ROLE OF MULTIPARTITE ENTANGLED STATES IN QUANTUM
TELEPORTATION

A thesis submitted to
DELHI TECHNOLOGICAL UNIVERSITY
in partial fulfillment of the requirements for the award of the degree of
DOCTOR OF PHILOSOPHY
in
MATHEMATICS

By

ANUMA GARG
{2K18/PHD/AM/12}

Under the Supervision of

Dr. Satyabrata Adhikari

HDETECH)

uuuuuuuuuuuu
? : S

DEPARTMENT OF APPLIED MATHEMATICS
DELHI TECHNOLOGICAL UNIVERSITY

(Formerly Delhi College of Engineering)
BAWANA ROAD, NEW DELHI-110042, INDIA.

May, 2024






© DELHI TECHNOLOGICAL UNIVERSITY, DELHI, 2022
ALL RIGHTS RESERVED.






DECLARATION

[, the undersigned, hereby declare that the research work reported in this thesis en-
titted “Role of Multipartite Entangled States in Quantum Teleportation” for the
award of the degree of Doctor of Philosophy in Mathematics has been carried out by
me under the supervision of Dr. Satyabrata Adhikari, Department of Applied Mathe-
matics, Delhi Technological University, Delhi, India.

The research work embodied in this thesis, except where otherwise indicated, is my
original research. This thesis has not been submitted by me earlier in part or full to
any other University or Institute for the award of any degree or diploma. This thesis
does not contain other person’s data, graphs, or other information unless specifically
acknowledged.

Date : 13.05.2024 (Anuma Garg)
Enroll. No. : 2K18/PHD/AM/12






CERTIFICATE

On the basis of a declaration submitted by Ms. Anuma Garg, Ph.D. scholar, | hereby
certify that the thesis titled “Role of Multipartite Entangled States in Quantum Tele-
portation” submitted to the Department of Applied Mathematics, Delhi Technological
University, Delhi, India for the award of the degree of Dactor of Philosophy in Mathe-
malics, is a record of bonafide research work carried out by her under my supervision.

| have read this thesis and, in my opinion, it is fully adequate in scope and quality as
a thesis for the degree of Doctor of Philosophy.

To the best of my knowledge, the work reported in this thesis is original and has not
been submitted to any other Institution or Universily in any form for the award of any
Degree or Diploma.

flowe ‘f;v\ﬂ“‘

reidp. Addhan.

(Dr. Satyabrata Adhikari)
Supervisor and Assistant Professor
Department of Applied Mathematics
Delhi Technological University
New Delhi, India.

e

(Prof. R. Srivastava)

Professor and Head

Department of Applied Mathematics
Delhi Technological University

New Delhi, India.






ACKNOWLEDGEMENTS

Undertaking this degree appeared to be a difficult task, but with God’s grace and a handful
of people, everything seemed within reach with time. I take this opportunity to express my

sincere gratitude and heartfelt thanks to all those who helped me undergo the entire journey.

First and foremost, I express my deep sense of gratitude to my supervisor Dr. Satyabrata
Adhikari, Assistant Professor, Department of Applied Mathematics, Delhi Technological Uni-
versity (DTU), New Delhi, India.

I am extremely thankful to Prof. R. Srivastava, Professor and Head; Prof. S. Sivaprasad Ku-
mar, former HOD, Department of Applied Mathematics, DTU, New Delhi, India for providing

me a constant support and the necessary facilities in the Department.

I also wish to extend my gratitude to SRC members: Prof. Archan S. Majumdar, Senior
Professor, S. N. Bose National Centre of Basic Sciences, Kolkata; Prof. Tabish Qureshi, Pro-
fessor and Hony Director, Centre for Theoretical Physics, Jamia Millia Islamia, New Delhi for
their insightful comments and encouragement. My sincere thanks go to Prof. Anjana Gupta,
Department of Applied Mathematics, DTU, and Prof. Anil Kumar, Department of Applied
Chemistry, DTU for their valuable guidance from the beginning of my Ph.D. research work.

I am grateful to the DRC Chairman Prof. Sangita Kansal; Prof. Naokant Deo, former DRC
Chairman, and all faculty members of the Department of Applied Mathematics, DTU for their
constant support and encouragement. Special thanks to Prof. R. Srivastava and Ms. Trasha

Gupta for their kindest words and support they have provided during my Ph.D. jouney.

I want to extend my deepest gratitude to my parents, my brothers Sahil and Rohit for always
supporting me and for all the sacrifies they have made for me, especially my nephew Swarit, for
keeping a smile on my face during my rough days of Ph.D. My friends cum family, Ashutosh,
Bableen, Gabriel and Sambhav for being my biggest support throughout my Ph.D journey. I
thank them wholeheartedly for always bearing me and providing me all the mental support
on my darkest days. I extend my thanks to Ms. Parul Chauhan for making my Ph.D journey

easier, Dr. Ajay Kumar for guiding me throughout my Ph.D journey.

My appreciation also extends to my colleagues and juniors for valuable discussions on the
subject matter and helping me develop my ideas. I also place on record, my sense of gratitude

to one and all who helped me directly or indirectly in this journey.

My acknowledgements would not be complete without thanking the academic and technical

support of the Delhi Technological University, Delhi, and its staff, particularly the Academic-

v



PG section. The library facilities of the University have been indispensable. I also extend my

thanks to everyone in the Department of Applied Mathematics for their support and assistance.

I would like to acknowledge the Council of Scientific and Industrial Research (CSIR), Gov-

ernment of India, for providing fellowship (JRF and SRF) that made my Ph.D. work possible.

Finally, I thank GOD, the Almighty, for letting me through all the difficulties and for shower-

ing his blessings throughout my research work to complete the research successfully.

Date : 13.05.2024 (ANUMA GARG)
Place : DTU, Delhi, India.

Vi



Dedicated to My Parents

(Manisha Garg and Ravindra Kumar Garg)

For their love, guidance, selfless sacrifices, and constant
support

Vil






Contents

Title page
Declaration page
Certificate page
Acknowledgements
Preface

List of symbols

List of figures

List of tables

1 General Introduction
1.1 Basicsoflinearalgebra . . .. ... ... ... .. ... ... ...
1.1.1 Afewresultsinlinearalgebra . . . . . . ... ... ... .....
1.2 Origin of quantum mechanics . . . . . .. .. .. ... ... ... ... .
1.2.1 Postulates of quantum mechanics . . . .. ... .. ... .. ..
1.2.2 Formalism of quantum mechanics . . . . . ... ... ... ...

1.2.2.1
1.2.2.2

1.2.2.3
1.2.2.4
1.2.2.5
1.2.2.6

Observables . . . . . . . . . . . . ... .

Expectation value of an observable in quantum me-
chanics . . . . . . . ... L

Projection operator . . . . ... ... ... ... ....
Commuting observables . . . ... ... ........
Paulimatrices . . .. ... ... ... ... ... ....
Heisenberg uncertainty relation . . . . ... ... ...

1.3 Informationtheory . . . . . .. ... . . ... ..
1.4 Quantum informationtheory . . . . . . .. ... ... L.
1.4.1 Basics of quantum information theory . . . ... ... ... ...

1.4.1.1
1.41.2

Qubit . .. ... .
Densityoperator . . . . . ... ... ... .. ... .

iX

xiii

XV

Xvii

Xix



1.41.3 Pureandmixedstate . ... ... ... ... .. .... 15

1.41.4 Partialtrace ... ... ... .. ... ..., 16
1.4.2 Quantummeasurement . . . ... ... ... ... ... ... .. 17
1.5 Quantumentanglement . . ... ... .. ... .. ... .. ... ... 19
1.5.1 Bipartite entanglement . . . . . . ... ... o Lo oL 20
1.5.2 Tripartite entanglement . . . . . . . ... ... ... ... 22
1.5.3 Detection of entanglement . . . . .. ... ... ......... 24
1.5.4 Measures of entanglement . . . . . ... ... ... ... ... 28
1.5.4.1 Measures of entanglement in bipartite system . . . . . 29
1.5.4.2 Measures of entanglement in tripartite system . . . . . 30
1.6 Bellsnon-locality . . . . . ... ... ... .. . ... 31
1.6.1 Experiment performed for the verification of Bell’s non-locality . . 32
1.7 Multipartite non-locality . . . . ... ... ... .. oL 33
1.71 Mermin’sinequality . . . . . . ... ... ... .. .. .. ... 34
1.7.2 Svetlichny’sinequality . . ... ... ... ... ... ....... 35
1.8 Non-locality and entanglement . . . . .. . ... ... ... ....... 36
1.9 Non-locality in communications . . . . .. .. ... ... .. ....... 39
1.10 Quantum teleportation . . . . . . . . ... 39
1.10.1 Bennett et. al. quantum teleportation protocol for 22 system . 39
1.10.2 Reuvisiting quantum teleportation . . . . .. ... ... ... ... 41
1.10.2.1 Quantum teleportation: shared state lying in 2 ® 2 di-
mensional Hilbertspace . . ... ... ......... 43
1.10.2.2 Quantum teleportation: shared state lying in d ® d di-
mensional Hilbertspace . . .. ... ... ....... 45
1.10.3 Quantum teleportation via multipartite state as a shared state . . 46
1.10.4 Realization of quantum teleportation in an experiment . . . . . . 47
1.11 Quantum teleportation and non-locality . . .. ... ... ... ..... 48
1.12 Controlled quantum teleportation (CQT) . . . . .. ... ... ... ... 49
Eigenvalue Criteria for Quantum Teleportation Protocol 53
2.1 Introduction . . . . . . ... L 54
2.2 Reuvisiting maximal singlet fraction of mixed two-qubit state . . . . . .. 56
2.3 Teleportation criteria in terms of maximum eigenvalue . . . ... .. .. 59
231 Examples . . . . .. 62
2.4 Teleportation criteria in terms of upper bound of the maximum eigen-
value in Dembo’sbound . . . . .. ... 65
25 Conclusion . . . . ... e 67

Quantification of Non-locality of two-qubit Entangled state and its appli-
cation in Controlled Quantum Teleportation 69



3.1
3.2

3.3

3.4

3.5

3.6

Introduction . . . . . . . 71

Revisiting the non-locality of two-qubit system . . . . . . ... ... ... 74
3.2.1 A definition of the strength of the non-locality of two-qubit entan-
gledstate . . . . . . . . 74

3.2.2 Dependence of the strength of non-locality on witness operator . 77
3.2.2.1 Strength of the non-locality when two-qubit entangled

state detected by the witness operator Wegsy - - - - . . 78
3.2.2.2 Strength of the non-locality when the witness operator
Wensy does not detect the two-qubit entangled state . . 79
3.2.3 Relation between Sy (p5y) and the quantity M(p{%) . . . . . .. 83
Strength of the non-locality of two-qubit entangled system determined
by optimal witness operator . . . . . . . . ... ... oL 86
3.3.1 Derivation of witness operator inequality . . . . . . ... ... .. 86
3.3.2 Upper bound for the strength of non-locality of two-qubit entan-
gled system detected by optimal witness operator . . . . . . .. 89
Expression for the strength of the non-locality of two-qubit entangled
state in terms of measurement parameter and state parameter . . . . . 91
Applications . . . . . . . 93

3.5.1 Linkage between the strength of the non-locality of two-qubit
entangled state and the expectation value of the Svetlichny op-

erator with respect to a pure three-qubitstate . . . . . ... ... 93
3.5.1.1 A family of pure three-qubit states: GHZ class . . . . . 95
3.5.1.2 A family of pure three-qubit states: W-class of Type-l . 99

3.5.1.3 A family of pure three-qubit states: W-class of Type-Il . 100

3.5.2 Upper bound of the power of the controller in controlled quantum
teleportationintermsof Sy, . . . . . . ..o oL 102

Conclusion . . . . . . e 106

State dependent bounds of the expectation value of the Svetlichny Oper-

ator

4.1
4.2

107

Introduction . . . . . . . 109
Lower and upper bound of the expectation value of the Svetlichny op-

erator . .o e e e e 110
4.2.1 Lower bound of the expectation value of Svetlichny operator in

terms of two-qubit non-locality determined by Sy . . . . . . . .. 111
4.2.1.1 When the entangled state p;; is detected by the wit-

nessoperator Wegsyg  « « v v v e e e e 113

4.2.1.2 When Wcpsy does not detected the entangled state p;; 113

4.2.2 Upper bound of the expectation value of Svetlichny operator in
terms of two-qubit non-locality determined by Syz . . . . . . . .. 115

4.2.21 When the state p;; is detected by Wepsy .+« . . . . . . 117
4.2.2.2 When p;; is not detected by Wepsyy - . . . . . o oL L 117

X1



4.3 Detection of genuine three-qubit non-local states . . . . . ... ... .. 119

4.3.1 When p;; is detected by the witness operator Wegsy . . . . . . . 119
4.3.2 When p;; is not detected by the witness operator Wepsy . . . . . 123
4.4 lllustrations . . . . . . . . ... 126
4.4.1 Examples of three-qubit states for which the reduced two-qubit
state detected by the CHSH witness operator . . . . . . ... .. 126
4.4.2 Examples of three-qubit states for which the reduced two-qubit
state is notdetected by Weysy - - - - . o o o oo oo 129
4.5 Comparing our criterion with other existing criteria . . . . . .. ... .. 136
46 Conclusion . . . . . . . . . ... e 142

5 Controlled Quantum Teleportation: Estimation of Controller’s Power through

Witness Operator 145
5.1 Introduction . . . . . . . ... 147
5.2 Witnessoperators . . . . . . . . . ... 148
5.2.1 Construction of witness operator Wig.]) ............... 148
5.2.2 Characteristic of the introduced witness operator . . . . . .. .. 151
5.3 Estimation of controller'spower . . . . . . ... ... Lo 156
5.3.1 Estimation of non-conditioned teleportation fidelity . . . . .. .. 157
5.3.2 Estimation of the conditioned teleportation fidelity . . . . . . . .. 158
5.3.3 Lower and upper bound of the controller's power . . . . ... .. 159

5.3.4 Estimation of the lower bound of the power for pure three-qubit
states . . ... 161
5.4 Controlled teleportation in noisy environment . . . . ... ... ... .. 164
5.4.1 Amplitude dampingchannel . . . . . .. ... ... ... ..... 165
5.4.2 Phasedampingchannel . . . .. ... ... ... ... .. ..., 167
5.4.3 Comparision analysis of the power of the controlled teleportation 168
5.5 Conclusion . . . . .. 170
Conclusion and Future scope 173
Bibliography 177
List of Publications 197

Xii



Preface

Quantum information science is a rapidly expanding field. Entanglement can be con-
sidered as heart of the quantum information theory. Although much research has
been done on two-qubit entanglement, very little is known about multipartite entan-
glement. A better understanding of multipartite entanglement aids our understanding
of the many-body system. There are many unanswered questions in the theory of
multipartite systems. This is due to the complex structure of the multipartite system.
The complexity of a multi-qubit system grows in proportion to the number of qubits
and the dimension of the system. Entanglement is a quantum mechanical property
that can be used as a resource in computational and communication tasks. It is es-
sential in many information processing protocols, including quantum cryptography,
quantum superdense coding, and quantum teleportation. Although entangled states
are useful in various quantum information processing tasks, the practical use of an
entangled resource is restricted to the successful experimental realization of the re-
source. Non-locality is another quantum mechanical phenomenon which is not same
as the entanglement. Although non-locality and quantum entanglement go hand in
hand and they correspond to quantum correlation present in quantum states concep-
tually, they are very much distinct. At the level of a two-qubit entangled state and
also for higher dimensional bipartite and multipartite entangled quantum states, it is
possible to obtain more non-locality with less entanglement. Thus, we may expect
that non-local states with less entanglement may be more useful as resource states.
Many novel applications of non-locality have been developed for quantum computa-
tion and communication, including communication complexity, and quantum cryptog-
raphy. Quantum teleportation is an important topic to study in quantum information
science. It plays a vital role in the development of quantum information theory and
quantum technologies. Bennett et. al. have developed the first protocol of quantum
teleportation for two-qubit system. By using quantum teleportation protocol, we can

send information encoded in a quantum state in a more efficient way than the ex-
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isted classical protocols. The efficiency of the quantum teleportation protocol can be
measured through the fidelity of a state known as teleportation fidelity. Another form
of quantum teleportation is known as controlled quantum teleportation (CQT). CQT
works perfectly for a three-qubit state shared between Alice, Bob and, Charlie where
the third party Charlie acts as a controller. The importance of the CQT lies in the fact
that in the CQT protocol, the controller has the power to enhance the teleportation
fidelity of the two-qubit state possessed by Alice and Bob by performing measure-
ments on his qubit. Here, we have derived a different form of criteria, which is based
on the maximum eigenvalue, for the detection of entangled state useful in quantum
teleportation. The developed criterion may also be implementable in an experiment.
Then, we have extensively studied the non-locality of the two-qubit state by defining
a quantity that measures the strength of the non-locality. Later, we considered the
three-qubit state (pure/mixed) and studied the non-locality of its reduced two-qubit
state with the power of the controller of the three-qubit state in controlled quantum
teleportation. Also, we have connected the non-locality of the three-qubit state with
the non-locality of the two-qubit state by deriving the upper bound and lower bound of
the Svetlichny operator. The derived state dependent bounds may be used to detect
the genuine non-locality of any general three-qubit quantum state. Thus, the detection
of genuine non-locality guarantees that the three-qubit state is genuinely entangled.
At the end of the thesis, we studied the controlled quantum teleportation protocol us-
ing a three-qubit state and derived the lower bound of the controller’s power in terms
of the introduced witness operator. Thus, our study may help to estimate the power of
the controller in an experiment.

Chapter 1 is introductory in nature. Chapters 2-5 are based on the research work
published/communicated in the form of research papers in reputed journals. Finally,
we conclude the thesis with future scope and references. Each chapter begins with a

brief outline of the work carried out in that chapter.

P

P

Date : 13.05.2024 (ANUMA GARG)
Place : DTU, New Delhi, India.
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Chapter 1

General Introduction

“As far as the laws of mathematics refer to reality, they are not certain, and as far as

they are certain, they do not refer to reality. ~

- Albert Einstein

The introduction gives an overview of the basic definitions, and concepts of linear
algebra and a few recapitulations of quantum mechanics. We then study the theory
of entanglement, in particular, bipartite and tripartite entanglement. We recapitulate
the theory of non-locality, in which the bipartite and tripartite non-locality is discussed.
In bipartite non-locality, we discussed the concept of non-locality using inequality. We
have considered the Mermin’s inequality and Svetlichny inequality to discuss the non-
locality in tripartite system. A brief review of quantum communication protocols, in
particular, quantum teleportation and controlled quantum teleportation is discussed.

In the last section, we emphasized on the non-locality in quantum communication.




1.1 Basics of linear algebra

Linear algebra is the study of vector spaces and operations defined on it. In this
section, we recall a few fundamental terms of linear algebra which would be needed

for a better understanding of quantum information theory [1-3].

Vector space
A non-empty set V with two binary operations "addition" and "multiplication" denoted
by "+" and "." respectively is said to be a vector space over a field F if it satisfies the

following axioms:

1. Closed under addition: u+v € V,Vu,ve V
2. Addition is associative: (u+v)+w=u+(v+w),Vu,v,we V
3. Additive identity: There exist a zero element0 € V suchthat0+u=u,Vuec V

4. Additive inverse: For every vector u € V, there exist a vector —u € V such that
u+(—u)=0

5. Addition is commutative: u+v=v+u,Vu,ve V
6. Closed under multiplication: c.ucV,VvacFandue V

7. Multiplicative Identity: There exist a unity element 1 € V such that 1.u =u, V

ueV
8. a.(u+v)=cut+ov,YyacFandVuyve V
9. (a+p)u=au+pu,Va,peFandvVuec V

10. (a.B)u=oa.(Bu),Va,peFandVuecV

Linear dependence and linear independence
A set of finite non-zero vectors vy, v,,...,v, of a vector space V over a field F is said to
be linearly independent if there exist scalars a;, o, ..., 0, € F such that ogv + opvy +

-+ oy, =0implies o; =0, V i. Otherwise, the set is linearly dependent.

Basis and dimension
Let V be a vector space over a field F.
(a) Basis: A set S = {vy, v, ...,v;} C Vis said to be a basis if

(i) vi,va,...,v, are linearly independent vectors.



(i) S spans the vector space V over field F.
(b) Dimension: The number of elements in the basis set is known as the dimension
of the vector space V.

Linear operator
A linear operator D is a function defined as D : V — V, where V is a vector space over
a field F such that

D(ou+Bv) =aD(u)+BD(v),Yu,ve VandV o, € F (1.1.1)

Matrix representation of an operator

A linear operator D may be represented in the form of a matrix. Let D be a linear
operator from V; into V,, where V; and V, are two vector spaces of dimension n and
m respectively. Letv;(j=1,...,n) and w;(i = 1,...,m) be the basis elements of vector
spaces V| and V, respectively. Then a linear operator D can be represented by (m x n)

matrix as
m
D(Vj) =aywrtajwr+ -+ amjwm = Zaijwi, je {1,2,...,1’!} (1.1.2)
i

where a;; are the elements of matrix representation of operator D.

Transpose and conjugate transpose of a matrix

For a given matrix A = Y; ¥ ;a;;, the interchanging of rows of the matrix into columns
and the columns into rows is known as transpose of a matrix and is denoted by AT =
Y.jY.;aji- The conjugate transpose of a given matrix A =YY ;a;; is defined by applying
the complex conjugate of every element of the matrix and then interchanging rows
with columns of a matrix or vice versa gives the conjugate transpose of a matrix and
is denoted as A" =}, ¥, ;.

Eigenvalue and eigenvector

Eigenvalue: A linear operator D defined on a vector space V over the field F. A scalar

A € F is called eigenvalue of D if there is a non-zero vector v € V such that
Dv=Av (1.1.3)

The equation (1.1.3) is called eigenvalue equation.
Eigenvector: If A is an eigenvalue of D, then any non-zero vector corresponding to it

is called the eigenvector of D.



Remark: The lower and upper bound of the maximal eigenvalue of a Hermitian op-
erator has been obtained by using various matrix norms. Here, we provide a result
known as Dembo’s bound [4, 5] for obtaining the lower and upper bound of the maxi-
mal eigenvalues of any positive-semidefinite Hermitian operator.
Dembo’s bound: For any n ®n Hermitian positive semi-definite operator R, with
eigenvalues 4, <1, < ... < An, Dembo’s bound [4, 5] is given by

—n)2 — 2
crm \/(C M 4 ()T < Ay (Ry) < S \/(C ML) T (1.1.)
2 4 2 2

R,.1 b

)" ¢
the upper bound on maximal eigenvalue of R, and b is a vector of dimension n— 1.

where R, = , M1 is the lower bound on minimal eigenvalue of R,,_1, 1,1 is

Inner product space
Let V be a vector space over a field F. A function which assigns each ordered pair of
vectors to an element of the field, defined as

(u, vy : VxV —=F uveV (1.1.5)
is said to be an inner product if it follows the following conditions

1. Linearity: (au+ Bv,w) = a{u,w)+B{v,w), Vu,y,we Vand V a,B €F.
2. Conjugate symmetry: (u,v) = (v,u), Vu,ve V

3. (u,u) >0and (u,u) =0ifand only if u =0, forany u € V

Any vector space V over field F associated with an inner product is known as an inner
product space.

Orthogonal vectors
Let u and v be two vectors of a vector space V over the field F. The vector u is said to

be orthogonal to v, if the inner product of « and v is zero, i.e., (u,v) = 0.

Norm

A norm is a real-valued function defined on a vector space V over a field F as
I|.||: V=T (1.1.6)

||.|| satisfies the following properties:



1. Triangular Property: |[u+v|| < |jul| + ||, Y u,v € V
2. Non-Negativity: ||v|| >0,V ve V. |v]|=0ifand only if v=0.
3. lav||=lal|v|,Yve VandV a € F

Unit vector
If the norm of a vector is unity, then the vector is known as a unit vector.

Orthonormal vectors
A set of vectors is known as orthonormal vectors if the inner product of any vector
u with itself is 1, i.e., (u,u) = 1 and the inner product of any vector u with any other

distinct vector vis 0, i.e., (u,v) = 0.

Norm and inner product of two operators
(a) Inner product of two operators: For any two finite dimensional linear operators

D, and D,, the inner product of D; and D, is defined as
(D1,D,) = Tr[D{Dy)] (1.1.7)
(b) Norm of a operator: Norm of a linear operator D is defined as

D] = v/(D,D) (1.1.8)

Normed linear space
A vector space V is called normed linear space if for every element v € V, there is a

unique real number associated with it, which may be the norm of v.

Banach space

A complete normed linear space is known as Banach space.

Hilbert space
A complete inner product space is called Hilbert space.
Remark: A Banach space is a Hilbert space if and only if the parallelogram law holds.

Tensor product
Let V; and V, be two vector spaces over a field F of dimension m and n respectively.
The tensor product of V; and V; is denoted by V; ® V, and it is of dimension mn.

