) = fOl = 0 (nk+1 ) ,

uniformly as n — oo on [0, 00).
Proof: Let us define
— J
A1l = max {711 M}
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It will be sufficient to prove that

Tir(f0 — £l < 2
n

where Ay is a constant independent of f and n. We will prove it by mathematical induction.

For the case k = 0,

| Tno(fs 0) = fQOl = | Lno(f5 %) = f0I.

By Taylor series expansion, we obtain

x(l + cx)
| Lo (f(1) = f(x); 0)] £ =———= f (%)
Suppose the theorem is true for j < k and f satisfies the hypothesis of the theorem then
we have
2k+1 g P
000 ' 1 f 2%k+1 p(2k+1)
_ - x) = — — d
m>; A ) = e | Gy

N CR) W i
= 2k + 1)! 2k +2)

Since L, . are positive linear operators,

2k+1

SO ) 1
Ln c - . n i n s
,m>;,% 0| < Gy V@Il
we can rewrite this inequality as:
2k+1 (l)( )
L0 = 2 LD 04 0,0,
i=0
where
I/l a
mw_ky.
Now, consider the function
fO) Upa()
Jn,](X) = W, [ = 2,3, 2k

This satisfies the hypothesis of the theorem for the integers k; = [k - %] as k; <k.
By the definition of J,; applying induction

, by,
|(Ln’C — DN (s X)| < W”Jn,i”k,w

Also ,n,,z is a polynomial of degree i which is uniformly bounded in n.

Jn,i C .

= qtpia =gy
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and

i ll, = 1P U< f Ny -

We can easily estimate,
[ [ k . < bk | = 2 3 2k
|( n,c ) (Jn,i’ X)l —= ﬁ ”f”k’ l 3 e .

Moreover, || (L, —1 )k | < 2% my, where my, is independent of f and n. Therefore we have,

2k

J,.; nli/?
(Lne—1)' (Z S b e,
nl

i=2

2k [i/2] k
n 2% aj my,
< {Akz i (Il

ki+1 540
= N

| Tgs1 (f3 %) = f(0)| =

_ agm+ b2k - 1)

So, we obtain the required result by mathematical induction.

Example 6.3.10 We have approximated the rate of convergence of the operators T, ;(f)
to the function f(x) = xsin(1/x) for different values of k while keeping ¢ > 0. As the
conclusion comes from the table and using the graphical technique, for the value of k = 10

the error estimation is less than 0.1 and for k = 30 the error is less than 0.001.

x| Twao(fs0) = fFOOI | [ Touzo(fs %) = f(2)]

0.895 0.11650 0.00160
0.9050 0.12240 0.00180
0.9150 0.12830 0.00210
0.9300 0.13440 0.00240
0.940 0.14040 0.00280
0.950 0.14660 0.00310
0.960 0.15280 0.00360
0.970 0.15900 0.00400
0.980 0.16530 0.00450
0.990 0.17160 0.00510

1.00 0.17800 0.00560

Table 6.1: Comparing between error of operators for different values of k towards function
f(x)=xsin(1/x) with ¢ > 0.
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0.4

(a) k=10, ¢ =23.6

04

(b) k=30, ¢ =23.6

Figure 6.1: Convergence of T, x(f; x)* * #x, for the function f(x) = xsin(1/x)— — ——, for
n = 100.
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(a) k=10, c = -1

(b) k=30,c =-1

Figure 6.2: Convergence of T, (f; x)— — —, for the function f(x) = xsin(1/x) ,
for n = 100.



Conclusion and Future scope

Conclusion

This chapter aims to present concluding remarks to our thesis and illustrate some of
the prospects that define our current and future endeavours in scientific research. This
thesis is mainly a study of convergence estimates of various approximation operators and
their variants. The introductory chapter consists of definitions and a literature survey of

concepts used throughout this thesis.