Suppose A be a matrix of order m x n and B be a matrix of order p x ¢q. Therefore, the



matrix A and B may be represented as

ajp ap - da b1 b1 - by
i an - a byt byy - b

T R P L 115
Aml Am2 - Amn bpl bp2 T bpq

The matrix representation of A® B is given as

a11B alzB alnB
anB apB --- a,B

ARB=| " -7 (1.1.10)
amB  awB - amuB

It is now clear from (1.1.10) that A ® B represent a matrix of order mp x nq.
Properties of tensor product:
If A,B,C,D € M), , and o € I then

1. (tA)®B=A® (aB) = ¢(A®B)

2. (A®B)'=AT®B'

3. A+B)®C=A®C+B®C

4. (AQB)®C=A® (B®C)

5. (A®B)(C®D) =AC®BD

6. Tr(A®B) =Tr(B®A)

7. det(A®B) =det(BRA)

8. A®B) '=A"1gB"!

9. I,®I, =I,,, where [,, and I,, are identity matrix of order m and n respectively.

Partial transpose of a matrix
If a matrix X of order d? x d? is subdivided into d? blocks of order d x d then the partial
transposition of a matrix X is obtained by performing the transposition operation on

every block of order d of the matrix X.



To illustrate it, let us consider a 4 x 4 matrix X, which is given in the block matrix form

as
air a2 | daiz dig

azy dzz | azz a4

asp aszz | dAzz dz4

a4q1 442 | A43  Ad44

The partial transposition of the matrix X may be given as

aip azp | aiz as

aiz az | a4 a4

asyp 441 | dzz  a43

aszy a4 | az4  a44

Remark:

(i) If X7 has no negative eigenvalue, i.e., if it is positive semidefinite, then the matrix
X is said to be positive partial transpose

(i) If X*T has atleast one negative eigenvalue then the matrix X is said to have nega-
tive partial transpose.

1.1.1 A few results in linear algebra

Result 1.1: For any two Hermitian d x d matrices A and B, we have [6]
lmin(A>Tr<B) < T}”(AB) < )Lmax(A)Tr(B) (1.1.11)

where the eigenvalues of A are arranged as A = A1 <A <A3< ... < Ay = Anax.
Result 1.2: If M be any n x n complex matrix and N be any n x n Hermitian matrix,

then we have [2, 6]

Din(M)TF(N) < R(TF(MN)) < Ao (M) Tr(N) (1.1.12)

where M = MJEMT and R(x) denotes the real part of x.

Proof:- Let us assume that the eigenvalues of M may be arranged in an ascending
orderas A=A <A < ... < Ay = Auax- TO prove Result 1.2, let us recall the lower



and upper bound of R(Tr(MN)), which is given in [6],

n n
Y Ai(M)A—is1(N) < R(Tr(MN)) Z (1.1.13)
i=1 i=1

In L.H.S., Replacing all the eigenvalues of M by its minimum eigenvalues and in R.H.S.
if we replace all the eigenvalues of M by its maximum eigenvalue, we get the desired
result given in (1.1.12).

Result 1.3: If M be any n x n complex matrix and N be any n x n Hermitian matrix,

then we have

Tr(M)Apin(N) < R(Tr(MN)) < Tr(M) Amax(N) (1.1.14)

where M = MM and R(x) denotes the real part of x.
Result 1.4: If M be any n x n complex matrix and N be any n x n Hermitian matrix,

then we have
Tr(M)X(N) < R(Tr(MN)) (1.1.15)

where A, (N) denote the first non-zero eigenvalue of N.

1.2 Origin of quantum mechanics

Until the end of the 19th century, classical mechanics appeared to be sufficient to
explain all the physical phenomena, but it fails to account for thermodynamic equi-
librium between matter and radiation, which may be considered as the root of clas-
sical mechanics. In the late nineteen century and the first quarter of the twentieth
century, it was found that the amount of energy radiated from black body radiation
calculated experimentally does not match with the theoretical result obtained by using
the theory of classical mechanics. Thus, we require a new concept to explain the
difference obtained in the theoretical and experimental results. Many attempts were
made in different ways to explain the difference but all failed until a revolutionary the-
ory called quantum mechanics was introduced. The theory of quantum mechanics
was developed between the years 1925 and 1930. Quantum mechanics provides a
consistent description of matter on the microscopic scale and can be considered one

of the greatest intellectual achievements of the twentieth century. Two equivalent ap-



proaches to the theory were proposed at nearly the same time. The first is known as
matrix mechanics developed by W. Heisenberg, M. Born, and P. Jordan, and the sec-
ond is known as wave mechanics which was proposed by E. Schrodinger [7]. Now,
we shall present the principles of quantum mechanics in a more general way, as a set

of postulates.

1.2.1 Postulates of quantum mechanics

The postulates of quantum mechanics map a mathematical theory to physical sys-
tems. Hence, they are the result of years of discoveries made by experimenters as
well as theoreticians in the field of quantum mechanics. However, this also means
that the postulates may still undergo more or less minor changes over time. Currently,

the postulates may be formulated in the following form [1].

1. State space: Any isolated physical quantum system is associated with a Hilbert
space, which may be called state space in quantum mechanics. In state space,
the physical system is completely described by a vector known as state vector.
A quantum state is a column vector of a Hilbert space 7# which is denoted as
lv) and (v| denote its dual vector. If .7 denotes a two dimensional Hilbert space
spanned by {|0),|1)} vectors then the basis vectors {|0),|1)} can be represented

as
0) = , 1) = (1.2.1)
0

In general, a quantum state in a d-dimensional Hilbert space can be represented
as

d
w) =) bilki) (1.2.2)
i=1

where k; denote the basis of the Hilbert space .77 and b; are the scalars belong-
ing to field F.

Since every vector in a Hilbert space is represented as a column vector, a d-
dimensional quantum state can also be represented as a column vector given
by
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2. Evolution: If |y) represents a state in a closed quantum system, then its evolu-
tion is described by the unitary operator. A state |y) at time ¢, is related to state

ly') at time 1, by a unitary operator U(#,1,), which can be expressed as

W (1)) = U(t1,0) | w(11)) (1.2.3)

3. Measurements: Measurements on a quantum system in Hilbert space 7 are
described by a collection of measurement operators from set {M;} with com-

pleteness relation
T MM =1 (1.2.4)

These operators {M;} act on the state space that is being measured, and the

index i refers to the measurement outcome that occurs after measurement.

4. Composite system: The state space of a composite physical system is the
tensor product of the state spaces of the component physical systems. If we
consider n quantum systems |y1),|y»),...., |w,), then the joint state of the com-
posite system is |y) @ [y) @ -+ @ |yy).

1.2.2 Formalism of quantum mechanics

The postulates of quantum mechanics are the basic principles that help to develop
the mathematical formalism of it. They play an important role in understanding the

behavior of a physical system.
1.2.2.1 Observables

In quantum mechanics, observables are dynamical variables like energy, momentum,
position, and angular momentum, which can be measured. Every dynamical variable
is represented by Hermitian operator. The requirement of the Hermitian operator is

due to the fact that it has real eigenvalues.
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Let us consider the eigenvalue equation [8]

Alg) =A[¢) (1.2.5)

where Hermitian operator A represents a physical system, A denote the real eigen-
value and |¢) is the corresponding eigenvector. In general, if we assume that |a;)
denote the eigenstate of the Hermitian operator A then the eigenvalue equation is

given by
A|a,-> = ai|a,~) (1.2.6)

If the system is assumed to be the superposition of eigenstates of A, then an arbitrary
normalized state |&@) can be represented as

la) = Zc,-|a,->, Z|c,-\2 =1 (1.2.7)

When a measurement is performed on a physical system |a) then it collapses to one

of the eigenstates |a;) and its probability is given by

leil* = {ail ) (1.2.8)
1.2.2.2 Expectation value of an observable in quantum mechanics

The expectation value of a Hermitian operator A of an arbitrary state |«) is denoted
by (A), and is defined as («|A|a). If |a;)'s represent the orthonormal eigenstates of A

corresponding to the eigenvalues A/s, i = 1,2,... then we have
(a,-|A\aj> = /'Lj<ai\aj> = )46," (1.2.9)
The expectation value of A can be expressed in terms of its eigenvalues as

(A) = (alAla) = ) Y (alai)(ailAlaj)(ajlo)
i
= Y. ) (aai)2;8;(ajl )
i
= Y Ajlalaj){aj|a)

J
= Y Ajl(ajlo)? (1.2.10)
J
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In the second step, we have used the completeness relation, which is given by

Y lai){ai] =1 (1.2.11)

1.2.2.3 Projection operator

Consider a Hilbert space H spanned by the complete orthonormal eigenvectors |a;)’s
of a Hermitian operator A. An arbitrary normalized state |y) € H can be represented

as

1

v) =Y cila), Ylaf?=1 (1.2.12)

If the operator P; = |a;){a;| is applied on an arbitrary state |y), then the operator P,
project |w) on one of its eigenstates |a;). This type of operator is known as a projection
operator.

In general, for the i’* eigenstate |a;), we can have the projection operator P, which is

given by
P, =lai){ail, i=1,2,... (1.2.13)
Completeness condition gives Y, P, = I. Since (a;|a;) = J;;, then

1 ifi=
P,-Pj:6,~ij, where 5ij: (1.2.14)
0 ifid]

Therefore, the projection operator can be considered as an idempotent operator and

its eigenvalues are only 0 and 1 respectively.

1.2.2.4 Commuting observables

The commutator between two operators A and B can be defined as
[A,B] = AB—BA (1.2.15)

If AB=BA, i.e., [A,B] =0, we say A commutes with B. Two operators A and B are
compatible if they commute, i.e., [A,B] = 0. In other words, two observables are com-

patible when their corresponding Hermitian operators commute. These two operators
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are called commuting sets of observables. If [A,B] # 0, then the operators are incom-

patible. If two operators A and B commute, then they are simultaneously measurable.
1.2.2.5 Pauli matrices

Pauli matrices is a set of unitary and Hermitian operators which are represented in the

form of 2 x 2 complex matrices. The representation of Pauli matrices are as follows
Oy = Oy = | ,0; = (1.2.16)

Properties of Pauli matrices:

1.6/ =0, 0 =0, 0] =0..

Eigenvalues of all Pauli matrices belong to the set S = {£1}.
The determinant of Pauli matrices is -1.

o =0}
Tr(oy) =Tr(oy) =Tr(o;) =0.

— =
=o; =1.

o &~ 0PN

1.2.2.6 Heisenberg uncertainty relation

The uncertainty principle is a fundamental concept in quantum mechanics that limits
our ability to simultaneously determine certain pairs of properties such as the position
and momentum of quantum particles. In other words, if we intend to measure more
accurately one of these properties, then the accuracy of measuring the other property
will become less. Let A and B be two Hermitian operators that are incompatible, i.e.,
AB # BA. By the Heisenberg uncertainty principle, the Hermitian operators A and B
are not simultaneously measurable. So, we can find an error in our measurement.
The difference between the product AB and BA of two incompatible operators A and B

is given by
AB—BA=[A,B]=iC (1.2.17)

where C is another Hermitian operator.

If the error occurred during the measurement is measured by the standard deviations
NA = /(A%) — (A)? and AB = +/(B?) — (B)? of the incompatible operators A and B then
the uncertainty principle may be expressed as

AAABZ@ (1.2.18)
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1.3 Information theory

Gaining knowledge about anything through some process is known as information.
It is an essential component of the transmission of messages or knowledge and it
was being used with or without awareness in our everyday life long before computers
made their way into our life [9]. An event contains some information, if there is a
non-zero probability (less than unity) of happening the event. Therefore, if the event
is certain then it contains no information. Thus, information about any event may be
measured by the amount of uncertainty of happening the event. Alternatively, the
information in the random variable X can be expressed as the expectation value of
X's unexpectedness. The unexpectedness of the event x may be defined as —log(p.),
where p, is the probability of occurring an event x.

When information is entered into and stored in a computer, it is generally referred to
as data. After processing the input data, we obtain the output data that again can be
perceived as information. When information is compiled or used to better understand
something or to do something, it becomes knowledge. Information theory deals with
the study of data and storing and communicating data. In the present scenario, we
can divide the information theory into two parts: (i) Classical information theory and

(i) Quantum information theory.

1.4 Quantum information theory

Quantum information theory is an interdisciplinary subject that deals with the transfer
of information using the principles of quantum mechanics. It extends classical infor-
mation theory to the quantum world, where quantum properties such as superposition
and entanglement can be used. Therefore, quantum information theory may provide

a way to overcome the limitations of classical information theory.

1.4.1 Basics of quantum information theory

1.4.1.1 Qubit

Quantum bit or qubit is the fundamental unit of quantum information. A qubit is nothing

but it is a superposition of |0) and |1). Mathematically, a qubit can be expressed as
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ly) = a|0) + 1), |of* +|B% =1 (1.4.1)

where o and f3 are two complex numbers.
1.4.1.2 Density operator

An operator p which is associated with some ensemble (p;, |y;)) is a density operator
if and only if it satisfies the following conditions:

1. Trace condition: Tr(p) =1

2. Positive semi-definiteness: p is a positive semi-definite operator, i.e. p > 0. This

implies that eigenvalues of p are either positive or zero.
3. Hermitianity: p must be a Hermitian operator, i.e. p* = p.
1.4.1.3 Pure and mixed state
Pure state: A pure state is described by the projector. A state described by the
density operator p is said to be pure if it satisfies

Tr(p?) =1 (1.4.2)

Mixed state: A state p is said to be mixed if it is expressed as a convex combination
of pure states |y;), i =1,2,...,n. Mathematically, a mixed state p which is associated
to some ensemble (p;,|y;)) can be expressed as

p=Ypilvivl, Ypi=1,0<pi<1 (1.4.3)

Remark 1: A state p is mixed if it satisfies tr(p?)<1.

Remark 2: Generally, a single qubit may be described by the density operator
1 -
p=5(h+7.0) (1.4.4)

where 7 = (ry,ry,1;) € R®, 6 = (04, 0y,0;) and I, denote the identity matrix of order 2.

Remark 3: A qutrit system is described by the density operator [10]

1 e
p=3(L+bI) (1.4.5)
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where b = (by,by,...,bg) € RS, T' = (51,5,...,53) and Iz denote the identity matrix of

order 3. S1,9,,...,Ss are known as Gell-Mann matrices and they are given by

010 0 01 00O
S;=|1 0 0f,8=(0 0 0f,S3=(0 0 1 (1.4.6)
0 00 1 00 010
0 - 0 0 0 —i 00 O
S4=1i 0 0f,85=]00 0 ],S=|0 0 —i (1.4.7)
0 0 O i 00 0 i O
1
1 0 O 7 0 O
— — 1
S7=10 -1 0],8=1]0 7 0 (1.4.8)
—2
0 0 O 0 O 75

Here S1,S, and S5 are three symmetric matrices; S4, S5 and S are three anti-symmetric

matrices; S7 and Sg are two diagonal matrices.
1.4.1.4 Partial trace

Suppose the composite system of two physical systems A and B is described by a
density operator psp. The reduced density operator of psp for subsystem A and B

respectively then defined as

Pa = TrB(pAB) (1.4.9)
PB = TrA(pAB) (1.4.10)

where Trg and Trs denote the partial trace over the system B and A respectively. For
example, if the first and second system is represented by |a;) and |b;) respectively

then the partial traces over the system A and B are given by

Trp(|ar){az| @ |b1)(b2|) = |a1)(aa| Tr(|b1)(b2]) (1.4.11)
Tra(lay)(az| @ |b1)(b2]) = |b1){b2| Tr(|a1)(az]) (1.4.12)

Partial trace is a very common function of the composite system. It is not only viewed
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as a mathematical operation but also has operational meaning. Partial trace is a
unigue mapping from a composite system to a subsystem and it can be described
as a density operator for the reduced system. The physical interpretation of par-
tial trace has also been provided by two different approaches [11-13]. In [14], the
numerical calculation of the partial trace function has been analyzed and have pre-
sented the number of operations required to calculate the partial trace function on
classical computers in bipartite and the multipartite system as well. For Instance,
for a bipartite system, % ® 7, with dimension d; and d, respectively, it has been
observed that the number of operations for calculating the partial trace may also be
optimized using Bloch’s parametrization with generalized Gell Mann’s matrices and
the optimized number of operations required to calculate partial trace function are of
the order O(d?d,) [14].

1.4.2 Quantum measurement

We again move on to the topic of quantum measurement as in this thesis, it needs
special attention. Being a physical theory, quantum mechanics significantly depends
on the results of experiments. Measurement is the process of obtaining the result of
an experiment, and it is described by the measurement operators. Let M = {M;}!_, be
a set of linear operators on a Hilbert space .7 of dimension n then Ms may represent
a measurement operator satisfying the inequality

MM <I, k=2,3,...n (1.4.13)

where [ is an identity operator.
If k =ni.e. if the number of measurement operators is equal to the dimension of the
Hilbert space then the measurement operators satisfying the relation

MM =1 (1.4.14)

The property (1.4.14) is called the completeness property.
If the state |¢) € 27 is being measured then the probability to get the outcome i is

given by

p(i) = (9|M M;|9) (1.4.15)
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and the state |¢) collapses onto the state |¢’), which is given by

16) — _ M) 19") (1.4.16)

(1M Mi|9)

Let us consider a quantum state described by the density operator p, which is given
by

p =Y pilvi)(wi (1.4.17)
If the initial state is |y;), then the probability of getting result m is given by
p(mli) = (Wil My Mo i) = tr(M;j: Mo | i) (W] (1.4.18)

By the law of total probability, the probability of obtaining m is given by

p(m) =Y p(mli)p;

i

= Y (1 (M M| i) (i) pi

1

= Tr(MMu)_pilwi)(wil)

= Tr(MM,p) (1.4.19)

Now, if the initial state is |y;) then after the measurement performed by the measure-

ment operator M,,, the post-measurement state described by the density operator

pn = X plilm) ) (v
_ oy Ml (il
=" Tr(MjM,up)

R

) M (1.4.20)
o M| v7)

where [y, = T

The concept of measurement presented above, provides the most general way to
define the measurement process. Hence, it is sometimes referred to as the general

measurement. Different types of measurements are as follows:

1) Projective measurement: A projective measurement is a type of measurement on
a quantum system that establishes the value of an observable corresponding to the
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physical property such as position, momentum, or spin. It is described by a Hermitian

operator M that can be expended using a spectral decomposition
M=Y mp, (1.4.21)

where P, is the projector onto the eigenspace of M with eigenvalue m.

Von Neumann measurement is a type of projective measurement that enables the
determination of an observable without changing the quantum state. A single qubit
Von Neumann measurement in the computational basis may be described as {m; =
|k)(k|,k = 0,1}. In general, a single qubit measurement operator in an arbitrary basis
can be described as

Bi=VmV':k=0,1 (1.4.22)
where V denotes the single qubit unitary operator which may be expressed as [15]
V=tI+iy. @, P4y +y3+yi=1 (1.4.23)

wheret e R and ¥ = (y1,y2,y3) € R3.

2) Positive operator valued measurements (POVM): POVM are known as general-
ization of projective measurements. In POVM, the set of measurements is described
by a set of positive semi-definite operators, and the sum of these operators is identity.
Let us suppose that a measurement is performed on a state |y), which is described by
the measurement operators {M,,}. Define E,, = M, M,,. From the definition, it is clear
that E,, is a positive operator and it follows the completeness relation ¥, E,, = 1. When
the measurement operator E,, performing on the system |psi) then the probability of
obtaining an outcome m is given by p(m) = (y|E,,|yv). The operators E,, are known as
POVM elements and the complete set of {E,,} operators is known as POVM. POVM
is especially helpful when the measurement results are not orthogonal or when the
measuring tool is not precise or defined. Measurement errors and noise can also be
handled by POVMs.

1.5 Quantum entanglement

Ever since Einstein, Podolsky, and Rosen [16] raised the issue of the lack of compati-
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bility of quantum mechanics with the assumptions of local realism, quantum corre-
lation has been the subject of ongoing debates and studies. The violation of Bell-
type [17] inequalities confirms the fundamentally different nature of quantum corre-
lations as compared to classical correlations. In order to describe such correlations,
Schrodinger [18] first used the term entanglement and considered it to be the char-
acteristic trait of quantum mechanics. Bohm [19] later explored entanglement in a
simpler context, that of a pair of spins in the singlet state, which has since been
central to the investigation of the foundations of quantum mechanics and quantum
information. Following these developments, Bell greatly advanced the investigation of
quantum entanglement by deriving, what is now known as Bell's inequality [17] that
must be obeyed by systems which are correlated but whose interactions are local
as against the systems whose correlations are spatially extended and cannot be ex-
plained by the assumption of locality. The potential offered by the efficient use of such
entangled systems as resources for quantum information, communication, cryptogra-
phy, and quantum computing has led to many interesting protocols.

The use of entangled resources to achieve efficient and optimal success in quan-
tum information and communication, in comparison to classical resources, is based
on quantum correlations existing between the particles. The existence of such long-
range correlations in quantum systems with no classical analogues thus distinguishes
the quantum world from its classical counterparts. Moreover, quantum correlations
not only shed light on the complex nature of entanglement but also provide physi-
cal insights into quantum computing and quantum communication protocols like tele-
portation [20], quantum cryptography [21, 22], superdense coding [23], quantum re-
peaters [24] or measurement based quantum computation [25].

1.5.1 Bipartite entanglement

A bipartite system described by the Hilbert space 5 is composed of two individual
systems A and B described by the Hilbert spaces .7, and 73 respectively. Therefore,
the composite system %, is described by tensor product of o7, and J73 i.e. 7 =
I @ . It pA € A, pP € H#% and a bipartite state pap € S is expressed in the
form pap = p? ® p®, then the state p,p is said to be a product state. Moreover, if a
state pap € 74 ® 3 is expressed as the convex combination of product states i.e. if

pag 1S expressed in the form as
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pas =Y pipi @pP0<pi <1} pi=1 (1.5.1)
i i

then p4p is said to be a separable state. Otherwise, the state p,p is said to be an
entangled state.

A general form of pure two-qubit state |y)ap € 45 (= 74 ® H3) is given by
(W)ap = @|00)ag+ Bl01)ap+¥|10)ap + 8[11)ap, |&|>+ B +[y*+[67 =1 (1.52)
(i) If y=6 =0, then the state |y)4p given in (1.5.2) reduces to

Wi)ag = al00)ag+Bl01)ag, |a>+[BP =1
= 0)4® (a|0)g+B|1)p) (1.5.3)

Therefore, |y1)p is @ separable state.
(i) If B =y =0, then the state |y)4p given in (1.5.2) reduces to

|W2)ap = &t|00Y 45 + 8| 11) a5, |at]>+ 8> =1 (1.5.4)

Therefore, |y,)ap represents an entangled state.
Let us consider a two-qubit state described by the density operator as

PAB:%[1®1+7.?®1+1®7?+§c,~jq®cj] (1.5.5)
where @ = (ay,a2,a3) € R3, b= (b1,by,b3) € R, cij = Trlpap(ci®0;)] and o/s (i =x,y,z)
denotes the Pauli matrices.

If we are given the general form of a two-qubit system given in (1.5.5) then it would be
very difficult to say whether the state is entangled or not. This is due to the fact that
the representation of a quantum state is not unique, as one basis can be obtained
from the other basis just by using a unitary transformation. Thus, we have to check
for the given quantum state whether it can be expressed in the form (1.5.1) for every

possible basis.
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1.5.2 Tripartite entanglement

Let us consider a tripartite state papc € ##ipc, Which is composed of three individual
systems A, B and C described by the Hilbert spaces 7%, 73 and ¢ respectively. In
terms of quantum correlation, a tripartite system can be classified into three stochastic
local operation and classical communication (SLOCC) inequivalent classes: (i) fully

separable state, (ii) biseparable state, and (iii) genuinely entangled state [26].

(i) A fully separable state: A pure tripartite state |y)4pc is said to be a fully separable
state if it can be expressed as

(W)apc = [W)a®|Y¥)p®@|W)c (1.5.6)

More generally, if a state papc is expressed as the convex combination of product
states then it is known as a fully separable state. Mathematically, it can be expressed
as

Pup = L pipf ®pl@pl, 0<pi<1, ) pi=1 (1.5.7)
i i
(ii) Biseparable state: If a pure three-qubit state is expressed as

|¢>2i;£acz 04 @ (0P pe (1.5.8)

where |¢(1)), represent a single-qubit state and |¢(?)) 5 denote a two-qubit entangled
state in a composite system B and system C respectively.

A biseparable state in a tripartite system may be further classified into three sub-
classes: (a) Biseparable state in A — BC cut, (b) Biseparable state in B— AC cut, and
(c) Biseparable state in C — AB cut. The definition given in (1.5.8) denotes a pure
biseparable state in A — BC cut. In a similar manner, the pure biseparable state in
B —AC cut and C — AB cut may be defined as

10) ey = 03)) [0 ac
10)5isaf =10 @19)) ap (1.5.9)

where [¢©))g, [¢)) represent a single qubit pure state in system B and C respectively

and [¢™) ¢, |¢(9) 45 denote the pure two-qubit entangled pure state.
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If |a;),|b;) and |c;) denote the basis vectors in the system A, B and C respectively
and |9:)as, |9i)sc and |@¢;)ac represent the two-qubit entangled state in their respective
composite system then a mixed biseparable state can be expressed as a convex

combination of pure biseparable states, which may be expressed as

PABC = P1Ppisen +P2Pmsen +P3Phisen s 0<pi<1, pi+pa+p3=1  (1.5.10)

Where’ pl?zseic = Z|a al| ®‘¢l BC<¢1|
plﬁse?ac = Z|b b|®|¢l AC<¢1|

plg;seI?JB = Z|Ct Cl’®|¢l AB<¢1|

(iii) Genuine entangled state: If a tripartite state described by the density operator
pagc is not expressed in any of the forms given in (1.5.6), (1.5.7), (1.5.8), (1.5.9), and
(1.5.10), then the state papc is called a genuinely entangled state. In other words, a
three-qubit state is a genuine entangled state if there is a correlation between every
pair of particles. There are two types of SLOCC inequivalent classes of three-qubit
genuine entangled states known as GHZ and W class of state.

The general form of GHZ class of state can be expressed as

4
1WG)asc = A0|000)4pc + A1€®[100)apc + A2|101)4pc + A3 110) apc + gl 111) g, Y A7 = 1
i=0

(1.5.11)

where 6 € [0,x], A; >0fori=1,2,3 and Ay, A4 > 0.
The general form of W class of state can be expressed either as |yw, )asc Of |Ww,)asc-

The form of |yw,)apc and |yw,)apc can be given as

lWiw)apc = 20/000)apc + A1€100)apc + 42| 101) apc + A3 110) apc,

3
0€[0,7]:4,>0,i=0,1,2,3; Y A2 =1 (1.5.12)
i=0

Wi )ase = A1e®[100)apc + A2]101) apc + A3|110) apc + Ag|111)apc,

4
0€0,7]:4,>0,i=1,2,3,4; Y A?=1 (1.5.13)
i=1
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1.5.3 Detection of entanglement

Detection of entanglement in either higher dimensional or multipartite system is not
an easy task and thus it may be considered as an important problem in quantum
information theory. Now, we present a few important criteria for the detection of the
entanglement in a bipartite or multipartite system.

1a. PPT criteria for bipartite system: PPT criteria is the first entanglement detec-
tion criteria which has been introduced by A. Peres [27]. Let us consider a M ® N

dimensional bipartite state psp written in the form as

M N
pag =YY Pijuli) (@ k)| (1.5.14)

ij kil

The partial transposition of psp with respect to the subsystem B may be expressed as

M N
Py =YY pijuli) (jl® 1) (K] (1.5.15)
i,j k,l

Partial transposition of of p4p with respect to subsystem A may be expressed as

p/{%:igpij,klfjﬂi\@k)(” (1.5.16)
L] K,

PPT Criteria states that if a bipartite quantum state pap is separable, then the partial
transpose of pap with respect to system A or system B has zero or positive eigen-
values, i.e, p}}9 (or p}g) is a positive semidefinite operator. PPT Criterion is only
a necessary condition but not sufficient for M @ N system, where MN > 6. Later,
Horodecki et. al. [28] proved PPT criterion to be a necessary and sufficient condition
for2®2, 2®3 and 3®2 systems. PPT criterion is applicable for bipartite systems only
and since PPT criterion is computed with the help of partial transposition and it is a
positive map but not a completely positive map, so this criterion may not be directly
applicable in an experiment.

1b. PPT criteria for tripartite system: To develop the PPT criteria for tripartite
system, let us first define the partial transposition operation on three-qubit system. To
discuss this operation, let us first consider a three-qubit state described by a density

operator papc which is given by
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P QO R
o T
R* U* W
S VE X

-
N ox <

PaBc = (1.5.17)

where P,Q.R,S,T,U,V.,W,X,Y denote the 2x2 block matrices and “x” denote the com-
plex conjugation.
When the partial transposition operation acts on the first subsystem A of the state

pagc, the state papc transformed into p}gc, which can be expressed as

P QO R U

pi. =[TRIpapc = (1.5.18)
R S W
Uu v X< Y

When the partial transposition operation acts on the second subsystem B of the state

pagc, the state papc transformed into PZ%C’ which can be expressed as

P Q"R U
Q T S V
pl. =[IRT @I papc = (1.5.19)
R $* W X*
Ur v X Y

When the partial transposition operation acts on the third subsystem C of the state

pagc, the state pape transformed into p}%c, which can be expressed as

T, Qo 1T U* V*
Pagc = []®I® T]pABC = (1.5.20)

R U W X*

S v X Yy*

If any one of the partial transpose of papc with respect to subsystem A, subsystem B
or subsystem C, i.e pfgc (or p}gc or p}CBC) have at least one negative eigenvalue, then
the tripartite state papc is said to be an entangled state. PPT criteria for a tripartite
system is only a necessary condition for the detection of entanglement of a tripartite
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state. Further, PPT criteria is not a suitable criterion for the discrimination of the
biseparable state and a genuine entangled three-qubit state.

2. Structural physical approximation of partial transposition (SPA-PT): Partial
transposition operation is not directly accessible in an experiment as it is a positive
but not a completely positive map [28]. So, to make partial transposition operation
realizable in an experiment, we can approximate the partial transposition operation
by using structural physical approximation (SPA) which has been introduced by P.
Horodecki and A. Ekert [29]. Structural physical approximation generally refers to a
method or technique that can be used to approximate a non-physical system in such a
way so that it can be a physically realizable system. SPA map has been implemented
on a single qubit system [30], two-qubit system [31] and qutrit systems [32] as well.
In SPA, a precise amount of white noise is added to a non-physical operator A, such
that it gets approximated into a completely positive operator A. For a d-dimensional

system p, the approximate map A can be written as

—_~—

Ap)=(1=p)A(p)+pD(p) (1.5.21)

where 0 < p <1, D(p) = % is a depolarizing channel and I, is a d-dimensional identity
map.

Result 1.5: Let us consider an arbitrary two-qubit state described by the density
operator pap

€11 €12 €13 €14
*
e e e e
12 22 23 24
PAB = ,Z eii=1 (1.5.22)
* * f

* * *
€14 €4 €34 €44

where (x) denotes the complex conjugate.
The SPA-PT of pap is then given by [33, 34]

B = [RUeT)+5@D))(pun)

Eyy Enp Ei3 Eng
| Efy Ex Ex En (1523)
Ejy Ey Exz Exn

Ely Ey E3y En
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where
Evi = S(24en), Evs = ety Ery = &
= — 14 = —e = —e
=g 1), B = gen, Eiz = geus,
1 1 1
Ej4 = 5623,E22 = §(2+€22),E23 = ¢4
1 1 1,
Eyy = 5624,E33 = 5(2+€33),E34 =534
1
Eqy = 5(24—644) (1.5.24)

T is the SPA of transpose map T and ® denotes the SPA of inversion map ©. The
inversion map O is defined as ®(pap) = —pap and the depolarisation map is given by
D(pap) = ’72 SPA-PT for a two-qubit photonic system has been demonstrated using

single-photon polarization qubits and linear optical devices in [30].

Note: Like in two-qubit system, SPA-PT map for three-qubit system described by
the density operator papc can also be discussed with respect to the system A, B, C

respectively.

Result 1.6: If a tripartite state described by the density operator p4pc is a biseparable
state in A — BC (or B— AC or C — AB) cut or a separable state then either of these
holds [35]

T T 1

Zonin(Pa3c) (08 min(Pasc) 07 Amin(Pa50)) = 5 (1.5.25)

Result 1.7: Let us consider a tripartite state described by the density operator papc
[35]. For the discrimination of three-qubit system, the following inequality in terms of
minimum eigenvalue of SPA-PT of pspc holds good.

a) If max{lmin(pfj{‘;c),lm,'n(p;T\/%C),lmm(p;T\/(i}c)} < %, then papc is a genuine entangled
state.

b) If lmm(PAT%C) > %, and either /lmm(pAT%C) < % or lmm(p/fgc) < % or both are less than

1—10 holds, then the tripartite state papc is @ A — BC biseparable state.

Note: We can obtain the similar results for B— AC or C — AB biseparable state.

c) If /lm,-n(p/fiBC) > % holds for all i = A, B,C, then pspc is a fully separable state.

3. Witness operator: The primary technique for detecting entanglement experimen-
tally is using the witness operator. Witness operators can detect the bipartite and
multipartite entangled state. Entanglement witnesses are Hermitian operators with at

least one negative eigenvalue [36].
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An observable W is said to be an entanglement witness if it satisfies the following:

Cl. Tr[Wo,,,) > 0,V separable state oy, (1.5.26)

C2. Tr[Wo.n] < 0,for at least one entangled state o, (1.5.27)

Therefore, we can say that if the expectation value of the witness operator W with
respect to any state p is less than zero, then the state p under investigation is an en-
tangled state detected by W. Witness operator criteria is an experimentally realizable
criterion, but it is not very easy to construct a witness operator to detect the entangle-
ment of a quantum state, especially the state in a higher dimensional system. Also,
different witness operators may be constructed to detect different classes of entan-
gled states, otherwise, the separability problem would be solved just by constructing
a single witness operator. Witness operators can be constructed by different methods
which are available in the literature [37, 38].

1.5.4 Measures of entanglement

The amount of entanglement contained in the entangled state described by the den-
sity operator p can be quantified with entanglement measures E(p). The entangle-
ment measure E(p) satisfies some properties, which are given below:

(i) E(p) vanishes if p is separable.

(i) E(p) is invariant under local unitary transformation.

(iii) Local operations and classical communication cannot increase the expected en-
tanglement.

(iv) E(p) satisfies convexity property i.e.
E(Y. pipe) <Y peE(pr) (1.5.28)
k k

It has been observed that some entanglement measures follow few properties but
not all properties while on the other hand, some measures may not be applied in
an experiment. Due to these difficulties, different entanglement measures have been
introduced in the literature. Some of the entanglement measures are discussed below.
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1.5.4.1 Measures of entanglement in bipartite system

1. Entanglement of formation: Consider the pure state decompositions of the bipar-
tite system comprising of the subsystems A and B such that pap =Y, pi| i) (wi|. The
entanglement of formation for a state described by the density operator psp may be
defined as [39]

E(pa) mmZp, (lwi) (wil) (1.5.29)

The minimization in (1.5.29) is taken over all possible decompositions {p;,|v;)} of the
density operator p4p. Entanglement of formation for isotropic states in arbitrary dimen-
sion has been obtained [40]. The concept of entanglement of formation is important in
the study of quantum communication protocols, and quantum cryptography [41]. The
entanglement of formation is a valuable measure in quantum information theory, but
it does have limitations. It is limited to bipartite systems only and calculating the exact

entanglement of formation for mixed states is more complicated.

2. Negativity: Negativity of a bipartite state psp is defined as [42]

N(pAB> = max[07 _27Lmin (p,ﬁ;)] (1530)

where A, is the minimum eigenvalue of the partial transpose of p4p denoted as p}%
Negativity is a useful measure because it provides information about the amount of
entanglement present in an arbitrary dimensional composite quantum system and can
be computed for both pure and mixed states. It has applications in quantum informa-
tion theory, quantum computing, and quantum communication protocols [42], but it
has limitations too. Since negativity is computed with the help of partial transposition
of the density operator and partial transposition is a positive map but not a completely

positive map, so it may not be directly accessible in an experiment.

3. Concurrence: For a two-qubit pure state |w)4p, the concurrence of |y) 45 is defined
as [43]

C(IW)ap) = /2(1 = Tr(py)) (1.5.31)

where py = Trp(|W)as(v])-
Let us define pag = (0y ® 0y)p;(0y @ 0y), wWhere o, is the pauli matrices and p},
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denotes the complex conjugate of psp. The concurence of two-qubit mixed state psp

is defined as

Clpap) = max(0, /A1 — /Ao — /A3 — /As) (15.32)

where A;’s are the eigenvalues of psppaz Which are arranged in descending order, i.e.,
M > > A3 > A4

Concurrence lies between zero and one. When concurrence is zero, it corresponds to
a separable state and when concurrence is one, it corresponds to a maximally entan-
gled state. Entanglement of formation and concurrence are related to each other, as
entanglement of formation is a monotonically increasing function of concurrence [44].
The formula for the calculation of the concurrence of higher dimensional mixed states
is still not known, in spite of only a few analytic formulae of concurrence for the higher

dimensional bipartite systems have been found [40, 45].

1.5.4.2 Measures of entanglement in tripartite system

Tangle and partial tangle: To define tangle and partial tangle, let us consider a
general three-qubit pure state |y)apc € 74 ® H#5 ® ¢ expressed in the computational

basis as

1
[W)asc = 1:(201000) +21]001) 4 42/010) + A3]011) + 24]100) + A5 101) 4 Ag| 110) + 4| 111))

(1.5.33)
where N = /Y, || denote the normalization factor.
Tangle: The tangle for the pure state |y)pc may be defined as [46]
TABC:4|61 —2e) +4e3\ (1.5.34)

where, e, = AJAT+AIAZ+AFAZ+2A3A3
e2 = MMM+ LA AaAs + A A1 Ag + AsAa Az Ay + As A A3 Aa + As Az As Ay
ez = AAgA3As + A7 410 (1.5.35)

Remark 1: A relation between bipartite entanglement in a three-qubit pure state

has been presented in the form of an inequality which is known as Coffman-Kundu-
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Wootters (CKW) inequality [44]
Cip+Cic < Ca o) (1.5.36)

where Csp = C(pap) denotes the concurrence between the system A and B, Cy¢c =
C(pac) denotes the concurrence between the system A and C. The term Cypc) is

given by

Ca(pc) = 2+/det[Trpc(pasc)] (1.5.37)

where Trpc(papc) denote the reduced system obtained after tracing out the system
BC from papc. Capc) may be called as the concurrence between system A with the
joint system BC.

Residual entanglement: The term C} ;. — Ci5 — Cic may be called as residual en-

tanglement and it may be expressed in terms of e}, e;,e3 as
Cf\(BC) _szxB—Cic:4|€1 —2e; +4e3| (1.5.38)

Therefore, the tangle can also be expressed in terms of residual entanglement as
[44,47]

Tasc = Ca(pcy — Cip — Cic (1.5.39)

Remark 2: It may be noted that t4pc # 0 for GHZ class of three-qubit states while
it vanishes for a certain classes of three-qubit states such as W class, biseparable

states, and separable states.

Partial tangle: The partial tangle of a tripartite pure state |y)4pc can be expressed
as [47]

Tij = \/Ciz(jk) - Cl'zk = \/TABC +C,'2j (1.5.40)

for distinct i, j, k and i, j,k € {A,B,C}.

1.6 Bell’s non-locality

In 1935, Einstein, Podolsky, and Rosen (EPR) [16] presented a theory in which they
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considered the wave function of two physical quantities and showed that the knowl-
edge of one physical quantity is not sufficient to gain the knowledge about the other
physical quantity, provided these two physical quantities are described by two non-
commutative operators. From the above argument, they have concluded that the
description of reality given by the wave function in quantum mechanics is not com-
plete [16]. Thus, according to EPR, quantum mechanics lacks a very important prop-
erty known as the element of reality, and hence quantum mechanics is an incomplete
theory. It turns out later that the experiment performed by the researchers supports
the theory of quantum mechanics and thus does not validate the EPR argument. The
main argument for the experimental invalidation of the EPR argument was provided
by John Bell in the form of an inequality, which is popularly known as Bell’'s inequal-
ity [17]. The inequality has been constructed exploiting the following two assumptions:
1) Realism:- It tells us about the real existence of the physical system. If a physical
system exists then all the physical properties of it have a definite value independent
of the measurement performed on the system.

2) Locality:- It means that the result of the measurement performed on one system
does not influence the result of the measurement performed on another system.

In 1969, Clauser et. al. gave the first experimental form of Bell’s theory and pre-
sented a generalized form of Bell’s inequality known as CHSH inequality, which is

given by [48]
Bcrsh = (A1B1)pas + (A1B2)pap + (A2B1)pag — (A2B2) pap < 2 (1.6.1)

where (A;B;)pag = Trp(d;.6%)(b;.6%)] known as the correlation functions, p denote
the two-qubit state shared between two distant parties, & is the Pauli matrix vector, ay,
d», by and b, are the unit vectors for the first and the second measurements performed
on the subsystems A and B respectively. The Bell-CHSH inequality is tight, i.e. it
defines one of the facets of the convex polytope of local-realistic (LR) models. Later,
Freedman and Clauser [49] and after that Aspect, Grangier, and Roger [50] gave more

convincing experimental predictions of Bell’s inequality.

1.6.1 Experiment performed for the verification of Bell’s non-locality

John S. Bell [17] succeeded in proving the fact that there exists a correlation between

the outcome obtained by the measurement of one system with the outcome obtained
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by the measurement of another system. The discovered correlation may be termed
as non-local correlation. He has provided the mathematical framework in the form of
an inequality for the detection of non-locality in the bipartite system, which is known
as Bell's inequality. In 1969, Clauser et. al. [48] generalized Bell’'s inequality in such
a way that it may be implemented in the experiment. Also, they have proposed an
extension of the Kocher and Commin’s [51] experiment on the polarization correlation
of a pair of optical photons. In 1972, Freedman et. al. [49] performed an experiment
that was in agreement with the quantum mechanics with high accuracy and invalidated
the local hidden variable theory. Later, Aspect et. al. [50] presented a new violation
of Bell's inequality with the new experimental scheme using optical analogs of Stern-
Gerlach filters and achieved the greatest violation of generalized Bell’'s inequality till
the year 1982 [50]. In another experiment, Aspect et. al. [52] have shown that the
correlation of linear polarizations of pair of photons can be measured with time-varying
analyzers. Further, they found that their result violates Bell’s inequality and is in good
match with the predictions of quantum mechanics. The EPR paradox for the case of
continuous variables has also been implemented in an experiment [53]. P. G. Kwiat et.
al. [54] have shown experimentally, a violation of Bell non-locality by over 100 standard
deviations in less than 5 min. In 1998, G. Weihs et. al. [55], performed an experiment
for the first time when both the observers have no mutual influence on each other.
This condition is imposed within the realm of locality and to achieve this condition,
they separated both the observers by 400 m. They obtained a strong violation of
Bell’s inequality by considering the independent observers [55]. Tittel et. al. [56, 57]
performed two experiments where they found a strong violation of Bell’s inequality
when the two distant partners are separated over 10 km apart. The experimental
violation of Bell’s inequality has been observed over more than 10 Kms using energy

time entangled photons by W. Tittel et. al. [58].

1.7 Multipartite non-locality

John Bell [17] developed Bell’s inequality to detect the signature of non-locality in
the bipartite system but the concept of Bell’s inequality can be generalized to the
multipartite system also. Therefore, in multipartite systems, the violation of multipartite
Bell inequalities is a signature of multipartite non-locality. It signifies that the observed

correlations among multiple measurement outcomes cannot be accounted for by any
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local realistic theory. In particular, for a tripartite system, one can observe the non-
locality property within reduced two-qubit and also one can look into the non-locality
between all three-qubits. The non-locality in the reduced bipartite system may be
detected by Mermin’s inequality while the non-locality that existed between all three
qubits may be detected by Svetlichny’s inequality. The non-locality between all three

qubits in the tripartite system is known as genuine non-locality.

1.7.1 Mermin’s inequality

N. D. Mermin [59] presented a gedanken experiment of detecting the non-locality of
three-qubits, which was based on GHZ Bell’s theorem [60,61]. He then demanded
that his thought experiment demonstrated the non-locality of three-qubit better than
the EPR experiment that analyzed the two-qubit non-locality [59]. Like Bell’s inequal-
ity, Mermin also developed an inequality that may capture the non-locality of a three-
qubit system. To proceed towards the development of an inequality, let us consider
a three-qubit state described by the density operator pspc. N. D. Mermin [62] con-
structed an operator to detect the non-locality of a three-qubit state. The constructed

operator is known as Mermin’s Operator and can be written as

M=ad,.62d.62d.6—d.0b,.6Qbs.6
—b1.862a.6Rb3.6 —b,.6@b,.6 2d3.6 (1.7.1)

where @; and 5] (i, j=1,2,3) are unit vectors in R* and the component of & = (oy, 6y, ;)
denote the Pauli matrices. Using Mermin’s operator, the non-locality of a three-qubit

state pspc may be detected by the inequality given as

|< >PABC| <2 (1.7.2)

The inequality (1.7.2) is known as Mermin’s inequality and it can be considered as
the generalized form of Bell-CHSH inequality [62]. If any three-qubit state violates
(1.7.2) then we may say that state papc has non-locality, but we cannot bifurcate the
type of non-locality from the violation of Mermin’s inequality. It can be biseparable
non-locality or can be genuine non-locality. C. Pagonis et. al. [63] extended the proof
of Mermin’s inequality to n-particle case. The first experimental generalization for
Bell’s inequality using 3 photons was shown by Klyshko [64] and the experimental
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generalization of Bell’s inequality using n photons was shown by Belinskii [65]. Later,
the generalization of Bell’s inequality for n-qubit state known as Bell-Klyshko inequality
or Mermin-Klyshko inequality has been presented by Gisin et. al. [66]. The maximum
violation of Bell-Klyshko inequality for n-qubit quantum state can be made up to a
factor of 2@. If we assume m out of n-qubits to be independent, then the violation of
Bell’s inequality can be increased with increasing m exponentially [66] which is more
than the maximum violation of Bell's inequality achieved by Mermin’s work [62]. Bell’s
inequality for n-particle GHZ state has been studied by M. Ardehali [67]. The relation
between the entanglement measures and the maximal violation of Mermin’s inequality
has been studied in [68, 69].

1.7.2 Svetlichny’s inequality

A lot of research has already been done in studying the problem of two-qubit non-
locality [70—-79]. Therefore, the researcher turned on to the study of non-locality of
multi-partite state [80—85]. As the number of qubits increases in the system, the
complexity of the system also increases and thus, the study of the non-locality of
the multipartite system may become a difficult problem but in spite of that, some
progress has been achieved. In the literature, there exist inequality such as Mermin
inequality [62] that may be used to detect the non-locality in the tripartite system. The
problem is that the violation of it, which signifies the presence of non-locality, was
not only observed for all the three-qubit in the tripartite system but also observed for
the reduced two-qubit system. Thus, for a given three-qubit system, it is not always
possible to discriminate between the non-locality of the reduced two-qubit system
and the genuine non-locality of the three-qubit system. To sort out this problem, G.
Svetlichny [86] introduced an inequality, which is effective for the detection of genuine
non-locality in a tripartite system and is commonly known as Svetlichny’s inequality.

The inequality is given by [86]
[(Sv) pape| < 4 (1.7.3)
where S, denote the Svetlichny operator, which may be defined as

S, = @.61®[b.6,®(@+c).G3+b.6:®(E—c').G3)

+ d.610[b.6,®(@—).6y—b.6®([C+).6] (1.7.4)
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Here d@,d’; b,b’ and Z,¢’ are the unit vectors and the 6; = (67,07, 67) denote the spin
projection operators. To obtain the maximal violation of the Svetlichny inequality, the
expectation value of the Svetlichny operator must achieve the value 4v/2. In particular,
the violation of Svetlichny inequality by three-qubit generalized GHZ state, maximal
slice state, and W class state has been studied in [87,88] and it has been found that
the maximal violation 4v/2 may be obtained for GHZ state.

N. S. Jones et. al. [89] extended the 3-party non-locality described by Svetlichny’s in-
equality to m-party Svetlichny’s polynomial to detect the non-locality of m-qubit state.
In 2009, Bancal et. al. also generalized the Svetlichny’s inequality to n-qubit state and
verified it by the violation on r-qubit GHZ state and for some parameters of n-qubit
W state [84]. The experimental confirmation for the violation of Svetlichny’s inequality
has been reported by Lavoie et. al. [90]. The study of genuine non-locality of gener-
alized GHZ state and maximally slice state in terms of three tangle has been studied
and it has been found that maximally slice state always violates Svetlichny’s inequal-
ity and generalized GHZ state violates Svetlichny’s inequality when tangle is greater
than % [87]. D. Collins et. al. [91] re-derived the Svetlichny’s inequality and derived a
new Bell’s inequality for three particle system with the help of Mermin-Klyshko (MK)
inequalities [65, 66] and also further generalized their introduced Bell’'s inequality for
n particle systems. The comparison between the re-derived Svetlichny’s inequality
and Mermin’s inequality has been studied in [91]. Zhang et. al. [92] also investigated
the genuine non-locality between three qubits possessed by Alice (A), Bob (B) and,
Charlie (C), using Svetlichny’s inequality and then showed that at most 2 Charlie can

shared the genuine non-locality with an Alice and a Bob.

1.8 Non-locality and entanglement

Entanglement and non-locality can be considered as two faces of a single coin. Both
of them represent the quantum correlation but one violates the Bell-type inequalities
while the other does not. The quantum correlation that violates the inequality con-
structed on the assumptions of the local realism principle is called quantum non-local
correlation but on the other hand, the correlation that existed in the entangled bipartite
or multipartite system, may or may not violate the Bell type inequality. If a quantum
state violates Bell's inequality then the state is said to have non-local features and

hence entangled state. But the converse is not true. N. Gisin showed that all bipartite
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pure entangled states violate Bell’s inequality [93]. This was generalized to multi-
partite pure entangled states by S. Popescu and D. Rohrlich [94]. Gisin et. al. [95]
proved the fact that there may exist some mixed states which violate Bell's inequality
as well. They also have been shown that if the state represents a singlet state then
the state maximally violates Bell’s inequality. Braunstein et. al. [96] have shown that
the maximum violation of CHSH inequality can even be achieved by mixed states.
Later, Horodecki family [97] derived another form of Bell's inequality, which is a nec-
essary and sufficient criterion for the violation of Bell-CHSH inequality by any arbitrary

two-qubit quantum states. Let us now define a quantity M(p4p) as
M(PAB) =uj+up (1.8.1)

where u; and u, are the two maximum eigenvalues of T7T. T denotes the correlation

matrix of order 3 and its entries ¢;; can be calculated as
tij = Tr[pAB(O-i®Gj)]7 lv] € {17273} (182)

Now we are in a position to state the necessary and sufficient conditions for the vio-
lation of Bell’s inequality. If a quantum state is described by the density operator pap
then the necessary and sufficient condition that the state psp violate the Bell-CHSH

inequality, is given by
M(pAB) > 1 (1.8.3)

Since the expectation value of the Bell-CHSH operator with respect to the state pap
can go up to 2v/2 so the maximum value of M(psg) can go up to 2 only. Later,
M. Zukowski and C. Brukner [98] generalized the necessary and sufficient condition
(1.8.1) to n-qubit state, and derived a necessary and sufficient condition for the satis-
faction of the generalized Bell inequality of an arbitrary n-qubit state.