The second chapter presents a Durrmeyer-type construction involving a class of or-
thogonal polynomials called Apostol-Genocchi polynomials. The main goal of the first
section is to construct Durrmeyer-type operators of Apostol-Genocchi operators
based on the Jain operators with real parameters «,S, and A. In the second
section, we present Beta operators associated with the Apostal-Genocchi polynomials
and studied the approximation properties of these Durrmeyer operators. We give a
direct approximation theorem using first and second-order modulus of continuity, local
approximation results for Lipschitz class functions and a direct theorem for the usual

modulus of continuity.

Inspired by King’s approach, the next chapter deals with the modification of the
so-known Lupags-Kantrovich that preserves constant functions and exponential function
e~ *. Followed by some useful lemmas, we determine the rate of convergence of the
proposed operators in terms of the usual modulus of continuity and Peetre’s K- functional.
Further, the degree of approximation is also established for the function of bounded

variation. We also illustrate convergence and absolute error via figures and tables.
In the fourth chapter, we discuss approximation operators due to the development

of the theory of inverse Pélya-Eggenberger distribution. The first section of this chapter

presents the summation-integral type operators involving inverse Pdlya-Eggenberger

101
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distribution [[142] and Pdltdnea operators [[126]. The vital target of this chapter is to
contemplate the approximation properties of operators (4.5)) including K-functional and
second-order modulus of smoothness. Lastly, we set up the rate of convergence for
functions with derivative of bounded variation. The main goal of the second section is to
construct a-Pdlya-Baskakov operator based on inverse Pdlya-Eggenberger distribution
(4.23)), where a being a non-negative parameter, which may depend only on the natural
number 2 with @ — 0 when 2 — oo, 2 > 1, x € [0,00). As a result of this study, we
can obtain some approximation results, including the Voronovskaya type asymptotic
formula, error estimate in terms of modulus of continuity and the sense of k-functional,

and weighted approximation.

In the fifth chapter, we discuss the approximation properties of Gupta operators.
We find an estimate for the difference between Mastroianni operators and Gupta oper-
ators in terms of modulus of continuity of first order. We give the rate of convergence
with the help of the moduli of continuity and Peetre’s K—functional and the weighted

approximation of functions is studied.

The purpose of the sixth chapter is to give generalised results for the operators
(6.3) and obtain better approximation results. We study auxiliary results and derive
the value of the iterative operators (6.3) at the basic test functions 1,7,7%. Also, we
obtain Voronovskaya-type results, direct estimates in terms of modulus of continuity and
provide a computational approximation which relates the rate of convergence graphically

with the error estimation done.

Academic future plans

The objective of my work is to share my research results with the mathematical com-
munity and to continue carrying further additional studies in the area of approximation
by linear positive operators. Furthermore, 1 shall intend to put forward parametric
generalisations of existing operators which permits us to approximate an additional
array of functions. I intend to pursue research and contribute to the development of new

operators in this field in addition to contributing modifications to those currently exist.

We have examined the Mastroianni and Gupta operators in this thesis. Bede et
al. [31] have been associated with introducing the max-product version of families of

linear approximation operators. In general, a family of nonlinear (or more accurately
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sub-linear) operators with improved approximation properties of their original version is
the max-product version of a sequence or net of linear operators; in many instances, the
order of convergence is faster than that of linear operators. My goal is to expand on this
research in the future by establishing the max-product form of Mastroianni and Gupta

operators.

Another appealing problem related to approximation theory is to identify which
operators provide the best approximation. There are several operators with high conver-
gence rates, some of which are investigated in this thesis. As part of my continuing study,
I am interested in comparing the existing operators employing the difference of operators

examined to find out which ones generate the best approximation.

The corresponding semi-exponential operators for Bernstein, Baskakov and Ismail-
May operators were obtained by Abel et al. [3]. Since the area of semi-exponential
operators is not much explored, I intend to study the approximation properties of
these operators such as the complete asymptotic expansion, and the behaviour of their

derivatives through simultaneous approximation and other convergence estimates.
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