For any two-qubit state pap, the upper bound of the non-locality can be expressed in

terms of the concurrence as [99]
Ni(pag) <24/1+C(pas)? (1.8.4)

where Ni(pag) denotes the non-locality of the state psp and C(pap) denotes the con-

currence of the state p4p.
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The equality in (1.8.4) has been achieved for all the pure states. For the mixed two-

qubit states, equality can be achieved when the state belongs to Q

0 = {(Ua®@Up)(ply1)(wi|+ (1= p)|y2)(wa|) (Us @ Up) '} (1.8.5)

where Uy and Up are the arbitrary unitary operators, |y;) = Cos6|00) + Sin60|11) and
ly») = Sin6|00) +CosB|11), 6 < [0,IT) [99-101].

N. Gisin [102] showed that if we apply local filters on a quantum state that exhibits
local properties, then the quantum state may become non-local. This is an implication
of the hidden non-locality which may be revealed after the application of local filters.
Hirsch et. al. proved that the entangled states from the class of Werner state [103] still
admit local hidden variable theory even after applying local filters on the state. So, lo-
cal filters cannot always reveal non-locality from entanglement [104]. There also exist
some states whose non-locality is revealed after applying the most general local mea-
surements [105]. Also, it has been found that there exist entangled states on which
the application of a sequence of local measurements leads to the maximal violation
of Bell's inequality [105]. Going one step forward, Masanes et. al. [106] have shown
that the violation of the CHSH inequality can be seen in some kind of Bell experiment
for all the entangled states. Thus, they have proved that all entangled states display
some hidden non-locality.

From the above discussion, it is clear that entanglement and non-locality are very
closely related concepts but they are not same. They can be considered as two dif-
ferent resources [107]. Before the work of Methot et. al. [71], it has been considered
that maximally entangled states have more non-locality than non-maximally entan-
gled states but this statement is not true in general. They discovered that in general,
a non-maximally entangled state can give more non-locality than maximally entangled
states with respect to all the measures such as Bell Inequalities, the Kullback Leibler
distance, entanglement simulation with communication or with non-local boxes, the
detection loophole, and efficiency of cryptography [71].

Non-locality and entanglement for two-qubits were studied by J. Batle and M. Cases
[79] and obtained the class of two-qubit states that violate Bell’s inequality maximally
in terms of the degree of mixedness or maximum eigenvalue. They further estab-
lished the relationship between the non-locality and distillability of three-qubit states.
The Bell non-locality of higher dimensional quantum systems based on quantum en-

tanglement has been studied by T. Zhang et. al. [108]. Su et. al. investigated the
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quantitative relationship between the entanglement and non-locality of a general two-
qubit system and obtained the necessary and sufficient condition for the achievement
of the upper bound on the non-locality of a general two-qubit system [99]. L. Tendick
et. al. [109] have shown that it is not always necessary that if we increase the mea-
surement resources then the requirement of the minimal state resources decreases

for a fixed Bell violation.

1.9 Non-locality in communications

Many novel applications of non-locality have been developed for quantum computa-
tion and quantum communication [110], including communication complexity [111],
quantum cryptography [112], randomness generation [113], and device-independent
quantum computation [114] etc. In this thesis, we mainly focus on the role of quantum
non-locality in communication protocols such as quantum teleportation, and controlled

quantum teleportation.

1.10 Quantum teleportation

The process of transferring an unknown quantum state between two parties at two dis-
tant locations without transferring the physical information about the unknown quan-
tum state itself is known as quantum teleportation [20]. In other words, it can also
be understood as neither any physical information about the state is transferred nor a
swap operation is performed between the sender and the receiver. Teleportation pro-
tocol makes use of the non-local correlations generated by using an entangled pair
between the sender, the receiver, and the exchange of classical information between
them. This concept plays a central role in quantum communication using quantum re-
peaters [22,115] and can also be used to implement logic gates for universal quantum

computation [116].

1.10.1 Bennett et. al. quantum teleportation protocol for 22 system

Originally, Bennett et. al. developed the quantum teleportation protocol in 1993, in
which they have shown that an unknown quantum state can be teleported with the
help of classical communication and a shared resource state, i.e., an entangled chan-
nel [20]. To understand the working principle of the protocol, we consider two parties,
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say, Alice (A) and Bob (B) residing far apart from each other. Suppose that Alice
wants to teleport an unknown qubit [¢)a = a|0)4 + B|1)4, where |a|*> +|B|*> = 1, from
her location to Bob’s location. To do this task, an entangled EPR-pair is generated at
a source and then one qubit is sent to Alice and another to Bob respectively. Thus,
in principle, Alice and Bob share a two-qubit maximally entangled state as a resource
state that can be used in the teleportation protocol. Two-qubit maximally entangled

states are also known as Bell states, which are of the form as follows

0 )ap = 7(!01> 48+ [10)4p) (1.10.1)
9" )ap = L\/—(’01>AB_|10>AB) (1.10.2)
W )a = 7(|00>AB+|11>AB) (1.10.3)
WV )a = %UOO)AB_“UAB) (1.10.4)

The set of states {|@)ap, @ )ap, | W )ap, |W )ap} forms a basis and known as Bell
basis. Let us now consider the Bell state |@™) 45 as the resource state shared between
Alice and Bob. In the first step, Alice makes a joint measurement on her EPR particle
and the unknown quantum state she wishes to teleport. The composite system can
be written as

(015 + 10)45)

0)a@ @ )ap = (ayo>A+ml>A>®ﬁ

1
= E(OC(IOOUAAB +1010)aaB) + B(|101)4ap + [110) aB)) (1.10.5)

The computational basis {|00),|01),|10),|11)} in a four-dimensional Hilbert space can

be transformed to the Bell basis using the transformation given as

00014 = =¥ )aa + ¥ Jas)
1= =¥ )aa =¥ )an)
10)4 = %u«p aa+1970an)
01)a4 = T(MP daa =197 )aa) (1.10.6)
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Using (1.10.6) in (1.10.5), and after re-arranging the terms, we get

0040195 = 5097)aa®(al0)s +BI1)8) +197)ar @ (~l0)s +BI1)s)
+ W) aa® (Bl0)s+al1)p)+ W )aa @ (—Bl0)s + ot|1)5)](1.10.7)

Alice then makes the measurement on Bell basis. After the measurement, a state
will be projected at Bob’s location and the state that Alice wanted to be teleported
disappear from her site. This means that the no-cloning theorem [117] is not violated.
Bob can reveal the state that appears on his site only after Alice communicates her
result to Bob with the help of two bits of classical communication. After receiving two
classical bits, Bob will apply the appropriate local unitary operation {I ® 1,1 ® 6,1 ®
oy,] ® o} to retrieve the state sent by Alice. For instance, if Alice’s measurement
outcome is |@*)44 then the projected state is an exact replica of the state which was
teleported, and therefore in this case, Bob has nothing to do to retrieve the state sent

by Alice. The rest of the cases are discussed in Table 1.1.

Alice’s measurement | State appeared at | Local operation Final State
outcome Bob’s location | performed by Bob | at Bob’s location
9" )aa a|0)s+B|1)s b
¢~ )aa —|0)p+B|1)s —0;
«|0)g+ |1
T OPERDY o O Plls
(W™ )aa —Bl0)s+afl)s —ioy

Table 1.1: Table of local operation to be applied on the received state to get the resulting state
as the teleported state

Definition 1.10.1. The fidelity of quantum teleportation may be defined as the overlapping
between the input state to be sent by the sender and the output state received by the receiver.

For a shared channel p4p in quantum teleportation protocol teleportation fidelity is denoted by

(f(pap))-

Remark: If the maximally entangled state is shared between two distant partners,
then following Bennett’s protocol, the fidelity of the teleportation is found to be equal
to unity. Thus, it is called a perfect teleportation.

1.10.2 Revisiting quantum teleportation

In this section, let us revisit quantum teleportation and take a small tour of what has
been already done on this topic. To proceed forward, let us define a few terms that

may help us to go deeper into the detailed understanding of quantum teleportation.
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Figure 1.1: Pictorial representation of Bennett et. al. quantum teleportation protocol

Singlet fraction: It is defined as the maximum overlap between the quantum state
described by the density operator psp and a maximally entangled state in a finite-
dimensional Hilbert space. It is denoted by F(pag).

Mathematically, the singlet fraction F(p4p) can be expressed as
F(pag) = Maxi((Wilpaslyi), i=1,2,---,d° (1.10.8)

where |y;) denote the maximally entangled states lying in the Hilbert space of dimen-
sion d.

Alternatively, the singlet fraction may also be expressed as [118]

F(pag) = maxy, vy {F[pas, (Us@Us)97) (8 |(US @ UL} (1.10.9)

where |9,) = —- ¥ |ii) and maximum is taken over all unitary operators U, and Us.

A quantity V(psp): It is used to detect whether the shared state psp is useful in

quantum teleportation and it can be defined as

V(pap) =TrVT'T = uy +up +u3 (1.10.10)
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where us are the eigenvalues of VT7T and T denotes the correlation matrix of order

3. The entries 1;; of the correlation matrix 7 can be calculated as
tij = Trlpap(ci®0))], i,j€{1,2,3} (1.10.11)

Remark: If we follow the prepare and measure strategy to extract information from a
given single copy of a quantum state then the maximum information we can gain about

the given system by performing the optimal measurement on the system is % [119].

1.10.2.1 Quantum teleportation: shared state lying in 2 ® 2 dimensional Hilbert space

Braunstein et. al. [120] have shown that the teleportation of the polarization state of
a photon can be achieved by measuring an optical version of the Bell operator. The
conditional efficiency of the teleportation scheme has been shown to tend to 100%.
K. Banaszek has derived the necessary and sufficient conditions to obtain the optimal
teleportation in terms of maximal teleportation fidelity using arbitrary two-qubit pure
states [121]. G. Rigolin also considered arbitrary two-qubit quantum state of the form
|¢) = al00) +b|01) + ¢|10) + d|11) to demonstrate faithful quantum teleportation and
further showed that if a multipartite state acts as a genuine teleportation channel then
that state will have maximum entanglement [122]. Agrawal and Pati [123] reported
that the Bennett et. al. quantum teleportation protocol can also be implemented with
a non-maximally entangled pure state instead of the maximally entangled pure state
as a resource state but the price has to be given in terms of the teleportation fidelity.
The teleportation fidelity in this scenario reduces to a value, which is less than unity.
Moreover, the teleportation protocol losses its deterministic property, and the proto-
col succeded with some non-zero probability. Another quantum teleportation scheme
has been discussed in [124], where the shared entangled state between two distant
parties is a non-maximally entangled state. Lee et. al. [125] studied quantum tele-
portation protocol using Werner state as a resource state for the teleportation of a
two-qubit entangled state.

For 2 ® 2 dimensional system, if the shared state is described by the density oper-
ator pap then the relation between singlet fraction (F(pap)) and teleportation fidelity
(f(pag)) can be expressed as [126]

2F (pap) +1

f(pag) = 3

(1.10.12)
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It is clear from the above relation (1.10.12) that if F(pap) > % then the shared state pap
is useful for teleportation [126]. Horodecki et. al. further expressed the teleportation

fidelity in terms of the quantity V(pap) as [127]

V(pas)
3

.ﬂnw)=%0+— ) (1.10.13)

Using (1.10.13), Horodecki et. al. [127] also derived a general result for the usefulness
of a two-qubit shared state as a resource state in quantum teleportation that can be

stated as a result given below:
Result: Any general two-qubit state is useful for teleportation if and only if V(pap) > 1.

In an open quantum system, the shared two-qubit state between two distant partners
is always a mixed state. Therefore, if we use the mixed two-qubit entangled state pap
to implement the teleportation protocol then it may happen that either the teleportation
fidelity f(pap) < % or the singlet fraction F(pap) < % Thus, the question arises that if
the singlet fraction of the certain shared two-qubit entangled state is less than or equal
to % then can we increase the value of the singlet fraction of the shared state and go
beyond the critical value %? Badziag et. al. [128] analyzed this question and applied
local trace-preserving transformation on these two-qubit entangled states to increase
the singlet fraction of the shared two-qubit states. They have derived this result for a
particular class of states. F. Verstraete and H. Verschelde [129] analyzed the above
question in a general setting and studied the teleportation of a single qubit using an
arbitrary mixed two-qubit state. They have shown that any two-qubit entangled state
described by the density operator psp can be useful as a resource state in quantum
teleportation and derived an expression of the optimal singlet fraction denoted by
FPP. ~(pag)- The optimal singlet fraction F;'hr..(pag) is given by [129]

4] 1
Fibce(Pas) = 5 = Tr(X°"'p3) (1.10.14)

where X" is the optimal filtering operation of rank one and it can be written as X7 =
(ARDL)|0)(¢|(AT® L), —L <A < L. The matrix A can be expressed in the form as

a 0
A= , —1<a<1 (1.10.15)
0 1

It may be observed that the optimal singlet fraction given in (1.10.14) depends on the
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partial transposition operation, which is positive but not completely positive operation.
Thus, it is very difficult to realize the optimal singlet fraction in the laboratory. To tackle
this problem, S. Adhikari [33] re-expressed optimal singlet fraction F,5.(pas) in terms
of the minimum eigenvalue of the resulting state obtained after applying the operation
known as structural physical approximation of the partial transpose (SPA-PT). The
optimal singlet fraction F/5.(pas) given in (1.10.14) then reduces to

1 9(d®+1) 2

FLogtCC(pAB> - [lmin - =

—1<a< 10.
3 > 9], 1<a<1 (1.10.16)

where A4,,;; denote the minimum eigenvalue of SPA-PT of state pag.
A lot of work has already been done by using different types of noise in the quantum
teleportation protocol [130-132].

1.10.2.2 Quantum teleportation: shared state lying in d ® d dimensional Hilbert space

Horodecki et. al. [126] derived the relation between singlet fraction F(psp) and tele-
portation fidelity f(pap) for the state pap lying in d ® d dimensional Hilbert space. The

obtained relation is then given by

dF (pag) +1

1.10.17
d+1 ( )

f(pag) =

The maximum acheivable singlet fraction of a shared separable state psp lying in d ®d
dimensional Hilbert space in quantum teleportation protocol cannot be greater than
5. In other words, it can be restated as if a shared separable state p3, lying in d @d
dimensional Hilbert space is used as a resource state in a quantum teleportation
protocol then F(p3,) < 5 [126]. Thus, for any bipartite separable state psp in d ® d di-
mensional system the teleportation fidelity f(pap) is always less than or equal to d%l
i.e., f(pag) < d+1 But there may also exist entangled states described by the density
operator p¢, for which f(p5z) < d+] So, for a given bipartite state pap, it will not be
possible to discriminate between separable and entangled state just by merely ob-
serving the inequality f(pap) < d+1 Thus, if we consider the contrapositive statement
then it may be possible to say something about the entangled state. Therefore, the
contrapositive statement may now be stated as: if f(pag) > d%l or in terms of singlet
fraction F(pap) > },, then the quantum state p4p may be considered as an entangled
state which may be useful in quantum teleportation.

From the above arguments, it is clear that the success of quantum teleportation de-
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pends on the shared resource state, but it is not always feasible to check whether
the shared resource state is useful for teleportation or not. N. Ganguly et. al. [133]
partially solved this problem by constructing a witness operator for the possible detec-
tion of the shared entangled state useful for quantum teleportation. Later Adhikari et.
al. [38] provided a systematic way to construct an optimal witness operator for qudit
systems and in particular, they have shown that the constructed witness operator is
optimal for both qubit-qubit and qutrit-qutrit system. Another higher dimensional tele-
portation scheme has been proposed using a partially entangled state as a resource
state in which Alice uses a less entangled quantum channel but uses more classical
bits to transfer a quantum state to Bob [134].

Till now, the teleportation of an arbitrary qubit has been studied in the quantum tele-
portation protocol but there is a scope of teleporting an arbitrary qudit using an en-
tangled two-qudit state. This is addressed by Luo et. al. [135]. They have studied
the teleportation of an arbitrarily high dimensional quantum state in a variant of the
quantum teleportation scheme. They have illustrated their scheme for transferring an
unknown quitrit via a maximally entangled two-qutrit state [135].

The effect of noise for d-dimensional bipartite state has been studied in [136] using
four different types of noises such as dit-flip, d-phase-flip, dit-phase-flip, and depolariz-
ing noise. The average fidelity of teleportation was derived using a different approach

when the qudit undergoes the generalized amplitude damping channel.

1.10.3 Quantum teleportation via multipartite state as a shared state

It is known that there are two types of genuine three-qubit entangled states, namely,
GHZ and W class of states, which are inequivalent under stochastic local operation
and classical communication (SLOCC) [26]. Quantum teleportation using three par-
ticle GHZ state as a resource state has been introduced by Karlson et. al. [137]. It
is an interesting fact that although the GHZ class of states can serve as a potential
candidate for quantum teleportation but W class of states does not. This fact is ev-
ident from the work [138] where it has been shown that W class of states are not
suitable for perfect quantum teleportation. The teleportation is perfect in the sense
that a quantum state can be teleported with unit fidelity. In this direction of research,
Gorbachev et. al. [139] have studied quantum teleportation by considering those W
class of states as a shared state, which can be obtained after the application of non-

local unitary operator on the inequivalent class of GHZ states. Further, Agrawal and
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Pati introduced a new class of three-qubit states, which is given by [140]

1
W _
Walase = 5=~

They have shown that the pure three-qubit state given by (1.10.18) falls under W class

(1100) 4c + v/ne'|010)apc + v+ 121001 apc)  (1.10.18)

of state and this W class of state can be used for perfect teleportation.

Joo et. al. [141] developed two schemes S| and S, of teleportation protocol, when the
W class state is shared as a resource state in quantum teleportation protocol. They
have calculated the success probability and the average fidelity with respect to both
the schemes and found that the average fidelity of the scheme S, is always less than
the scheme S| [141]. Quantum teleportation of a two-qubit state using a constructed
genuine four-qubit entangled state as a resource state has been studied in [142],
where the constructed four-qubit state is not reducible to the pair of Bell state. lts
properties are compared with the four-party GHZ and W state [142]. Jung et. al. [143]
discussed the behavior of GHZ and W state when shared as a resource state in
quantum teleportation protocol under the effect of different kinds of noise and derived
a relation between fidelity and entanglement under different noise situtations [143].
Another scheme of teleportation using a GHZ-like state as a resource state which is
quite similar to W state has been proposed [144]. In the scheme they considered
one sender and two receivers and the unknown qubit can be teleported to any of
the receivers depending upon the outcome of the sender and the third party other
than the receiver [144]. Quantum teleportation using three-party non-symmetric or
asymmetric states as a resource state has been studied in [145]. J. Bae et. al. further
have shown that teleportation with an asymmetric three-qubit state would carry more
information than teleportation using a three-qubit symmetric state [145].

1.10.4 Realization of quantum teleportation in an experiment

First experimental approach of quantum teleportation has been reported by D. Bouwm-
eester et. al. [146]. The implementation of quantum teleportation of any arbitrary
quantum state has been achieved in an experiment. They have used parametric
down-conversion and two-photon interferometry for generating entanglement and an-
alyzing the Bell state in an experiment [147]. Experimental implementation of quan-
tum teleportation over interatomic distances using liquid-state nuclear magnetic reso-

nance has also been reported in [148]. In 2001, an experimental approach of deter-
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ministic teleportation of an arbitrary polarization state has been reported in [149]. In
this experiment, the Bell state measurements were distinguished completely, which
assured a perfect quantum teleportation scheme [149]. An experimental demonstra-
tion of teleportation with an average fidelity of 0.84 has been given in [150]. This
experiment has been performed to achieve teleportation using a C-not gate, which
opens the way toward quantum computing [150]. The teleportation of a two-qubit
composite system can be realized in an experiment [151]. The high-fidelity teleporta-
tion of photons over a distance of 600 meters using linear optics is presented in [152].
A free-space implementation of quantum teleportation over 16 km and later for 100
km and 143 km respectively has been proclaimed in [153—155]. Deterministic quan-
tum teleportation of photonic quantum bits has also been shown to be realized in an
experiment using a hybrid technique [156]. Recently, an experimental realization of

quantum teleportation of a high dimensional state has been recorded in [157].

1.11 Quantum teleportation and non-locality

S. Popescu [158] remarked that the non-locality given out by teleportation and the
non-locality of correlation may be considered as the two faces of the same physical
property but they are inequivalent. Further, he conjectured that if a bipartite entangled
state psp violates some Bell’'s inequality, then the state psp can be used for telepor-
tation, and vice versa [158]. But this conjecture may not be true as there exist some
two-qubit mixed entangled states that are useful in teleportation but do not violate any
Bell’s inequality. Popescu [158, 159] also raised a few questions on the topics of tele-
portation and non-locality such as (i) whether there exists any two-qubit mixed state
which violate Bell’s inequality but not useful in quantum teleportation? (ii) what is the
relation between the fidelity of teleportation and non-locality?

N. Gisin [160] obtained the lower bound of the teleportation fidelity f(paz), where the
state psp shared between two distant partners is non-local. Thus, the state psp is

non-local if the teleportation fidelity f(pap) satisfies

f(pag) > 0.87 (1.11.1)

Gisin [160] also cited an example of a two-qubit mixed state such as Werner state
[103] as a resource state in a quantum teleportation protocol and found that the fidelity
of the Werner state is more than the classical limit i.e. % but is not greater than 0.87.
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He then concluded that it does not mean that there exists non-locality in the Werner
state which is hidden. In 1996, Horodecki et. al. [127] took an important step in
this direction and derived a general relation between teleportation fidelity and Bell’s
inequality for any arbitrary two-qubit state. They stated that any two-qubit quantum
state which violates Bell’s inequality is useful for teleportation and provided the lower
bound of maximum teleportation fidelity denoted by f..x(pag) in terms of M(pag), is
given by

1. M(pag)
2[1 + 3

| < finax(PaB) (1.11.2)
where M(psp) may be considered as a quantifier for the estimation of non-locality and
is defined in (1.8.1). Also, it can be easily found out that the maximal value of M(p4p)
is equal to %, where B,,,. denotes the maximal value of Bell's inequality of the state
pag- In 2013, Cavalcanti et. al. [161] showed that all the entangled states which are
useful for teleportation do violate Bell-CHSH inequality deterministically. Thus they
act as non-local resources in quantum teleportation. In this way, they established a
linkage between teleportation and non-locality. Chakrabarty et. al. [162] used the
output of the Pati-Braunstein deletion machine as a resource state for quantum tele-
portation and found that it is useful for teleportation but it follows the LHV model.
Wang et. al. [163] studied the effect of two-qubit noisy channels on quantum telepor-
tation, entanglement, and non-locality. In particular, they have considered the effect
of noise on the Bell state and the Werner state and derived the relation between non-
locality, entanglement and teleportation. They also found that there exists a critical
value of the correlation for which non-classical teleportation fidelity, non-vanishing en-
tanglement, and Bell non-local states have been achieved [163]. T. Jennewein et.
al. [164] proved that quantum teleportation indeed exhibits non-local nature by per-
forming an experiment. Non-locality and teleportation for three-qubit states were first
studied by S. Lee et. al. and provided a general result that if any three-qubit state
violates Mermin’s inequality then they are useful in three-qubit quantum teleporta-
tion [165].

1.12 Controlled quantum teleportation (CQT)

The original quantum teleportation scheme proposed by Bennett et. al. [20] is appli-
cable for two parties. In 1998, Karlsson et. al. [137] introduced another teleportation
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protocol that works for three parties, which is famously known as controlled quantum
teleportation (CQT). In this scheme, there are three parties Alice (the sender), Bob
(the receiver), and Charlie (the controller), shares a three-qubit entangled state known
as the resource state between them. Alice wants to teleport an unknown qubit to Bob
via the shared state with the participation of Charlie. Karlsson et. al. [137] considered
a genuine three-qubit GHZ state as a resource state. Therefore, the teleportation
protocol via GHZ state may be described as follows: firstly, Charlie will apply Von
Neumann measurement on his particle. After his measurement, an entangled state
will be projected between Alice and Bob in terms of Charlie’s measurement. After his
measurement, he uses classical bits to communicate his measurement outcome to
Alice and Bob. Then, Alice will perform a Bell-state measurement on her shared qubit
and the unknown quantum state which she wants to be teleported. Consequently, a
single qubit state will be projected at Bob’s location, which contains Charlie’s mea-
surement parameter. Finally, Alice will send one classical bit to Bob to inform him
about her measurement outcome so that he can apply the appropriate unitary opera-
tor to obtain the teleported state at his location. This protocol is known as controlled
quantum teleportation. This teleportation scheme is controlled by Charlie in the sense
that, he can adjust his parameter in such a way that it can increase or decrease the
fidelity of the teleportation.

Now the question arises that under what circumstances, we will be able to success-
fully teleport a qubit following the procedure of controlled quantum teleportation pro-
tocol with three-qubit state? Like in quantum teleportation, the success rate of con-
trolled quantum teleportation also depends on fidelity. Unlike teleportation, there are
two types of fidelities in controlled quantum teleportation. These fidelities may be
termed as (i) Conditioned fidelity and (ii) Non-conditioned fidelity.

Now, we are in a position to describe the CQT scheme. In CQT scheme, we may
consider that Alice, Bob and Charlie shared a three-qubit pure/mixed state described
by the density operator psgc. Throughout the thesis, we assume that Charlie act
as a controller who perform Von Neumann measurement on his qubit. A single
qubit Von Neumann measurement in the computational basis may be described as
{m. = |k)(k|,k = 0,1}. Generally, a single qubit measurement in any arbitrary basis is
denoted by By, which is given in (1.4.22) and (1.4.23). When Charlie perform Von

Neumann measurement B, on his qubit, the three-qubit state pspc projected onto the
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two-qubit state

pﬁ’g:I)iku@l@Bk)pABC(I@I@BZ), k=0,1 (1.12.1)
where p; = tr((1®I®Bk)pABC(I®I®B;;)) denote the probability of collapsing the three-
qubit state to two-qubit state after the measurement performed on the third subsys-
tem. The two-qubit state pfx’g shared between Alice and Bob may be used as a re-
source state when teleporting an arbitrary single qubit state possessed by Alice. We
further assume that in the process of single qubit teleportation using a shared two-
qubit state, Alice act as a sender and Bob, a receiver. Alternatively, we may also
describe the above equivalent situation with the reduced two-qubit state described by
the density operator pap = Trc(papc). The resulting two-qubit state described by the
density operator psp may also be used in transmitting an arbitrary single qubit state
through conventional teleportation scheme.

In CQT scheme, the faithfulness of the teleportation may be quantified by the condi-

tioned fidelity denoted by fc(plgg)) and the non-conditioned fidelity fyc(pas)-

(i) Conditioned fidelity: It is the fidelity of the state pf‘]g acheived with the participation
of the controller. It is denoted by fc(p/gk)).

(i) Non-conditioned fidelity: It is the fidelity estimated without the controller’s par-

ticipation. It is denoted by fyc(pas)-

Assumptions: For a successful controlled quantum teleportation, we assume the
following:

(i) For a qubit system, conditioned fidelity should be greater than the classical limit,
ie. fe(plt)) > 2.

(if) Non-conditioned fidelity should be less than or equal to classical fidelity, i.e. fyc(pas) <
2

5.
There are lot of work that can be found in the literature for the development of the
CQT scheme. In 2008, Gao et. al. [166] used partially entangled states called max-
imal slice (MS) states as a resource channel for CQT protocol. A deterministic CQT
scheme with the MS states and GHZ state as the resource state has been studied
in [137,167]. The efficiency of CQT protocol may be measured by the quantity known
as controller's power (PékT)), which can be expressed as the difference between the

conditioned fidelity and non-conditioned fidelity. Mathematically, it can be written in
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the form as

Pékr) = fe(p) — fuc(pas) (1.12.2)

Initially, Li et. al. [167] have considered fc(pfllg) =1 in their work and defined con-

troller's power (Pg})) as 1 — fnc(pag)- One important point to note here that, we need
to minimize non-conditioned fidelity of teleportation to achieve the maximum value of
controller’s power. In this respect, they found that the non-conditioned fidelity cannot
attained the better value than the fidelity using a classical channel, when CQT is con-
sidered with the GHZ state. Thus the maximally entangled GHZ state is considered
as a suitable channel for the CQT scheme. On the other hand, when MS states are
used for controlled quantum teleportation, the non-conditioned fidelity can be greater
than the classical limit and hence these states are not suitable channels for the CQT
of arbitrary single-qubit states [167]. Later, they have generalized their CQT protocol
for multiqubit pure system [168]. A more general form of controller’s power for per-
fect controlled quantum teleportation of an entangled three-qubit pure state has been
studied by Jeong et. al. [169]. They defined a term known as the minimal control
power, and calculated the minimal control power for a class of GHZ states and W
states.

Further, Artur et. al. [170] characterize the three-qubit states with extreme proper-
ties and use them to derive tight lower and upper bounds for both the teleportation
fidelity and control power for a given amount of entanglement. In another piece of
work, Paulson et. al. [171] analyzed the CQT protocol using X maximally and non-
maximally entangled mixed state for a given spectrum and mixedness of the state.
Wang et. al. [172] studied d-dimensional control power, by teleporting a qudit using
2N-dimensional standard three-qudit GHZ state or GHZ-type state channels in the
perfect CQT scheme. Recently, controlled quantum teleportation was experimentally
realized using cluster states [173]. The potential application of controlled quantum
teleportation may be found in quantum computing algorithms, quantum communi-
cation protocols, and quantum error correction schemes [174]. The concept of CQT
may also be used in quantum networks [175], entanglement swapping [176], quantum

reapters [177], quantum key distribution [178], and quantum cryptography [179—-181].
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Chapter 2

Eigenvalue Criteria for Quantum

Teleportation Protocol

“Teleportation is the closest we can get to a magic trick. It’s like saying, let's make

this object disappear here and reappear there. And it’s not easy. ”

- Anton Zeilinger

In this chapter!, we study the problem of estimation of singlet fraction in higher
dimensional bipartite system. We derive criteria for the detection of d ® d dimensional
negative partial transpose (NPT) entangled state useful for teleportation. The criteria
derived here are based on the maximum eigenvalue of the NPT entangled state, which
is in principle easier to determine experimentally than to completely reconstruct the
State via tomography. We then illustrate our criteria by considering a class of qubit-

qubit system and qutrit-qutrit system.

I'This chapter is based on a published research paper * Teleportation criteria based on maximum eigenvalue of
the shared d ® d dimensional mixed state: Beyond Singlet Fraction, International Journal of Theoretical Physics
60, 1038 (2021)".

53



54

2.1 Introduction

Quantum teleportation is an important topic to study in quantum information science.
It plays a vital role in the development of quantum information theory and quantum
technologies [1, 3]. Bennett et. al. [20] have developed the first protocol of quantum
teleportation for a two-qubit system. The developed protocol talks about the transfer
of information contained in a qubit from a sender (say, Alice) to a receiver (say, Bob).
To execute this protocol, firstly Alice and Bob shared an entangled state between
them. Then she performs a two-qubit Bell-state measurement on particles in her pos-
session. After that, she communicates the measurement result to Bob by sending two
classical bits. The receiver Bob then reconstruct the quantum state at his place by
applying suitable unitary operation such as I, oy, 6,,0; on his qubit according to the
measurement outcome sent by the sender Alice.

The quantum teleportation protocol described above can be considered as a basic
protocol for other quantum schemes such as quantum repeater [115], quantum gate
teleportation [116], port-based teleportation [182]. The most important ingredient in
quantum teleportation protocol is the resource state, which is shared between two
distant parties because it would not be possible to realize quantum teleportation with-
out a shared entangled state. In a realistic situation, the shared entangled state in
general becomes a mixed entangled state. The usefulness of the shared entangled
state between two distant partners in a teleportation protocol depends on the value of
the singlet fraction [126]. For d ® d dimensional system, the shared state is useful in
quantum teleportation if the singlet fraction of the shared state is greater than 5

The singlet fraction also characterizes the nature of the quantum state in the sense
that if the given state is separable then the singlet fraction of the given two-qubit mixed
state is less than or equal to % [126]. In another way, it can be stated tha if the singlet
fraction of an arbitrary given state is greater than % then the state is entangled. But
the converse of the statement is not true. This means that there exists a two-qubit
mixed entangled state whose singlet fraction is less than or equal to % and hence not
useful in quantum teleportation. In this perspective, Badziag et. al. [128] have shown
that a dissipative interaction with the environment is sufficient to improve the value of
the singlet fraction. They have presented a class of entangled quantum states whose
singlet fraction is exactly equal to % before interaction with the environment but after

the interaction with the environment, the value of the singlet fraction improves. Even
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getting this result also, the question remains whether interaction with the environment
increases the singlet fraction of any two-qubit mixed state? The answer is in affirma-
tive. Verstraete et. al. [129] have studied this problem and obtained trace-preserving
LOCC that enhances the singlet fraction and makes its value greater than % for any
two-qubit mixed entangled state. They have derived a connection between the optimal
singlet fraction and the partial transpose of a given state. The established relation tells
us that the two-qubit state is useful as a resource state for teleportation if and only if
the optimal singlet fraction is greater than %

Till now, we have discussed about the resource state useful in teleportation for 2 ® 2
dimensional system. We now continue our discussion with a higher dimensional sys-
tem. Generally, it has been proved that to teleport an arbitrary d-dimensional pure
state, only a maximally entangled pure state in d ® d is required [183]. Zhao et.
al. [184] have derived the necessary and sufficient conditions of faithful teleportation
of an arbitrary d-dimensional pure state with m ® d and d ® n dimensional entangled
resource, where m and n denoting the dimension of the first subsystem in m @ d and
second subsystem in d ® n dimensional entangled resource states respectively. A
general expression for the output state of the quantum channel associated with the
original teleportation protocol with an arbitrary d ® d dimensional mixed resource state
has been obtained in [185].

The motivation of this chapter is as follows: (i) Since partial transposition is a non-
physical operation and cannot be implemented in a laboratory so we apply SPA on
partial transposition of the given state. Being SPA a completely positive map, the ex-
pression of singlet fraction gets free from partial transposition operation and thus it can
be implemented in an experiment. (ii) The second motivation comes from the problem
of estimation of singlet fraction in a higher dimensional bipartite system. Since singlet
fraction depends on bipartite maximally entangled states but in higher dimensional
system, it is very difficult to construct bipartite maximally entangled state so it would
not be an easy task to get the experimentally estimated value of singlet fraction for
higher dimensional bipartite system.

The above mentioned motivation enabled us to establish another criterion for the de-
tection of entangled state useful in teleportation and that must be easy to implement
in an experiment. Therefore, instead of singlet fraction if the criterion is expressed
in terms of the eigenvalue then it requires a lesser number of measurements than to
completely reconstruct the state via tomography [186]. Thus, in terms of a number

of required measurements, the criterion based on eigenvalue is more efficient than
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quantum tomography.

2.2 Revisiting maximal singlet fraction of mixed two-qubit

State

Verstraete et. al. [129] have derived the optimal trace-preserving local operation to-
gether with classical communication and have shown that it optimally increases the
singlet fraction of a mixed quantum state p45 and hence maximizes its teleportation fi-
delity. They have studied the case of a two-qubit system and proved that if the state is
entangled then it is always possible to increase the singlet fraction above % and thus
make teleportation fidelity greater than % Since their result is based on the partial
transposition operation so it is not possible to realize it in the experimental setup. In
this section, we revisit their result and apply structural physical approximation (SPA)
of partial transposition. By doing this, the final expression of the singlet fraction gets
modified, and since SPA of partial transposition is a completely positive map so the
singlet fraction can be estimated experimentally. However, we find that in this case,
the value of the singlet fraction is not always greater than % Therefore, the result of
this section motivates us further to investigate new teleportation criteria that will be
studied in the following section.

The expression of optimal singlet fraction after LOCC for a two-qubit state p4p is al-
ready discussed in (1.10.14). We may note here an important point is that the ex-
pression of the singlet fraction contains the partial transposition operation, which is
not a completely positive map so the partial transposition of state pss denoted by p’,
is not a physically realizable operation. Thus the value of singlet fraction found in
the Verstraete et. al. [129] work may not be directly accessible in an experiment. To
overcome this problem, we use SPA-PT of psp and re-express Tr(X°P'pL,) given in
(1.10.14) as [33, 34]

Tr(XP'pip) = 9Tr(XP pap) — 2 (2.2.1)

where p,p is the SPA-PT of psp.

Using (2.2.1), equation (1.10.14) can be re-expressed as

5 ~
Fbcc(pag) = 2 OTr(X°"' pa) (2.2.2)



57

Now it is possible to estimate the value of F;5.-(pap) experimentally but we have to
pay a cost in a way that the obtained value of FL"(’)”CC(pAB) may not always be greater
than 1. If it may happen that Tr(X° psp) < 3 then only F5.(pag) is greater than 1.
This implies that if there exist state for which Tr(X°P'pap) > 3 then F/b--(pag) < 3. To

illustrate, let us consider a two-qubit state described by the density operator
0
b

O = , b+d+e=1 (2.2.3)

0

0
fd o
0

o o O O
S X - O

e

where x denotes the complex conjugation.
The density matrix oj; has been studied by many authors in different contexts [39,
187-191]. The state oy, is an entangled state and its concurrence is given by [39,187]

C(o12) = 2If] (2.2.4)

Using (1.5.23), we can obtain the SPA-PT of o1, as

2 f
5 0 0 35
0 %L o 0
Gpp = 9 (2.2.5)
0 0 4 0
fr 2
5 0 0 =

Now if we consider the filter A of the form as (a
1

0
) ,0<a <1, then X°" is given by

XOPt = (2.2.6)

S O v\,
= O [@n X ST

[NSTRNY

The optimal singlet fraction of oy, is given by

5 _
Fibee(012) = 5 = 9Tr(X"'G1a) 22.7)
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where Tr(X°P'cy;) is given by

2
T (XM Gyy) = 2a +2aR1e§f)+2+e (228)
The inequality 2"2+2"Rféf)+2+e > 2 holds if the filtering parameter « satisfies
—Re(f)+/Re(f)? —2e+4 -y 2.2.9)

2

Therefore, F/hr-~(012) is less than equal to 1 iff (2.2.9) holds.

Let us now consider a particular case where we can set the values of the state param-
eteras: b=0.2,d =04, e¢=04, and f = 0.25+0.1i. Using these values, the density
matrix given in (2.2.3) reduces to

0 0 0 0
0 02  025+0.1i 0

ol (2.2.10)
0 025-0.1i 04 0
0 0 0 0.4

The SPA-PT of 6.2 is given by

2 0.25+0.1i
z 0 0 020l
2.2
1) 0 % 0 0
6y, = ,4 (2.2.11)
0 0 % 0
0.25-0.1i 24
5 00 %
The value of Tr(X"P’&S)) is given by
- 2a> +0.5a+2.4
Trxor sy = 2+ 1ga+ (22.12)
Thus, the optimal singlet fraction of GS) is given by
2.6—2a*—0.5a
Fr (o) = 5 L 078<a<1 (2.2.13)

Figure 2.1 illustrate the fact that FL"&C(GS)) is always less than or equal to 3.
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1=

0.4 (26-22*-05a)

M= R =

opt (1)
FrLocc (05,

0.3

0.8 0.85 0.9 0.95 1

da

Figure 2.1: Plot of optimal singlet fraction obtained after LOCC operation versus the filtering
parameter a.

This motivates us to investigate new teleportation criteria that may go beyond singlet
fraction and identify not only a two-qubit entangled state but also a higher dimensional

NPT entangled state, which may be useful in quantum teleportation.

2.3 Teleportation criteria in terms of maximum eigenvalue

In this section, we derive a criterion for the usefulness of the shared d ® d dimensional
NPT entangled states in quantum teleportation. In particular, for 2 ® 2 dimensional
entangled states, the derived criterion may be useful in a situation when the singlet
fraction calculated before sending a qubit through the local environment is less than
or equal to 5. This means that if we don’t use the local environment to increase the
value of the singlet fraction, our criterion can still detect whether the shared resource
state is useful for teleportation or not. To achieve our main result, we need to go

through a few lemmas that we have discussed below.

Lemma 2.3.1. If A,,,c(pap) denotes the maximum eigenvalue of d ® d dimensional quantum

state p4p, then

1
ﬁ < A‘max(pAB) <1 (2.3.1)

Proof: Let us consider a d ® d dimensional quantum state p4p. Therefore, the density matrix
pag has d? eigenvalues and let they are denoted by Ay, As,.......... , Ap2. Using the properties of

a density matrix, we have
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d2
1= Tl”(pAB) = le S dzﬂ,max(pAB) (232)
i=1

Also, since it is known that A,,.c(pag) < 1, for a density matrix p4p and using (2.3.2), we have

the inequality (2.3.1). |

Lemma 2.3.2. The maximum eigenvalue of an arbitrary d ® d dimensional quantum state
pap 1s always greater than or equal to the singlet fraction of psp. Mathematically, it can be

expressed as

Amax(PaB) > F(PaB) (2.3.3)

where A,4x(pag) denote the maximum eigenvalue of pyp.
Proof: Let us start with the definition of the singlet fraction given in (1.10.9), which can be

re-expressed as

Flpap) = maxy,u,Trlpas(Us®Up)|9) ) {6, |(U] @ Up))

maxy, v, Tr{(U{ @ US) pas(Us @ Us) |9 )(97 |

{maxy, vy hmar (Us @ Up)pap(US @ UDTHT |07 ) (0 1)
maxy, vy Mmax[(Us @ UB)pAB(U,I RUp)]

Anax(PAB) (2.3.4)

I IA

The inequality in the third step is a consequence of the Result 1.1 and the last equality follows
from a well known fact that the two quantum states (U ® Up) pAB(UX QU ;) and pap have the
same set of eigenvalues [192]. Therefore, we have provided the alternative proof of this result

that has already been obtained in [193]. [ |

Now, we are in a position to relate the usefulness of the entangled state psp as a
resource state in quantum teleportation and the maximum eigenvalue of psp. The
relation may be stated in the following way: In order to be useful in quantum telepor-
tation protocol, an arbitrary d ® d dimensional entangled quantum state p4z must have

Amax(PaB) > alz- The proof of the statement can be done using Lemma 2.3.2.

Corollary 2.3.1. The upper bound of the maximum achievable teleportation fidelity from a

given bipartite state p4p in d @ d dimensional Hilbert space is given by
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)Lmax(pAB)d + 1
< 235
f(pag) < dr (2.3.5)
Proof: Applying Lemma 2.3.2 in (1.10.17), the above inequality can be achieved. |

Corollary 2.3.2. If an arbitrary d ® d dimensional NPT entangled mixed state described by

the density operator psp and the maximum eigenvalue denoted by A, (pap) satisfies

1
Amwc (PAB) > 3

then the maximum achievable teleportation fidelity can be written as

2Amax(PAB)

f(pAB> < 1 +Amax(pAB)

Proof: Applying Ay (pas) > é in Corollary 2.3.1, we get the upper bound of the maximum

achievable teleportation fidelity in terms of maximum eigenvalue of p4p. |

Next, we will show that the separability condition is necessary and sufficient for only

the isotropic state.

Theorem 2.3.1. An arbitrary d ® d dimensional isotropic quantum state p, shared between

two distant partners is separable if and only if

1

Amax(Pp) < - (2.3.6)
Proof: Let us consider the noisy singlet state of the form
pp=p|¢+><¢+|+(1—p)l%l,0§p§1 (2.3.7)
where [¢7) = \/LHZEZOI ii).
The maximum eigenvalue of the density matrix p, is given by
Anas(Pp) = Znanlpl9 )07+ (1= p) ), 0<p< ]
= p+ 1;_2p (2.3.8)

Now, since it is known that the state p,, is separable if and only if 0 < p < ﬁ [194] so we

can say that the state p,, is separable if and only if A4 (pp) < %. |
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2.3.1 Examples

In this subsection, we will study a few quantum states psp for which singlet fraction

F(pap) and maximum eigenvalue A,,..(pap) satisfies the inequality

1
F(pap) < 7 < Amax(PAB) (2.3.9)

When the left part of the inequality (2.3.9) holds, then we are uncertain about the
usefulness of the entangled state p45 as a resource state in quantum teleportation. If
the right part of the inequality (2.3.9) holds true, then we can say that the state psp
can be useful in teleportation. This means that when the singlet fraction is unable to
detect the useful of states for quantum teleportation, then the maximum eigenvalue
can serve the purpose. Also, we should note that for the above quantum state pag,
interaction with the environment is not taken into account.

Example 2.1: Let us now recall the quantum state described by the density operator
ol(é) given in (2.2.10). Firstly, we need to check whether the state og) is entangled.
For the detection of the entangled state GS), let us consider a witness operator of the

form [195]

1
W= (21+1890:+ 091~ 0,® 0+ 0,3 0y) (2.3.10)

The expectation value of the operator W; with respect to the state GS) is given by

Tr(Wio))) = —0.55 2.3.11)

Since the expectation value of the witness operator W; is negative for the state GS)
so the state Gl(é) is an entangled state. Now we are in a position to say whether
the entangled state is useful for teleportation by calculating its maximum eigenvalue.
The maximum eigenvalue of the state is lmax(crl(;)) =0.587 > % Thus the state can
be useful in quantum teleportation. This example is important in the sense that the
value of the singlet fraction (after applying SPA-PT operation) is unable to detect the
state as a resource state in quantum teleportation but on the other hand, maximum

eigenvalue can help us to reach the correct conclusion.

Example 2.2: Let us consider a quantum state described by the density matrix p;,
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which is given by [128]

0O 0 0 0
0 322 12
p1 = (23.12)
1—v2 1
0 52 3 0
0 0 0 Vv2-1

To detect whether the state p; is entangled, let us construct a witness operator as
[195]

1
Tr(W,p;) can be calculated as
Tr(Wap1) = —1.406 (2.3.14)

The negative value of Tr(W,p, ) indicates that the state p; is entangled. Also the singlet
fraction of p; is found to be % Since F(p;) = % so it can be concluded that the state
p1 is not useful as a resource state for teleportation. But it is known that all entangled
two-qubit mixed states are useful for teleportation [129]. Hence, the inference from
the singlet fraction that the state p; is not useful as a resource state for teleportation
is not correct. Let us now calculate the eigenvalues of p; and they are given by
{0.5858,0.4142,0,0}. The maximum eigenvalue is found to be A,,,:(p1) = 0.5858. Since

Amax(p1) > 1/2, we can conclude that the state p; can be useful for teleportation.

Example 2.3: Let us take another quantum state from 3 ® 3 dimensional Hilbert space

described by the density matrix p,

_.
|
Q

- 000 0 0 0 0 —-0.22
0 000 0 0 00 0
0 00O 0 0 00 0
0 00O 0 0 00 0
P2 = 0 000 % —a —022 0 0 0 , 0.35<a<0.369 (2.3.15)
0 0 0 0 —-0.22 a 00 0
0 00O 0 0 00 0
0 000 0 0 00 0
-022 0 0 0 0 0 00 2

The witness operator that detects the state described by the density operator p; is
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given by [196]

3 3 2 2 1 5 1
Wy = —=S6®@S6+-=9530353——5357+-1IR57—=57x57+-=S5 —1
3 > 6® 6+2 3@ 53 NG 3 ® 7—|—3 ® 87 > 7® 7—|—6 g®53+2lS4®Sl

1 1 1 2 2 23 2
—iS1 0S4 —=5H R85+ =55855+ =57 —=IQI+ —85zg R — —=5K S
+ 211@4 22® 2+2 5s® 5+3 7& 3®+ 9 8 ® \/§7®g

273
+ T\/_I®Sg (2.3.16)

where S1,5, and S; are three symmetric Gell-Mann matrices given by (1.4.6), S4, S5
and Sg are three anti-symmetric Gell-Mann matrices given by (1.4.7) and S; and Sg
are two diagonal Gell-Mann matrices given by (1.4.8).

We note that Tr(Wzp,) = 0.44 — 3a, where 0.35 < a < 0.369. Thus, Tr(Wsp,) < 0 for
0.35 <a <0.369. Hence the state p, is an entangled state.

Let us calculate the singlet fraction of p,. To do this, we need maximally entangled
basis states in 3® 3 dimensional Hilbert space. The maximally entangled basis for the
two-quitrit system is given by [197]

B0) = 5 1100) +22) =511, [81) = —=[J01) + 20) ~ ¢ 12
B2) = 1102) +[21) = 5[10)], 1B3) = —=[]11)-+100) ~ ¢ 22,
B2) = 5 112) +101) =520, 1B5) = —=[]10) +[02) — ¢ 1)
B6) = 5 l110) +22) =S[00, [B7) = —=[120) +[12)~ ¢ o)
|Bg) = \%[21>+|1o> —€'3]02)] (2.3.17)

Then the singlet fraction of p, can be calculated using the maximally entangled basis
(2.3.17) as

F(p2) = maxp(Bilp2|Bi), i=0,1,....,8

1.22—a

= 3 (2.3.18)

Figure 2.2 shows that F(p;) decreases as the state parameter a increases. The sin-
glet fraction F(p,) is always less than § when the state parameter a lying in the interval
[0.35,0.369]. Therefore, according to the singlet fraction criterion, the state described

by the density operator p, may or may not be useful in quantum teleportation.
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(1.22 -a)

<
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-

3 0.25 +u.5\[ 04436 -2a+4a°

0.29}

0.355 0.36 0.365
d

Figure 2.2: Plot of singlet fraction and maximum eigenvalue, i.e., y =(F (p2))/(Apnax(p2)) ver-
sus the state parameter a. Green line denotes the maximum eigenvalue of p;, blue line denotes
the classical limit of teleportation in terms of singlet fraction for 3 ® 3 dimensional system, i.e
% and red line denotes the singlet fraction of state p,

Let us now calculate the eigenvalues of p,. The maximum eigenvalue of p, is given
by

11
Amax(p2) = 3 + 5\/0.4436 —2a+4a2, 0.35<a<0.369 (2.3.19)

We have also shown in Figure 2.2 that A,,.(p2) is always greater than % when a €
[0.35,0.369]. Thus, maximum eigenvalue p, can help us to infer that the state p, can

be useful in quantum teleportation.

2.4 'Teleportation criteria in terms of upper bound of the

maximum eigenvalue in Dembo’s bound

In this section, we will study those cases where the maximum eigenvalue of p4p is
unable to infer anything about the usefulness of psp in quantum teleportation, i.e., the

case where the maximum eigenvalue of a given quantum state satisfies the inequality

1
Anax(PaB) < p (2.4.1)

To overcome this problem, we have provided a criterion which is based on Dembo’s

bound to detect whether the state is useful for teleportation or not.
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Let us consider a qutrit-qutrit system described by the density operator

0.015

P , 0.5<a<0.65 (2.4.2)
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We find that Tr(Wsp3) = —1.53+2a < 0, for 0.5 < a < 0.65. Thus, the witness operator

W5 detect the state p; as an entangled state. But the question is whether the entan-
gled state ps is useful in quantum teleportation.

Eigenvalues of p3 are given by: [0,0,0,0,0, 1%“, 5,0.125(2— V1642 — 16a+4.0144),0.125(2+
V16a% —16a+4.0144)]. The maximum eigenvalue is given by A,q.(p3) = 0.125(2 +
V1642 —16a+4.0144). We can observe that A,.«(p3) < 1 when 0.5 < a < 0.65. There-

fore, our criterion based on maximum eigenvalue fails to detect whether the state p;
is useful in teleportation. It motivates us to search for the maximal bound of maximum
eigenvalue that can be greater than 5 for d ® d dimensional system.

To start our search, let us consider the upper bound of the maximal eigenvalue of the
d ® d dimensional quantum state psp under investigation. The upper bound may be

denoted as A (pap) and it is given by R.H.S of the inequality (1.1.4)

c+MNgp_ c—MNp_q)?
A‘anax(pAB) = % + \/% + (b*)Tb (2.4.3)
RdZ_] b . L. .
where R » = (o7 , 1 is the lower bound on minimal eigenvalue of R 2_;, n,2_;
b* c

is the upper bound on maximal eigenvalue of R._; and b is a vector of dimension
d?> — 1. We are now in a position to provide a criterion in terms of the upper bound of

the maximal eigenvalue of the d ® d dimensional quantum state psp.

Corollary 2.4.1. In order to be useful in quantum teleportation protocol, an arbitrary d ® d
dimensional entangled quantum state p4p must have A2, (pap) > 1.

Proof: We know that A2 (pag) is the upper bound of maximum eigenvalue. Hence, Aqc(pap) <
AD

max

(pap). After applying this fact to the relation between the usefulness of p4p in quantum

teleportation and the maximum eigenvalue of p4p, the result will be proved. ]

Example 2.4: Recalling, the qutrit-qutrit system described by the density operator p;
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given in (2.4.2). The maximal bound of maximum eigenvalue of 3 ® 3 dimensional
density matrix p; is given by A2 (p3). For the 9 x 9 order density matrix ps;, we have
c =0.1750, (b*)T = <0_015 000000 o) and ng = 0.325. Using the above
values, we find that 1.2 (p3) = 0.357. Thus using Corollary 2.4.1, we are able to show

that the state p; can be useful in teleportation.

Example 2.5: Let us consider another qutrit-qutrit NPT entangled state, which is given

by the density matrix [198]

2 o S5—a
Po=Z105) (8 |+ 70 + —=—0_ 4 <a<s (244

where [957) = Y2 i), o4 = 1(01)(01]+[12)(12]+[20)(20]), - = §(|10)(10] +[21)(21] +
102)(02]). For the density matrix pe, we have c = £, (b*)T=<% 000F 00O 0)
and ng = % In this case, A2 (ps) = 0.3346, which is greater than % Therefore, in
this case, also we can use Corollary 2.4.1 to conclude that the state described by the

density operator p, can be useful in quantum teleportation.

2.5 Conclusion

In this chapter, we have modified the relationship between the optimal singlet fraction
and the partial transpose of a given state by approximating the partial transposition
operation through the procedure of structural physical approximation. The modifica-
tion is required because partial transposition is a non-physical operation and thus it
cannot be implemented in the laboratory. By using the SPA-PT method, we are able
to show that the modified value of the optimal singlet fraction can be estimated in an
experiment. Further, we have proposed a criterion for the detection of an entangled
state useful in quantum teleportation, which are based on the maximum eigenvalue
of the given state. Moreover, we have studied our criteria for the detection of d ® d
dimensional NPT entangled states useful in quantum teleportation in the given two
cases: (i) F(pap) < 5 < Amax(pan) o (il) Amax(pag) < 3 < A2 (pag). Our criteria can
in principle be determined in an experiment because maximum eigenvalue can be

estimated experimentally [186, 199, 200].
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Chapter 3

Quantification of Non-locality of
two-qubit Entangled state and its
application in Controlled Quantum

Teleportation

“The phenomenon of non-locality in quantum mechanics shows that the world is much
more mysterious and interconnected than we previously thought. ”

- David Bohm

In this chapter ', we quantify the non-locality of such entangled state ps which are
neither detected by Weysy witness operator or nor by the quantity M(pag) given by
(1.8.1). Non-locality is a feature of quantum mechanics that cannot be explained
by local realistic theory. It can be detected by the violation of Bell’s inequality. In
this chapter, we have considered the evaluation of Bell’s inequality with the help of
the XOR game. In the XOR game, a two-qubit entangled state is shared between
the two distant players. It may generate a non-local correlation between the players
which contributes to the maximum probability of winning the game. We have aimed
fo determine the strength of the non-locality through the XOR game. Thus, we have
defined a quantity Sni.(pag) called the strength of non-locality, purely on the basis

'This chapter is based on a research paper “Strength of the nonlocality of two-qubit entangled state and its
applications, Physica Scripta 98, 055101 (2023)".
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of the maximum probability of winning the XOR game. We have also derived the
relation between the introduced quantity Syi.(pag) and the quantity M(pag), to study
in depth, the problem of non-locality of a two-qubit entangled state. Interestingly, we
have found that the newly defined quantity Sy (pag) fails to detect the non-locality
of the entangled state, when the witness operator constructed from CHSH operator
cannot detect the entangled state. To overcome this problem, we have modified the
definition of the strength of non-locality and have shown that the modified definition
may detect the non-locality of such entangled states, which were earlier undetected
by Sni(pap). Furthermore, we have provided two applications of the strength of the
non-locality Syi(pag): (i) establishment of a link between the two-qubit non-locality
determined by Sy1.(pag) and the three-qubit non-locality determined by the Svetlichny
operator and (ii) determination of the upper bound of the power of the controller in

terms of Syr.(pag) in controlled quantum teleportation.
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3.1 Introduction

In 1964, J. S. Bell [17] derived a criterion to detect the non-local correlation that may
exist in Einstein, Podolski, and Rosen (EPR) pair of particles. His work proved that
the predictions of quantum mechanics are incompatible with the local realistic theory.
Bell’s criterion for detecting non-locality can be expressed in terms of a mathematical
inequality, which is popularly known as Bell’s inequality [1, 3, 48], derived using the
local-realism principle. Thus, any classical system making local choices will produce
a classical correlation satisfying this inequality. In the late 1960s, many experiments
were performed to show the violation of Bell's inequality for the EPR pair, but none
were successful. An experiment performed by Alain Aspect et. al. successfully shows
the violation of Bell’s Inequality [50, 52]. After Bell’s seminal work, many studies were
devoted to non-locality.

The study of non-locality is relevant for many reasons. One is that it can be used
as a resource for the development of device-independent quantum information pro-
cessing [201]. A few other reasons that may attract the study of non-locality is that it
may have much application in a variety of quantum information processing tasks such
as self-testing [202,203], secure communication [21], randomness certification [204],
and distributed computing [205]. In recent work, a marginal problem has been studied
in the context of the computation of Bell inequalities [206].

Detection of an observed non-local correlation is one of the prime problems in the
study of non-locality. The foremost tool to detect non-locality is Bell's inequality [17],
and it may be considered as the standard approach for detecting non-locality. The
violation of Bell's inequality may indicate the presence of a non-local feature in a two-
qubit state described by the density operator psp. Therefore, if any two-qubit state psp
violates Bell’s inequality, then the state may exhibit a non-local correlation, and thus,
the state can be identified as an entangled state. But the converse of the statement
is not true. This means that there exists a two-qubit entangled state that may satisfy
Bell's inequality. This shows that although, there is a connection between quantum en-
tanglement and non-locality [207,208], conceptually they are very much distinct [103].
These two counterintuitive features of quantum mechanics can be used as a physical
resource to enhance our computational power [209]. Thus, detecting these quantum
mechanical features before using them as a resource is necessary. Along this line of
research, |. S. Eliens et. al. [210] have studied the non-locality detection problem and
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represent it as a tensor network problem. In [211], the generalized R-matrix has been
used to study the non-locality and entanglement of the three-qubit state. In [207], the
uncertainty-induced non-locality measure has been used to detect the non-locality of
a two-qubit state. Further, the classification and quantification of a pure three-qubit
state have been studied using the concurrence of a generic two-qubit pure state [212].
The witness operator method may also be used to detect non-locality, and it is very
useful because it can be implemented in the experiment.

In the last few years, testing of Bell’'s inequality has been viewed as a Bell game [213].
In this game, Alice and Bob may be considered players, and Charlie acts as a referee
or verifier. There are many rounds of the game, and in each round, Charlie, who
acts as a verifier, sends a query (input) to other members, Alice and Bob. They will
have to send an answer (output) to Charlie. Before starting the game, the following
assumptions are made: (i) Players know the set of possible queries, (ii) Players know
the rules of the game (iii) Players know the common strategy in deciding the process
in each round of the game. Here we can consider an entangled state as a resource
that may be used in these processes. Therefore, in the perspective of a game, Bell
locality may be defined as the process by which the output generated by each player
is independent of the input of other players. Thus, if there is any correlation found be-
tween the players, then it is due to the presence of correlation in the shared entangled
state. When this definition of Bell’s locality does not hold, then we can talk of Bell’s
non-locality. Initially, Bell constructed the inequality in which two parties are there in
the composite system and each party measures dichotomic observables in two differ-
ent settings. Later, researchers have started generalizing the Bell's non-locality with N
parties, k measurement settings, and d outcomes of the measurement [65,214-218].
It has been observed that two or more different non-local quantum behaviors may be
responsible for the maximal violation of Bell's inequality. However, the extremal quan-
tum behavior can be realized by a unique (up to unitary equivalence) quantum rep-
resentation [219]. The non-local correlation that violate Bell’'s inequalities maximally
by unique quantum behaviors has been studied in [78]. These Bell’'s inequalities are
maximally violated by non-maximally entangled states, thus showing that these states
are necessary to characterize the boundary of the quantum region. The non-local
correlation characterized by Bell’'s inequalities could be used as a resource for quan-
tum optics, quantum computation, and quantum information. In this direction, Obada
et. al. [220] have studied the link between non-locality and entanglement and have

shown that the entangled state may possess the phenomenon of the sudden death
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of entanglement and non-locality under the effect of thermal noise. The influence of
the dissipation rate of the dissipative system on the quantum correlation has been
studied in [221], using the Hilbert—Schmidt distance and Bell’s inequality correlations.
They found that the quantum correlation can be enhanced for some specific values
of the dipole—dipole interaction. In another work [222], it has been shown that the
Bell’s non-locality can be enhanced when the two-mode parametric amplifier cavity is
initially prepared in the coherent states.

It is known that in any theory, the degree of steering is an equally important part of
the uncertainty principle to measure the degree of non-locality [223]. But J. Oppen-
heim and S. Wehner [224] have used the uncertainty principle alone to establish the
relation between the maximum probability of winning the XOR game and the expec-
tation value of the Bell-CHSH operator with respect to the shared state between the
players. Thus they have shown that the degree of non-locality can be determined by
the uncertainty principle alone. Therefore, one may ask whether only one factor, i.e.,
uncertainty principle is enough to measure the degree of non-locality for all non-local
games. The answer is negative because R. Ramanathan et. al. [223] have shown
that non-local games exist where the uncertainty principle and the degree of steering
are needed to measure the degree of non-locality. In particular, the degree of non-
locality for the XOR game can be measured using the uncertainty principle alone. In
the literature, there is a related work [225] where it has been shown that some points
that cannot maximize any XOR game lie on the quantum boundary.

The main motivation of this chapter is to investigate the following question: If the Bell’s
inequality, the quantity M(p4p), and the maximum probability of winning of XOR game
fail to determine the non-locality of an entangled state, and if we further restrict the
usage of the filtering operation, then can we measure the strength of the non-locality
by any other means?

To address the above stated question, we first consider the evaluation of Bell’s in-
equality as an XOR game. The relation established in [224] suggests that if Bell’s
inequality is violated, then the maximum probability of winning the game is greater
than %. Thus, there is a relation between the non-locality of the shared state and the
maximum probability of winning the game. We found that there exists an entangled
shared state with which if players played the game, then the probability of winning the
game may be less than or equal to %. This indicates that the XOR game may be won
by adopting any local realistic theory, but this is not the case. We have investigated

this loophole and tried to fix it by defining the strength of the non-locality through the
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maximum probability of winning the game.

3.2 Revisiting the non-locality of two-qubit system

In a two-player Bell test game [110], the players may be referred to as Alice and Bob
who are far apart from each other. Each player will receive a query (input) and will
have to provide an answer (output). The game may be repeated in many rounds. The
players are allowed to prepare a common strategy before the game but after the game
starts, the players are not allowed to communicate with each other. The rules of the
game and the list of possible queries are known in advance. If the rules are set in a
way that the players must produce different answers if both receive a query “1” and
otherwise, the answer is the same, then the game cannot be trivially won with a list of
pre-determined answers. With respect to the defined game, Bell locality means that
the process by which both the players generate the output without considering the
other player’s input. Thus, if any correlations are generated between the players then
this is due to a shared resource. The Bell non-locality came into the picture when
Bell locality doesn’t hold. Bell non-locality can be demonstrated by the violation of
Bell-CHSH inequality. Generally, it has been shown by R. Horodecki et. al. [127] that
any two-qubit state described by the density matrix psp violates CHSH inequality if
and only if M(pap) > 1 and the quantity M(pap) is defined in (1.8.1). In this section, we
revisit the non-locality of a two-qubit entangled state p{% by introducing a measure of
the strength of the non-locality of p{}. The motivation of this section is to develop a
measure that may detect the non-local nature of the given entangled state p$%, which
is neither detected by Bell-CHSH inequality (for a particular setting) nor detected by
any general setting described by the criterion M(p$}) > 1.

3.2.1 A definition of the strength of the non-locality of two-qubit entan-
gled state

In this subsection, we will define the strength of the non-locality of two-qubit entangled
state p{s in terms of the maximum probability of winning the game played between
two distant players which are sharing an entangled state p{y.

Let us consider an XOR game played between two distant players Alice (A) and Bob
(B) [224,226]. In this game, the winner is decided by the XOR of the answers a© b =
a+b (mod2), where a,b € {0,1} and it denote the answers given by the players A and
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B, when the referee asks them randomly selected questions (s,¢) € S x T, where S and
T denote finite non-empty sets. The winning condition of the game may be expressed
in terms of the predicate given by

Viadb/s,t)=1, ifandonlyifa®b=s.t (3.2.1)

The players A and B obtain outcomes (answers) a and b after performing measure-
ment operators A% and B? on their respective qubits. Here, we may consider s and ¢
as the corresponding measurement settings. The measurement operators A and B?

may be expressed in terms of the observables as
a 1 a b 1 b

AY = 5(1+(—1) As), B = E(1+(—1) B) (3.2.2)

The operators A; and B, are given by
A=Y aPr;, B =Y b, (32.3)
J J

where d, = (ag”,agz),....,a@) € RN and b, = (b,(l),b,(z),....,be)) € RV denote real unit
vectors of dimension N = min{|S|,|T|}. I'1,I,......,['y are the anti-commuting genera-
tors of a Clifford algebra.
If we assume that the two distant players, A and B, play the game using the shared

state pap given in (1.5.5), then the maximum probability P"** of winning the game

overall strategy is given by [224]

prmax _ l <BCHSH>PAB ]

I+

5 i (3.2.4)

where (Bepsa) pas = Tr[(Ao®@Bo+Ag® B +A; ® Bo— A1 ® B1)pag] denotes the expecta-
tion value of the Bell operator Bcysy With respect to the state pp. Since, the maximum
probability of winning the game depends on the expectation value of the Bell operator
Bcnsu, P is somehow related to the non-locality of the state psp. Thus, to determine
the non-locality of any arbitrary two-qubit state p45, we define here the strength of the
non-locality. The strength of the non-locality of psp denoted by Syz(pag) in terms of
P may be defined as

Swi(Pap) = max [P — %, 0) (3.2.5)
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Therefore, Syi.(pap) can be considered as the quantifier of the strength of the non-
locality for any theory, and it can be calculated by calculating P"** for different theories
such as (i) classical theory, (ii) theory based on quantum mechanics, and (iii) for any
non-signaling theory. For any classical theory, P"* < % and hence Syz.(pag) = 0. For
quantum mechanical theory and for non-signaling correlation, we have P4 > % and
thus Syz.(pag) # O.
Furthermore, we can consider the situation where the players performed their mea-
surements in different measurement settings, such as measurements performed along
xy—, xz—, and yz— planes. In this scenario, the maximum probability of winning the
game depends upon the expectation value of the Bell operators in different planes.
To further illuminate this point, consider the Bell operators B,,, B,;, and B,; in xy—,
xz—, and yz— planes. In these planes, the maximum probability of winning the game
is denoted by P, P, and P,;, respectively. Therefore, the relation between the ex-
pectation value of the Bell operators defined in different planes with respect to the
two-qubit quantum state described by the density operator psp and the corresponding
maximum probability of winning may be expressed as

L4 Biidow

e

> Lij=xy7 & i#] (3.2.6)

The Bell operators B,,, B.;, and B, can be written in terms of the observables o, oy,
and o; as [227]

0;+0j O, —Oj

+6i®
V2 T V2

0;it+ Oj 6;i—0j . . ..
————0i®———,,j=x,y,2 &1 3.2.7

B,‘j=(75®

+0;®

For the case discussed above, the strength of the non-locality Sf\ﬁ{) (pap) may be de-
fined as

S\ (pap) = max{P,0} (3.2.8)

where P = {ppiav — 3 pmax_ 3 pmax_ 33

From the definition SI(\lIJL) (pap) givenin (3.2.8), itis clear that if p4p is an entangled state,
and further if it satisfies the Bell-CHSH inequality in every xy, yz, xz setting, then all
quantities A7 — %, (i # j; i,] = x,y,z) will be negative. Hence, the value of S](\j’L) (paB)
for i #£ j; i,j = x,y,z will be equal to zero. This gives an absurd result because psp

represents an entangled state. Thus, we can apply the definition (3.2.8) only when at
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least one i # j; (i, j = x,y,z) for which the quantity £/} — % is/are positive.

3.2.2 Dependence of the strength of non-locality on witness operator

Let us consider the game discussed above, which is played between two distant part-
ners Alice and Bob, using a shared state between them. If the shared state is any
entangled state described by p{% and the maximum probability P"** of winning the
game using the shared state p{y satisfies the inequality P"** > %, then as per the
definition of the strength of the non-locality of p$% given in (3.2.5) could be non-zero.
Otherwise, if the players are playing the game with the classical state shared between
them, then P ¢ [0, %] and then the strength of the non-locality will be equal to zero.
This event may occur even if the players choose their measurement settings in dif-
ferent planes. In this perspective, we can ask the following question: Is it possible to
determine the strength of the non-locality when the maximum probability of winning
the game played with an entangled state, lies between 0 and ?‘1?

To investigate the above question, we first express the maximum probability P of
winning the game in terms of the expectation value of the witness operator with re-
spect to the general two-qubit state described by the density operator psp. Also, we
find that when pap represents an entangled state which is not detected by the witness
operator, then the maximum probability of winning the game lies between 0 and %. On
the contrary, if there exists any witness operator that detects the entangled state, then
pmax >3,

Now, our task is to first establish the relationship between the maximum probability of
winning the game played using a two-qubit state psp, and the expectation value of the

witness operator with respect to the state psp. The relationship may be stated as:

Result 3.2.1. If psp denotes any arbitrary two-qubit bipartite state shared between the two
distant players Alice and Bob and P™** denotes the maximum probability of winning the game

overall strategy taken by the players, then P"** is given by

3 Tr[Wensupas)
1 3

P = (3.2.9)
where, Wepsy (= 21 — Begsy ) denotes the witness operator.
Proof:- If any bipartite two-qubit state pap is shared between the players Alice and Bob, then

the maximum probability of winning the game is given by [224]
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1 Tr|B 3 TriW,
P — 114 r CHSHPAB]] _°_ r[Wenst pas] (3.2.10)
2 4 4 8
In the second line of the proof, we have used Bcysy = 21 — Wensn. Hence proved. |

In the same spirit, we can relate the maximum probability of winning the game with

the expectation value of the witness operator in different xy, yz, and xz settings as

3 TrWeysyPasl
pros = 3 TWougupuo) 3.2.11)
ma 3 Tr[WC)';;ISHpAB]
3 Triwki
P = 2 M (3.2.13)

3.2.2.1 Strength of the non-locality when two-qubit entangled state detected by the wit-

ness operator Wegsy

In this subsection, we will discuss the case when the witness operator detects the
entangled state p¢} and then we show that the strength of the non-locality denoted
by Snvc(p5y) can be determined in this case.

Result 3.2.1 provides the relationship between the expectation value of the witness
operator Weysy With respect to any arbitrary two-qubit state psg, and the maximum
winning probability P"**. Therefore, the strength of the non-locality Syz.(pap) defined

in (3.2.5) may be re-expressed in terms of witness operator Weysy as

TriWensipas| () (32.14)

SNL(pAB) :max{— 3

Let us discuss three cases when pyp represents (i) a separable state, (ii) an entangled

state not detected by Weysy, and (iii) an entangled state detected by Wegsy.

Case I: If any separable state is described by the density operator p}7, then

TriWensupyy] > 0 and hence P < 2. In this case, Sy.(pia) = 0.

Case ll: If the state p;;'g"d denotes an entangled state not detected by witness operator
Wensh, then also we obtain Tr[WCHSHpg’g”d] > 0 and hence P"** < %. In this case, the
amount of non-locality of the state p$%"¢ can be estimated to be zero. Although the
state p;;’g"d is an entangled state and thus may possess non-local properties but its

non-locality may not be revealed by the non-local quantifier Sy;. Further, we may
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note that the state pﬁ’g”d may not be detected by Wrysy, but there may exist other
witness operators that may detect it, and in that case, it may be possible to quantify

its non-locality through Sy;.

Case lll: If the state pj’gd represent an entangled state detected by the witness oper-
ator Weysy, then Tr[WCHSHpg’gd] < 0 and hence P > %. In this case, the amount of
non-locality of p$%¢ can be calculated by the formula Sy, = —w.

Now, our aim is to show through the example that the two-qubit state under inves-
tigation is a quantum correlated state, and thus its strength of non-locality can be
determined. To proceed with our discussion, let us consider the two-qubit quantum

state described by the density operator pf\}g)

1
pll) = JI@1+0.0016,01+0.801©01 +0.890,© 0~ 09030 03] (32.15)
The state pj}; is an entangled state. In this case, we can construct the witness oper-

ator W'y, as

Wil =20@1-A @BV + A 0BV —aV @B —aV o B (3.2.16)
where, A(()l) = Oy, Agl) = Oy,

B{" =0.80,+0.40,+0.447c, B\ = —0.40,+0.80,+0.4470.  (3.2.17)

Therefore, the expectation value of Wé}}SH with respect to the state pfxg is given by

Trwi) i)l = —0.028 <0 (3.2.18)

Hence, in this example, we can see the state pf‘g is detected as an entangled state

by the witness operator WC(}}SH. Thus, the strength of the non-locality of the state p/(\g)

can be calculated using (3.2.14) as

Swi(py) = 0.0035 (3.2.19)

3.2.2.2 Strength of the non-locality when the witness operator Wcysy does not detect

the two-qubit entangled state

Till now, we don’t have sufficient information to make a definite conclusion about the
non-locality of an entangled state described by the density operator pgfg"d, which is

not detected by the witness operator Weysy. Let us take an example to understand
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what we mean to say:

Consider the entangled state pﬁ? and witness operator Wc(i,)SH, which are given by

1
piy = F1@1+0701©01+020,20,-0.50:2 0 (3.2.20)

wal, = 2ol-AP @B +AP @B — AP @B —aP 0B (3.221)

AP = AP =0.76,+0.50,+0.50990,
BY) = 040,+0.40,+0.82460., BY =0.50,+0.30,+0.8124040. (3.2.22)

The expectation value of WC(QSH with respect to the state p/ng) can be calculated as

TrWSups] = 1.9845>0 (3.2.23)
Thus, this example shows that there may exist entangled states which are not de-
tected by Wc(gsy operator given in (3.2.21), and from Result 3.2.1, we can remark
P < 3. Hence, we conclude that there exist entangled states for which P < 3.
Therefore, for those entangled states which are not detected by Wy sy, we find Sy =
0, and thus Sy, is unable to measure the true strength of non-locality of such entan-
gled states. This problem may be sorted out if we construct another witness operator
that may detect such entangled states which are not detected by Weysy. Since there
does not exist any general relationship between the maximum probability P"** and
the expectation value of any arbitrary witness operator, it is not possible to define the
strength of the non-locality in terms of any arbitrary witness operator. Therefore, we
need to redefine the strength of the non-locality using a different approach.
It is known from (3.2.9) that if Wewsy fails to detect the entangled state pg;, then the
value of the expression P’"“x—§ will be negative. Thus, our idea is to calculate the
upper bound of the expression P+ — % and if we find that the calculated upper bound
is positive, then we may infer that there may be a possibility to get the non-zero value

of Sne(pgh)- To do this, recall (3.2.9) and re-express it as
TI’[WCHSHPE%I] = 6-—-8pP"™ (3.2.24)

We should note that in this scenario, it is assumed that Wrysy does not detect the

state p$% and thus Tr{Wepsup$®] > 0, hence P < 2.
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Let us now re-start with the quantity TrWeusupS® (p$%)™#], where Tz denotes the par-
tial transposition with respect to the subsystem B and using the Result 1.1 given in
(1.1.11), we may get the following inequality

TriWensupis (P5) ™) > Anin((P55 ) ™) TrWensupsy) (3.2.25)
Using (3.2.24) and (3.2.25), we get
Tr{Wensupis (PAE)™] = Amin((P35)) (6 — 8P™™) (3.2.26)

If p¢t is a bipartite two-qubit entangled state, then A,.;,((p$%)’) < 0, and its entangle-

ment may be quantified by negativity, which may be defined as

N(psE) = —22min((P5E)™) (3.2.27)

Therefore, for the entangled state p¢, the inequality (3.2.26) reduces to

7 7 1 n ma.
TriWensupis (P53)"™] > —5N(pfg) (6 — 8P™)

TriWensupis (04H )]

4N(pi5)

< (3.2.28)

3
— pmax _ =
4

The inequality (3.2.28) motivates us to re-define the strength of the non-locality Sy..(p5% )
of the entangled state p{s undetected by Wcensy. Therefore, if the state p{% is not de-

tected by Wensy and then Sye (pét) may be defined as
New ( ~ent max 3
Sni (Pag) = q(P"" — Z) +(1—g)K (3.2.29)

TriWensupsh (P55 )"B]

where K = B
ere 4N(pg%)

0.

The upper bound of ¢ can be obtained by employing the condition SY¢"(p$4) > 0.

and ¢ (0 < ¢ < 1) is chosen in such a way that SN¢" (p¢) >

Therefore, the upper bound of ¢ is given by

K

—_— 3.2.30
% _ pmax L K ( )

g<

To illustrate our result, let us consider the two-qubit state described by the density

operator pap, which is given by
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x 00 0
01 x 0 1

PaB = , 0<x <+ (3.2.31)
0x 1 0 3
000 §—x

It can be easily verified that p4p is an entangled state for x € (0.167,0.333). Also, we
found that for the same range of x, we have Tr[WgISHpAB] =2 —4+/2x > 0. Therefore,
the state p4p is undetected by the witness operator Wy, -

To calculate the strength of the non-locality of psp, we follow the definition (3.2.29)

and accordingly determine the following quantities,

P Z — 42— 2K = 2(1/_(722(:;:\1/21 +1)6x_2 5 (3.2.32)
Therefore, using (3.2.30), we find that
g < [0.55,1], when x € (0.1667,0.333) (3.2.33)
Therefore, the strength of the non-locality of the state pap is given by
SN (Pam) = a(P™* — )+ (1~q)K, 0 < g <055 (3234)

where the expressions P _?‘1 and K are given in (3.2.32). The value of SV¢"(pap)

for x and ¢ satisfying (3.2.33) are shown in Figure 3.1.

A
00 J
0-20 ;'25_ ._ 0.30 00 O'Zq

Figure 3.1: The curve represents the non-zero value of S%EW(pAB) for the state psp. Here, x
denotes the state parameter, and ¢ lies in the range (0,0.55).
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So, by exploiting the above procedure, we are able to calculate the strength of non-

locality for the entangled states probabilistically which are not detected by Weysy.

3.2.3 Relation between Sy (p5%) and the quantity M (p{})

In this subsection, we consider a two-qubit entangled state described by the den-
sity operator p{s and obtain the relationship between the strength of the non-locality
Sni(psy) and the quantity M(pg%). To derive the required relationship, we need a few

lemmas which are given below:

Lemma 3.2.1. If P"*(p$}) denotes the maximum probability of winning the game via the
shared state p§} between the two players, then the upper bound of P"*(p{) in terms of
M(pgy) is given by

M(pSH)

( +1) (3.2.35)

| =

P (ps) <

Proof: Recalling (3.2.4), P"*(p{4) can be re-written as

(Bcrish) pen

nax éen. 1
PP (pg) = 5 (14— 2

(3.2.36)

. Therefore, P"*(pg}) given in (3.2.36) re-

Let us denote (Bgy) pen = MAXBeyy (BcrsH) pen

duces to the inequality as

1 <Bmax>pem
Pmax ent < _ 1 AB
() < 514+ i
1 M(pgy)
= —(14++—== 3.2.37
S(I+—"5) ( )
In the last line, we have used <Bmax>p/§zg =2/M(pgF) [127]. |

Using Lemma 3.2.1 and taking the upper bound of the inequality M(p5y) < 2, it can
be easily observed that P (p§i) < 1(1+ \/%).

Lemma 3.2.2. If Wepsy denotes the witness operator detecting the two-qubit entangled state

p5%, then the lower bound of M(pg%) is given by

1
M(pig) > [1 - ETT[WCHSHPE'Z;[Hz (3.2.38)
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Proof: From (3.2.4), (Bcpsy) pen can be expressed as

€n
Pag

(Bcrisi) pen = 8P (P4 ) — 4 (3.2.39)

Using (Bcysh) pen < (Bmax) pents the equation (3.2.39) can be re-expressed as

8P (pH) —4 < <Bmax>p§rét =24/M(p5%) (3.2.40)
Using Result 3.2.1 and simplifying (3.2.40), we get the result given in (3.2.38). |

Now, we are in a position to connect Syz(p55) and M(p5y).

Result 3.2.2. If p{% denotes any two-qubit entangled state, which violates the CHSH inequal-

ity and is detected by Wcepysy, then

M(pig)—1

4 (3.2.41)

SnL(pip) <

Proof: Since the CHSH witness operator Wep sy detects the entangled state pS7y, so Syz(p5% )

is given by

TriWensapsy)

SnL(pig) = — 3 (3.2.42)

ent

Using Lemma 3.2.2, Syz.(p§}) can be re-expressed in terms of M(p{y ) as

M(pig) — 1

4 (3.2.43)

Sne(piy) <

Hence Proved. |

Using Result 3.2.2, and the fact M(p5y) < 2, we get the upper bound of Sy.(p5% ),

which is given by

V2—1
4

SnL(pig) < (3.2.44)

So far, we have discussed the relationship between Sy (p55 ) and M(p5%) when M (p$) >
1. But what, if M(pgy) < 1? Let us now discuss this case in the form of another result

that can be stated as:
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Result 3.2.3. If we suppose that the two-qubit entangled state p§’; satisfies the CHSH inequal-
ity i.e., M (pj’g ) < 1, and further, if it is not detected by the witness operator Wy sy, then the

relation between Syz (p4% ) and M(pgy ) is given by

M(pfg)—1

. )+ (1—q)K (3.2.45)

0 < Snr(pig) < gl

TrWensupsh (p5s) 8]
4N(pi)

where K = and g satisfy the inequality

0< 4K

<
= Mg + 4K

Proof: If the two-qubit entangled state p{4 is not detected by the witness operator Wepsy

(3.2.46)

then P < 43'1' Thus, the strength of the non-locality S%iw(pg’g) of p{s may be defined by
(3.2.29). Therefore recalling (3.2.29), we get

3
Svilps) = a(P" =)+ (1-gK
enf\
< oYM =Ly gk (3:247)

4

In the second line, we have used inequality (3.2.35). Since the inequality (3.2.47) gives the

upper bound of Syz(pg4) in terms of M(p$%), so it may happen that the value of Syz(p5%)

may be negative also, which is not acceptable. Thus, to make it positive, we have to put some
restrictions on g. Therefore, We can choose q in such a way that the inequality (3.2.30) holds.

ent

The inequality (3.2.30) may be re-expressed in terms of M(p{y) as

4K
0<g< 3.2.48
=S Mg + 4K (3249
Hence Proved. |

Further, employing the condition M(p{}) < 1 again, it can be easily shown that the
inequality (3.2.47) reduces to

SN (P4 < (1 —q)K (3.2.49)

Hence, we have shown here that we are capable of detecting the non-locality of p{

even if M(ps%) < 1, for some entangled state p{’.
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3.3 Strength of the non-locality of two-qubit entangled sys-

tem determined by optimal witness operator

In Section 3.2, we found that there may exist a shared entangled state p{s which
is not detected by witness operator Weysy, and as a consequence, the maximum
probability P"* of winning the game played between two distant players with p{%
must be less than or equal to %. But just by merely observing this fact, we cannot
say that the strength of the non-locality of the state p{¥ is zero as there exist other
witness operators that may detect it. But the problem is that there does not exist
any general relationship between P"* and any witness operator W¢ different from
Wensa- Thus, in this perspective, we can ask the following question: for any two-
qubit entangled state p{% shared between two distant players playing the XOR game
and if, Tr(Weusupsy) > 0 and Tr(Wep{y) < 0, then can we measure the strength of
the non-locality of two-qubit entangled state p$%? We investigate this question for
a particular case, W* = W' and W denotes the optimal witness operator. The
reason behind this choice is that the optimal witness operator detects the maximum

number of entangled states.

3.3.1 Derivation of witness operator inequality

In this subsection, we start with the derivation of witness operator inequality using
Bell-CHSH inequality. To achieve this inequality, we may consider the optimal witness
operator as WP = (|y)ap(y])’®, where |y)ap = %(\Om +111)) and Tp denote the par-
tial transposition with respect to subsystem B. In the second step, we establish a
relationship between the optimal witness operator W7 and the CHSH witness opera-
tor Wensw, and then we derive the lower and upper bound of W, oy + W2 o + Wi g
when the optimal witness operator W/ detects the entangled state p{7.

To start with, let us consider W that may be expressed in terms of the Bell operators
Byy, By, and By, as [227]

1 1

The expectation value of W' with respect to the two-qubit density operator p% is

given by
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1 1
TrV i) = 31 3 (Bl + (B + (Brgy)

Recalling (3.2.6) and adding the expression of P7** for different i & j, we get
ij

Lij=xyz(Bij)pen

3
Yy Pie=4 7 (332)
e 2 8
2]

Using (3.3.1), we can re-express (3.3.2) in terms of the expectation value of W7 with

respect to the state p$% as

3 1
PR+ P4 P = = — 4 2T WP g (33.3)

2 22

We should note an important fact that the expectation value of CHSH witness operator
Wensn is positive i.e., (Wepsy) > 0 when (Begsy) lying in the subinterval [—24/2,0],
while it is positive or negative according to (Bcusu) € (0,2] or (Beusu) € (2,2v/2]. Since
we assume that the state p{7 satisfies the Bell’s inequality in every setting, so we
consider —2 < (Bij>p§,g <2, i,j=x,y,z; i # j. Thus, using (3.2.6) in the interval [-2,2],

we get
max 3 L . .
SP SZ; Vl,J:xJ,Z & l7é] (334)
Therefore, using (3.3.4) in (3.3.3) and after simplifying it, we get
—0.28033 < Tr[W' p&t] < 0.78033 (3.3.5)

Since the inequality (3.3.5) is derived using the Bell-CHSH inequality, and it involves
the expectation value of the witness operator, so it may be termed as witness operator
inequality. This inequality clearly shows that there exists a witness operator such as
WeP' that may detect the entangled state p£;, which may not be identified by the Bell
operator B;; (i,j=x,y,z; i # j). The existence of the subinterval [-0.28033,0] of the
witness operator inequality indicates the fact that we may have entangled states p{%
that can be detected by W/, although it satisfies the Bell-CHSH inequality.

Now we are in a position to derive the lower and upper bound of W, ¢, + Wk o +
W sy~ To derive the required lower and upper bound, we are exploiting the subinter-

val [—0.28033,0], where W7 detects the entangled state p{%. We should note here a
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crucial point that the state p¢% is not detected by any of the operators Wy, ¢, Wi o,

yz
and Wz -

Result 3.3.1. If pe”’ denotes an entangled state which is not detected by WCHSH, WgHSH, and

W&y sp» and WOP' is an optimal witness operator such that 7r[W°P p{%] € [—0.28033,0], then
8.82843 < (W) pe -+ (Wekysag) pere -+ (Wikkyspy) penr < 11,9997 (3.3.6)

Proof: To start the derivation of the bounds, let us first express the expectation value of W27

in terms of the expectation value of Wzy; ¢y, W5 oy and W2y, . It is given by

TrWwpiE] = Z[1+5—75((By)
1 1
= Z[l + 2_\/5(6 - <Wé€1yLISH>PX'1§’ - <ngz'-ISH>Pf§'§ - <Wg§JSH>PX’§)] (3.3.7)

Considering the witness operator inequality in the negative subinterval, i.e. when Tr[W°P' p{i] €

[—0.2803,0], (3.3.7) reduces to the inequality

8.82843 < (Wysp) pen + (Wikysar e + (Wekyspp) pe < 11,9997 m

Thus, the witness operator inequality (3.3.6) in the negative region gives the lower
and upper bound of (W) per + (Wepsa)
0, (Wense) per = 05 (Wggp) pens > 0.

To illustrate our Result 3.3.1, let us consider the state described by the density oper-

ator pf(jg)

PX'};’+<W5‘C§-ISH> ent, prOV|ded < CHSH> ent >

1
p) = 100101 ©1+0.002/© 63~ 0.76, © 01 ~ 0.7, 6, ~ 0.6703 © 03] (33.8)

We find that the state pfj,) is an entangled state, but it satisfies the Bell-CHSH inequal-

ity in different settings as (B,,) ) =—1.9799, (By;) 3y =—1.93747, (By;) 3 =—1.93747.
Pag Pag Pag

Further, we find that the state p/%) is not detected by the CHSH witness operator as

(WCHSH>p =3.9799 > 0, <Wg;,SH>p =3.93747 >0 and <ng,sﬂ)p(g) =3.93747 > 0.

Let us now probe whether the state pf‘B) is detected by W' or not. To investigate this,

let us calculate the expectation value of W with respect to the state pfj,) as

opt 3 _ 1 1
TriW p 5] 4[1 + 2\/5(<Bxy>pg + <BXZ>P§? + <Byz>pg)]

= —0.2675 (3.3.9)
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Therefore, Tr[WOpr(3)] satisfies the witness operator inequality, and thus, one can

easily verify that ( CHSH>p< ) +<Wg;SH>p<3> +<WCHSH>p = 11.85484 satisfy the inequal-
AB

ity (3.3.6).

3.3.2 Upper bound for the strength of non-locality of two-qubit entan-

gled system detected by optimal witness operator

In this subsection, we first derive the inequality that provides the upper bound of the
maximum probability of winning in terms of the expectation value of W7, By doing
this, we can establish the connection between the maximum probability of winning and
the expectation value of WP, This connection enables us to estimate the strength of
the non-locality of an entangled state which is undetected by Weysy but detected by
wert The following result educates us about the question that we have in the starting

paragraph of this section.

Result 3.3.2. If the quantum state p§’ satisfies the Bell-CHSH inequality in xy—, yz— and zx—
setting i.e. if —2 < (B;;), am < 2, Vi,j=x,y,z; i # j, and if the state p{y may be identified
as an entangled state by the witness operator W°P' given in (3.3.1), then the strength of the

non-locality of p{% may be estimated by the inequality

3
Snu(piy) < 5 2\/_+\/_Tr[W”ptpj’g (3.3.10)

Proof: Without any loss of generality, we can assume max{ Py, P;**, P/} = P{i**. Then

we can have the following inequality
Py < Py + PR + P (3.3.11)

Recalling the expression given in (3.3.3) and using (3.3.11), we get

3 1
Pmax<__ T Wopt ent
) 2\/§+\/_ rl Pip]
3 3
P < U=->——+ Tr[WepPt pént 3.12
g sU=3 2ﬁ+fr[ Pl (33.12)

[
Our task is now to check whether the upper bound of P* —% is positive when wWe?!
detects the entangled state p$%. We have to check this because it may indicate the

fact that there is a possibility of detecting non-locality via W°?'. The truthfulness of the



90

above statement is given in Table 3.1:

We are now in a position to estimate the non-locality of the entangled state described

S-No. [ TrW*P'pgi] [ U =3 — 505 +V2TrW pgy]

1 0 0.39645

2 -0.05 0.325736
3 -0.10 0.255025
4 0.15 0.184315
5 0.20 0.113604
6 0.25 0.0428932
7 -0.28033 0.0001

Table 3.1: The table provides the different values of U = % - 2\% +V2Tr[WOP pént], which is

the upper bound of Syz (pg) when Tr[WeP'pdi] € [—0.28033,0]

by the density operator pg;. Therefore, using the definition of the strength of the non-
locality 52 (p<™) given in (3.2.8), the inequality (3.3.12) reduces to

3 1
Sy (psa) < W +V2Tr[WoP p§i] (3.3.13)
Similarly, if we assume either max{P5*, P*, P} = P or max{Py™, P, P2} =

Py then, we obtain the same result. Since the upper bound of the strength of the
non-locality does not depend on any particular setting, so the inequality (3.3.13) may
be re-expressed as

3 1

Snr(pSH) < = — —— +V2Tr[WoP psnt 3.3.14
NL(PAB) < 4 2 [ Pas] ( )

Hence the theorem is proved.

To illustrate our result, let us consider the state described by the density operator p,,

which is given by

1za 0 0  0.0005
0 S_g  —0.251 0 1 13
6
Pn = ,—<a< — (3.3.15)
0 —0.251 a 0 10 20
0.0005 0 0 a

Applying the partial transposition criterion, we can say that the state p, is an entangled
state. The state satisfies the Bell-CHSH inequality, as we find that (B,,),, = —1.41987,
(Byz)p, = —1.65416, and (B,;),, = —1.65133. But, the state p, is detected by W°/ as
Tr[WP'p,] = —0.167667 < 0. Although the state p, satisfies the Bell-CHSH inequality
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in different settings, but it is detected by W°?'. Thus, we can use our Result 3.3.2, for

the estimation of the non-locality of p, and the strength of the non-locality is given by

Sni(pn) < 0.15933 (3.3.16)

3.4 Expression for the strength of the non-locality of two-
qubit entangled state in terms of measurement parame-

ter and state parameter

Theorem 3.4.1. If Alice (A) and Bob (B) share any arbitrary two-qubit entangled state de-

scribed by the density operator p§4 given in (1.5.5), and if the maximized winning probability

P"MX gatisfies P < % then

Al =)+ 40 )]
+ el w” - ")+ 4" w" )
+ o — i) 240 (s + ) < 2. (34.1)

where A} € R? and pf € R? (i=0,1;j = 1,2) denote the real parameter of the Bell operator,

which satisfies
M2+ W2+ A =1, ()P + )P+ @) =1, i=01 (342
Proof:- Let us start with the Bell-CHSH operator Bcysy, which is given by
Bcersn = Ao ®By—Ao®B1+A1 ®Bo+A1 ®B)
The witness operator Weg sy can be constructed from the Bell-CHSH operator as
Wensy =21 Q1 —Ao@Bo+Ao®B1 —A1 ®By—A1 ® By (3.4.3)

where the Hermitian operators Ag, A, Bg, B; can be expressed in terms of the Pauli matrices

Oi, I =X,y,zas

Ay = Mo+AMoy+Ao;, A=A o+Mo,+Mc;
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B _ 0 0 0 _ 1 1 1
0 = M{Ox+ UyOy+ U30;, By = U] Ox+ U, Oy + U3 0; (3.4.4)

Recalling the two-qubit state p{i given in (1.5.5), and then let us calculate the expectation

value of Wepsy with respect to the state p§%. The expectation value is given by

1
TriWensnpip] =2 = 41 Y. ci{Tr(Avc;)Tr((Bo—B1)o;] +Tr(Ai0;)Tr|(Bo +B1)o;]}]
J=EY2
(3.4.5)

Using (3.4.4) in (3.4.5), we get

TriWensupy) = 2= {1 = ")+ 400 (0 + 1) + A0 (W - 1)
+ A ) 0w ) A0 (i G46)

From Result 3.2.1, it is clear that P4 < %, only when TrWepsupsy| > 0. Therefore,

TriWensupg] >0 = A 2@ — 1)+ 20w + 1))

(" — ")+ 257 " + ")
A (1" = i) + 0 W + i <2 34

Corollary 3.4.1. If the following inequality is satisfied by any two-qubit arbitrary entangled

state Py,

el (= )+ 24l )+ e (- )
+ 200+ 0w - i) AW ) > 2 G4

and the state is detected by Wegsy, then P& > %.

Proof: This corollary follows from Result 3.2.1. |

Now we are in a position to measure the strength of the non-locality of any general
two-qubit entangled state. The expression of the strength of the non-locality can be
expressed in terms of the measurement parameters and state parameters, and it is

given in the result below:

Result 3.4.1. If any arbitrary two-qubit state described by the density operator p{y given in

(1.5.5) represents an entangled state, which is detected by the witness operator Weg sy then its
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non-locality can be determined using the following formula

éen. 1
Sve(esy) = gla@” (= m") A0 " + )
2l (1" = 1") + 2 " +15)
e (237 (1" = ")+ 237 (1 + ) ~ 2] (3.4.9)
Proof: Substituting (3.4.6) in (3.2.14), we get the desired result. |

3.5 Applications

In this section, we will discuss two applications of the introduced quantity Syz(p5%)
such as (i) application of Syz(p5%) in the determination of the genuine non-locality of
two particular classes of three-qubit GHZ state and W state, and (ii) application of
Sne(psy) in finding the upper limit of the power of the controller in controlled quantum

teleportation.

3.5.1 Linkage between the strength of the non-locality of two-qubit en-
tangled state and the expectation value of the Svetlichny operator

with respect to a pure three-qubit state

In this section, we give a brief discussion about the non-locality of the three-qubit
state, and then we establish a relationship between the two-qubit non-locality with the
non-locality of the pure three-qubit state. We measure the strength of the two-qubit
non-locality by Syz, and the pure three-qubit non-locality is measured by the expecta-
tion value of the Svetlichny operator.

Let us consider a tripartite system describing a pure three-qubit state. In a three-qubit
state, there may exist different types of correlation. The correlation may exist ei-
ther between two subsystems only or between all three subsystem. The correlations
are genuinely tripartite non-local if the correlations cannot be simulated by a hybrid
(non-local)-local ensemble of a three-qubit system. Here, a hybrid (non-local)-local
ensemble of a three-qubit system means that any two subsystems are non-locally
correlated but it is locally correlated, with the third subsystem. The genuine tripar-

tite non-local correlation exists in the three-qubit state pspc that may be detected by
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Svetlichny inequality, which can be read as [86]

|(Sv) pasc| <4 (3.5.1)
where S, denotes the Svetlichny operator, which may be defined as

S, = @.61®0[b.6,®(@+c).G3+b.6:®(E—').G3)
+ d.610[b.6,®(@—).6y—b.6®([CT+).6) (35.2)
Here d,d, b,b', and &,¢ are the unit vectors and &; = (¢¥,0”,67) denote the spin
projection operators.
The expectation value of the Svetlichny operator with respect to the three-qubit state

pagc 1S given by [228,229]

—

(Spwe = Maxyz 5 ([@.61©b.6,—d .6 @ b6 M(E+C).G

.01 ® /.62+5/.61®B.62]TM(E—5/).63) (3.5.3)

where M = (M, ;) represents a matrix with the entries M;;x = Tr(o; ® 6; ® 0y), i, j,k =
1,2,3.

If any three-qubit state p4pc violates the inequality (3.5.1) then papc can be considered
as a genuine tripartite non-local state. M. Li et. al. [228] derived the upper bound of
the expectation value of the Svetlichny operator S, with respect to any three-qubit

state and it is given by

[(Sv)panc| < 41t (3.5.4)

where u; denotes the maximum singular value of the matrix M.

To
do this, let us first consider a canonical form of a pure three-qubit state, which is given
by [230]

We are now in a position to establish a relationship between Sy;(pag) and (Sy) p, -

|‘I/>ABC = ).0|000>ABC—|—lleie‘100>A3c+ﬂ«2|101>ABC+ﬂ,3’110>,43c+ﬂ‘4’111>,43c (3.5.5)

where Y} (A2 =1,0< 14 <1and0< 6 < 7.
To achieve the required relation, we take into account the two-qubit state described

by the density operator psp, Whose purification is the three-qubit state |y)apc [231].
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The state pap is given by

ﬂ,g 0 oA e’ Aoz
0 0 0 0 (3.5.6)
pPaB = , : -
? AoM e 0 7(«12 + )\«22 M /136_l6 + A4

AoA3 0 A )L36i6 + A4 7L32 + 7[,4%

We can make an observation that it is not very easy to obtain the analytical rela-
tionship between the expectation value of the Svetlichny operator with respect to the
pure three-qubit state |w)apc, and the strength of the non-locality of two-qubit mixed
state pap by keeping all the parameters. Thus to obtain the required relationship, we
consider a few particular types of three-qubit states.

3.5.1.1 A family of pure three-qubit states: GHZ class
Let us consider a pure three-qubit state, which can be expressed as

1 . T
W/MS)ABC = E(moo)/wc+cos9|110)A3c+sm9|111>ABC), 0<0< > (3.5.7)

It is known as the maximal slice (MS) state [87]. The inherent symmetries of the MS
state make it very useful for quantum communication purposes [167]. The expectation

value of Svetlichny operator S, with respect to the state |y"5),5¢ is given by [87]
(S) sy, e = 4V2—Cos?6 (3.5.8)

Using (3.5.6), we can obtain the two-qubit state described by the density operator
pMs, whose purification is the state |y™5) 45c. The state pi% is given by

cos®

Q
)
>

pMs = (3.5.9)

[«>RN ST
o O O O

cosB
2

= O O N

The negativity of the state pi% is given by

1+ cos20
N(pi) = ‘/T (3.5.10)

Consider the Bell-CHSH witness operator W, ¢, (i, j = x,y,z:i # j) in xy—, yz— and
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zx— plane to detect the state pS. The witness operator W/, ., is given by
Welysy =21 —Bij, iyj = x,y,2:i # j (3.5.11)

where B;; = v2[c;®0;+0,® 0], i,j=x,y,zand i # j.
Let us now discuss different cases by considering the witness operator in different

two-dimensional planes.

Case I: xy— plane.

The witness operator defined in this plane is given by

Werss = 21 — V2[0,® 0, + 0, ® 6y (3.5.12)
The expectation value of W3}, With respect to the state pi% is given by

TrWS Pt =2> 0. 6 € (0, g) (3.5.13)

The witness operator W5, does not detect the state p4% for any value of 6 € (0,%).
Therefore, the strength of the non-locality of p%gs can be obtained as

3
SnL(pAB) = 4-(Py™ =) +(1-q) K (35.14)

r[WéiISH ~P%;S~ (p,%S)TB]
4.N(pMs)

Using these values, we can get the expression for the strength of the non-locality of

3 1

where K = © = 4(,;59 and ¢ < (0.5,1]. Further, we have P, — 1=—1

MS
Pap @S

1—¢g(1-+cos6
Snz(pMS) = qicos@ ) 4<(05.1] (3.5.15)

In particular, considering ¢ = 0.3, the expression for Sy, (p4%') given in (3.5.15) reduces

to

0.7—0.3cos6 T
Sni(piS) = T deog 0 0<0<3 (3.5.16)

As 6 varies from 0 to %, Syz(p)%) € (0.1,1.2].

Using (3.5.8) and (3.5.16), we obtain a relation between Sy, (py3') and (S,) yus,,,. as

49 1
So) sy, =4y |2 — : L0l <Syr(p)y <12 (3.5.17)
( v>|llf )ABC \/ 1600 (SNL((p%S>+%)2 AB
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and the values of (S,)|,us) . with respect to Sy (43 ) in xy-plane are shown in Figure
3.2.

56

5.4,

<SV)|¢ABC}

5.2+

5.0+

48F 02 0.4 0.6 0.8 1.0 1.2
SNL(P }

Figure 3.2: The graph depicts the relationship between (S)yms), . and Sni(pMS). Tt is clear

from the graph that for Syz(p4%) belongs to (0.1,1.2] when g is taken as 0.3, (Sv) yhs) - 18
always greater than 4, i.e., S, inequality is violated.

Case Il: yz— plane.
The witness operator defined in yz plane is given by

Wi =21 —V2[0,® 0, + 0, ® 0] (3.5.18)
The expectation value of W}, with respect to the state p}} MS is given by
T
Tr{WesuPis) =2—V2+v2c0s6 > 0,7 6 € (0,7) (3.5.19)

In this case also, the witness operator W5, ,, does not detect the state pi% for any
value of 6 € (0,7).
Therefore, the strength of the non-locality of py% MS can be obtained as

3) +(1—-¢q).K (3.5.20)

SnL(pAs) = q. (P, — i

where K = TWeus- ’ZIA;B ()”ABS)T} 2-v/20v2¢030 and g < (0.5, 1) for 6 € (0, %). Further, we
AB

have P, — 3 = _M_ Using these values, we can get the expression for the
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strength of the non-locality of pi% as

S Msy  2— 2\/_sm — gq(4cos? g—ﬁSinZO))
we(Pas) = 8cosO

(3.5.21)

In particular, considering ¢ = 0.001, the expression for Sy.(pi) given in (3.5.21) re-
duces to

2 —/2++/2cos0 2 — 2+ 2cos6

) (3.5.22)

As 6 € (03], Snr(pi) € (0.25,0.7].

Using (3.5.8) and (3.5.22), we obtain a relation between Sy.(py3’) and (S,) s, . as

(8Sy—1.41221)++/(8Sy.—1.41221)240.00330521

where u = — 0007 . The values of (S,)ymsy,,. with re-

spect to Syz(pi%) in yz-plane are shown in Figure 3.3.

q = 0.001
56|
5.4|
S
( )|‘|JABC)
52|
5.0
0.3 0.4 0.5 0.6 0.7

SNL(P )

Figure 3.3: The graph depicts the relationship between (Sy) s, . and Sni(pMS). Tt is clear

from the graph that for Syz(pAL) belongs to (0.25,0.7] when g is taken as 0.001, ( Sv) |ys)
is always greater than 4, i.e., S, inequality is violated.

ABC

Case lll: zx— plane: In a similar fashion, we can obtain the relationship between

(SV>WM5>ABC and SNL(pAB ) when the witness operator Wegsy defined in zx— plane.
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3.5.1.2 A family of pure three-qubit states: W-class of Type-I

Let us consider a family of pure three-qubit states, which can be expressed in the form

as

lW1)ac = A0]000) apc +0.3]101) apc +1/0.91 — A2[110) a5c, Ao € [0,0.953939]

The state |y;)apc belongs to the W— class of states. Let us consider a two-qubit
state described by the density operator p},’;> which when purified, gives rise to the

three-qubit pure state |y;)apc. The two-qubit state pff;) is given by [231]

A8 0 0 294/091-22

1) 0 0 0 0
piy) = , A0 €[0,0.953939]  (3.5.23)

0 0 0.09 0

201/091—22 0 0 0.91 -2

In this interval of Ay, the state pf";) is an entangled state, but it is not detected by the
CHSH witness operators W2, and W23, ... The entangled state p\3 is only detected
by the CHSH witness operator W7, ;.

In the xz— plane, the expectation value of CHSH witness operator W, ¢, with respect

to the state pf"l;) is given by

TrWE, o, p\0)] = 0.840345 — 2.82843291/0.91 — A2 < 0, Ao € [0.335,0.85] (3.5.24)

where W, .., =21 — B, and By, = V2[0, ® 0, + 0, ® 0.
Therefore, in this case, the non-locality of the two-qubit state pf\’;) can be calculated
via the formula

X (1)
1 TrWehsuPap )
SNL(PXB)) _ CHSSH AB

—(0.840345 —2.828439,/0.91 — A3)

_ . Ao €[0.335,0.85] (3.5.25)

It can be easily found that the value of SNL(pX;)) lies in the interval [0,0.06] when
Ao € [0.335,0.85].
The expression (3.5.25) can be re-expressed as
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2 _
lg _ 091+ \/(20.91) k (3.5.26)

(1)
8S, 0.840305
where k = [$5LlPgp ) 10840305,

Now, our task is to calculate the expectation value of the Svetlichny operator with
respect to the state |y1)apc. To accomplish this task, firstly, we need to calculate the

matrix M, [228], which is given by

00 a 00 O O0O0 ¢
Mi=]10 0000 —a 00 O (3.5.27)
00b 00 O OO 082

where a =221/0.91 —A2,b = —0.61/0.91 —AZ and c=0.6.

The maximum singular value of M; is given by

= 0.707107\/1 +3.64A3 —4AF + \/1 —7.28A¢ +21.2496AF —29.12A8 + 16A$(3.5.28)

Using the result (3.5.4) and (3.5.28), we get

(Sv>p(1> < 4(0.707107\/1 +3.6422 —4A¢ + V) (3.5.29)

ABC

where p\h. = [Wi)asc(wi| and J = 1 —7.2822 +21.2496A¢ —29.12A8 + 1613

When the state parameter A is given by (3.5.26), then the relation between ](Sv)p<1> |
ABC

and SNL(plg’;)) may be written as

[(Su(Pype))] < 4(0.707107\/ 1+3.64A3 — 423 + V) (3.5.30)

One can now easily verify that the pure three-qubit state |y;) ¢ satisfies the Svetlichny

inequality when Sy, (p3)) € [0,0.06].
3.5.1.3 A family of pure three-qubit states: W-class of Type-II

Consider a family of pure three-qubit state

|v2)aBc = A|000) 4pc +0.7|100) spc +1/0.51 — )Lg“u»ABC; Ao € [0.1,0.7]
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The state |y»)apc belongs to W- class of states. The two-qubit state p/gt;) can be

purified to |y»2)apc. The density matrix pf"é) is given by [231]

A2 0 074 Aos
0 0 0 0
p\2) = , 20 €[0.1,0.7] (3.5.31)
074 O 0.49 0.7s
Aos 0 0.7s s

where s = 1/0.51 —A3. In the given interval of 4, the state pf(f;) is an entangled
state, but it is not detected by any of the CHSH witness operators W,;¢,, Wej sy, @nd
Wiy Therefore, we can proceed with any one of the CHSH witness operators. Let
us choose the witness operator Wzy,¢,;. In the xy— plane, the expectation value of
CHSH witness operator W, ¢, With respect to the state pf(f;) is given by

TrWS P\ =2 >0, 2 €[0.1,0.7] (3.5.32)

where W, ¢, =21 — By, and B, = V20, ® 0, + 0, ® 0.

Therefore, in this case, the non-locality of a two-qubit entangled state pf(";) can be

calculated as

3
SNL = Q(Rxnﬁx—z)ﬂL(l—Q)k (3.5.33)

where k =2 —2.04A3 + 4§ — 1.38593291/0.51 — A2 and Py = 3.
The parameter ¢ satisfies the inequality

q < [0.73,1] (3.5.34)

Considering g = 0.6, the strength of the non-locality of pff;) is given by
1+2A —K

A04/51 — 10043

where K = [1.02A2 +0.15491/51 — 10043 4+ 0.69296529,/0.51 — AZ].
It can be easily seen that the value of SNL(pf";)) €10.1219,1.18077] for Ay € [0.1,0.7].

Swr(pl2)) = (3.5.35)
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For the state |y»)apc, the matrix M, is given by [228]

0 ag 0 O 0 b 0 O
My=10 0 0 0 0O —a 0 b O (3.5.36)
ct 0 00 —¢g 0 0 01

where a; =240,/0.51 — A3,by = —1.4,/0.51 — A¢ and ¢; = 1.4,

The maximum singular value of M, is given by

o =1/1+3.922 (3.5.37)

Using the result (3.5.4) and (3.5.37), we get

(Sv)pg)c <44/1+3.92A2 (3.5.38)

where pi7 = [y2)asc(val.
The relation between \(Sv>p(2> | and SNL(p/(é)) may be given by
ABC

33.1546
ABC SNL(pAB )

One can now find that the pure three-qubit state |y»)apc violates the Svetlichny in-

equality, when Sy, (p\"2)) € [0.1219,1.18077].

3.5.2 Upper bound of the power of the controller in controlled quantum

teleportation in terms of Sy,

Controlled quantum teleportation [137] is a variant of quantum teleportation protocol
[20], where a party controls the fidelity of the quantum teleportation. To explain the
controlled quantum teleportation, let us consider a three-qubit state described by the
density operator pcag, Which is shared between three distant parties Alice, Bob, and
Charlie. Alice and Bob possess the qubit A and B, while the qubit C is with Charlie.
In the controlled quantum teleportation, Charlie performs measurement on his qubit
C, and as a result, Alice and Bob share a two-qubit state described by the density
operator psp. Alice and Bob then use the state psp as a resource state to teleport a

qubit. The state psp contains Charlie’s measurement parameter, and this parameter is
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also visible in the expression of the fidelity of teleportation. Thus, Charlie may control
the teleportation fidelity by choosing the measurement parameter, and hence he may
act as a controller in the teleportation protocol. To quantify Charlie’s strength, one
may define the power of the controller. To study the controller’s power in controlled
teleportation, we need to consider the two quantities: (i) Conditioned fidelity denoted
by fc, which is assumed to be greater than % and (ii) Non-conditioned fidelity denoted
by fyc, which is assumed to be less than % Therefore, the power denoted by P may
be defined as [167,169, 170]

P = fc—fnc (3.5.39)

In this section, we will show that the controller’s power in the controlled quantum tele-
portation is upper bounded by the quantity M(pap) and hence the quantity Syz.(pas)-

To obtain the required results, we need to state two lemmas which are given below:

Lemma 3.5.1. If 7 denotes the tangle of the three-qubit pure state described by the density
matrix pcap and N(p4p) denotes the negativity of the two-qubit state pag = Trc(pcas), then

the conditioned fidelity fc is given by

\/r+ (V2y/N?(pas) +N(pag) — N(pag))?

2 < fc < 2 + (3.5.40)
3 °7¢=3 3 .
Proof: The conditioned fidelity fc is given by [47]
2471 2 T+ (C 2
fo= 2 Tn _ 2HVTH(C(Pas)) (3.5.41)
3 3
where Typ denotes the partial tangle and it can be expressed in terms of T as Tap = /T + (C(pag))?

[47].
Verstraete et. al. [232] proved that the lower bound of the negativity (N(pap)) of any two-qubit

state pap can be expressed as a function of the concurrence C(p4p), and it is given by

N(pap) > \/(1 —(C(pas))* +(C(pap))* — 1 +C(pas) (3.5.42)

Simplifying (3.5.42) and writing C(pap) in terms of N(pap), we get

0 < C(pap) < —N(pas) + \/5\/N2(PAB) +N(pas) (3.5.43)

Using (3.5.43) in (3.5.41), we get the upper bound of f¢ in terms of N(pap). Furthermore,
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from (3.5.41), it is clear that fc > % Hence the lemma. |

Lemma 3.5.2. If pcap denotes the three-qubit pure state, then the non-conditioned fidelity fyc

is given by [127]

3+M(pag)

6 (3.5.44)

fnc >

where pap = Tre(pcap) is the two-qubit mixed state shared between two distant parties as a

resource state to execute the teleportation protocol. |

Result 3.5.1. If 7 denotes the tangle of a three-qubit pure state described by the density matrix
pcap and if P denotes the power of the controller in controlled teleportation, then the upper

bound of the power is given by

P (1 —1\/16(pAB))Jr \/T+ (ﬁ\/NZ(PAB);’N(PAB) —N(pag))?

(3.5.45)

Proof: The power P of the controller can be re-written as

P = fc—fnc (3.5.46)

Using Lemma 3.5.1 and Lemma 3.5.2, the power P given in (3.5.46) reduces to the following

inequality
, - (§ . N (ﬂ\/Nz(pAB);—N(pAB) ~N(pan))? 3 +M6<pAB>))
2 _ 2
((1—M6(PAB))+ \/TJF(\/E\/N (PAB)3+N(PAB) N(pag)) ) (3547

n
Since it is assumed that fc > % and fyc < % so the power P of the controller cannot

be negative [167,170]. Thus, we may note the following:

Note 1: If the two-qubit reduced state psp does not violate the CHSH inequality, then
M(pag) < 1, and thus the non-conditioned fidelity fyc will be less than % Hence, the

power P is always positive.

Note 2: If the two-qubit reduced state psp does violate the CHSH inequality, then
M(pap) > 1 and, in this case, the non-conditioned fidelity fyc > % Thus there may

be a chance to get the negative power, which is not acceptable. But if we impose
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restriction on M(pag), then we can make the power positive. Hence, the power P is

positive, only when the following conditions hold

1< M(pag) <1+2VL (3.5.48)

where L=+ (v/21/N?(pas) + N(pas) — N(pas))*.
Result 3.5.2. If the reduced entangled state psp violates the CHSH inequality and is detected
by the witness operator Wy sy then the connection between the non-locality of p4p determined
by Syr(pap) and the three-qubit tangle 7 is given by

1+2VL—1

Snr(pag) < 1 (3.5.49)

Now we are in a position to express the controller's power in terms of Syz.(pas)-

Result 3.5.3. Let us consider a three-qubit state pcap shared between three parties, Alice, Bob,
and Charlie. If the reduced entangled state pag = Trc(pcap) violates the CHSH inequality and
is detected by the witness operator Wepysy, then the controller’s power P can be determined by

Sni(pas), which is given by the following inequality

1 4
P < g — g(SNL(pAB)(l —I—ZSNL(pAB)) (3.5.50)

Proof: Recalling and re-write (3.5.47) as

L 1-M
pe Vb, 1=Mpw)

S.51
3 6 (3.5.51)

where L = T+ (v/2v/N2(pag) + N(pas) —N(pag))?, T and N(pap) denotes tangle of the three-
qubit pure state and negativity of the reduced two-qubit state respectively.
Further, since Syz(pag) > 0 so, the upper limit of Syz(pap) given in (3.5.49) must be positive.
Therefore, the expression #\ﬁ—l in the R.H.S of (3.5.49) reduces to

14+2vVL—1 1

>0 — L<- 3.5.52
4 = <3 (3.5.52)

Simplifying (3.2.43), we get

1 —M(pag) - _ 4SnL(pas)(2SnL(pas) +1)

3.5.53
6 3 ( )

Using (3.5.52) and (3.5.53) in the inequality (3.5.51), we get the required result.
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3.6 Conclusion

To summarize, we have considered the problem of detection of non-locality of a given
two-qubit state. It is now an accepted fact that non-locality and entanglement are two
different concepts, and thus if a two-qubit state is entangled, then it is not necessary
that it also depicts the non-local feature. Therefore, one can find many entangled
states in the literature that may satisfy Bell’s inequality. In the context of the detec-
tion of non-local property of a two-qubit entangled state, we consider a Bell game
where the maximum probability P** of winning the game is related to the expectation
value of the Bell operator. We have defined the strength of non-locality Sy, in terms
of P™* and, later on, re-expressed the expression of Sy, in terms of withess oper-
ator. First, we made a connection between the strength of the non-locality and the
CHSH witness operator and then discussed the estimation of the non-locality of the
given entangled state in both cases when (i) the CHSH witness operator detects the
entangled state and (ii) CHSH witness operator does not detect the entangled state.
Also, we construct an inequality that gives the upper bound of the strength of the non-
locality in terms of the expectation value of the optimal witness operator with respect
to the two-qubit entangled state. By doing this, we are able to detect the non-locality in
the given two-qubit entangled state, which was undetected earlier by the Bell-CHSH
operator. Furthermore, we also developed an interconnection between the strength
of the non-locality of the two-qubit state and the expectation value of the Svetlichney
operator with respect to a pure three-qubit state. This link paves the way to study
the non-locality of a pure three-qubit state in terms of the non-locality of a two-qubit
system.

*kkkkkkhkkkkkkkkhkkx



Chapter 4

State dependent bounds of the expectation

value of the Svetlichny Operator

“When you change the way you look at things, the things you look at change.”

- Max Planck

In this chapter!, we study the problem of the detection of the genuine non-locality
of any three-qubit state. It is known that the violation of Svetlichny inequality by any
three-qubit state described by the density operator pagc witness the genuine non-
locality of pagc. Further, it may be noted that the bounds of the Svetlichny inequal-
ity are state independent. However it is not an easy task to show the violation of
Svetlichny inequality as the problem reduces to a complicated optimization problem.
Thus, the detection of genuine non-locality of any three-qubit state may be consid-
ered a challenging task. Therefore, we have taken a different approach and derived
the lower and upper bound of the expectation value of the Svetlichny operator with
respect to any three-qubit state to study this problem. We have cited a few exam-
ples of three-qubit states whose non-locality was neither detected by the Svetlichny
inequality nor by any other method but it is detected by the violation of the bounds ob-
tained here. This is due to the fact that the obtained bounds are state dependent. The
expression of the obtained bounds depends on whether the reduced two-qubit entan-

gled state is detected by the CHSH witness operator or not. It may be expressed in

I'This chapter is based on a published research paper “Detection of the genuine non-locality of any three-qubit
state, Annals of Physics 455, 169400 (2023)".
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terms of the following quantities such as (i) the eigenvalues of the product of the given
three-qubit state and the composite system of single qubit maximally mixed state and
reduced two-qubit state and (ii) the non-locality of reduced two-qubit state. Moreover,

we also discuss its possible implementation in the laboratory.
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4.1 Introduction

The correlation statistics between the subsystems obtained after performing a local
measurement on the entangled system [1, 3] may be incompatible with the princi-
ple of local realism. Since Bell’s inequality [17] has been derived using the princi-
ple of local realism so the generated correlation may violate Bell’s inequality. This
type of correlation may be called a non-local correlation [110,233,234]. The gener-
alized form of Bell's inequality that may be realizable in an experiment was given by
Clauser et. al. [48] and it is popularly known as Bell-CHSH inequality. Freedman and
Clauser also have provided strong experimental evidence, using a generalized form
of Bell's inequality, against the existence of local hidden-variable theories [49]. B. S.
Cirelson [235] proved that quantum mechanics allow up to 2v/2 as an upper bound of
generalized Bell's inequality. The upper bound of 21/2 has been achieved by the two-
qubit maximally entangled state. In 1982, A. Aspect et. al. [50] showed that maximum
violation of generalized Bell's inequality can be achieved in an experiment. Later,
Horodecki et. al. [97] also studied the problem of non-locality for two-qubit states and
provided a criterion to check the non-locality of psp in terms of the quantity M(pap)
which is given by (1.8.1). The criterion states that any two-qubit state violates Bell's
inequality if and only if M(pap) > 1.

The study of the non-locality of the multipartite system is a difficult problem but in
spite of that, some progress has been achieved. In particular, the non-locality of the
three-qubit system is relatively easier to handle. Non-locality of a three-qubit state
can be tested by various inequalities such as Svetlichny inequality [86], Mermin in-
equality [62], and logical inequality based on GHZ type event probabilities [236]. The
experimental verification of the non-locality of the three-qubit GHZ state is reported
in [237]. The non-locality of a three-qubit pure symmetric state has been explored
in [238]. The standard non-locality and genuine non-locality of GHZ symmetric state
have been studied in [239].

Mermin inequality [62] can be violated by not only genuine entangled three-qubit
states but also by biseparable states. Thus, the discrimination of the classes of three-
qubit entangled states is not possible by merely observing the violation of Mermin
inequality. But fortunately, there exists another inequality known as Svetlchny in-
equality [86], a violation of which guarantees the fact that the three-qubit state under
investigation is a genuine entangled state. Therefore, the genuine tripartite non-local
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correlation that may exist in the three-qubit state pspc may be detected by Svetlichny

inequality, which is given by [86]
|[(Sv) panc| < 4 (4.1.1)

where S, denote the Svetlichny operator, which may be defined as

S, = 4.610[b.6,®[@+c).63+b.6,®(E—¢).G3)
+ d.619[b.6,%(@—c).6—b .6 ®([@+).6) 4.1.2)

Here d@,d’; b,b' and &, are the unit vectors and the 6; = (o7, 0;,67) denote the spin
projection operators. It may be noted that the bounds of the inequality (4.1.1) are
state independent. The violation of Svetlichny inequality by three-qubit generalized
GHZ state, maximal slice state, and W class state has been studied in [87,88], and it
has been found that the maximal violation 4/2 may be obtained for GHZ state. The
theoretical result of Ghose et. al. has been demonstrated experimentally in [240].
An operational method to detect the genuine multipartite non-locality for three-qubit
mixed states has been investigated in [228]. Also, the genuine non-locality of three-
qubit pure and mixed states has been extensively studied in [229].

In order to obtain the violation of the Svetlichny inequality, one has to calculate the ex-
pectation of the Svetlichny operator by maximizing overall measurements of spin in the
directions @,d’,b,b',2,¢’. Consequently, the problem of the violation of the Svetlichny
inequality reduces to an optimization problem, which is not a very easy task to solve
for any arbitrary three-qubit state. This motivates us to find a way by which we can
overcome this problem. To achieve our task, we derive the upper and lower bound of
the expectation value of the Svetlichny operator with respect to any three-qubit state.
These newly obtained upper and lower bounds depend on the non-locality of the re-
duced two-qubit state of the three-qubit system and we have shown that this may pave

the way to study the genuine non-locality of any three-qubit state.

4.2 Lower and upper bound of the expectation value of the

Svetlichny operator

In this section, we construct the Hermitian operators to derive a connection between
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the two-qubit non-locality determined by the strength of the non-locality Sy, and the
non-locality of an arbitrary (either pure or mixed) three-qubit state determined by the
Svetlichny operator S,. The construction of the Hermitian operator makes us enable to
derive the lower and upper bound of the expectation value of the Svetlichny operator
with respect to an arbitrary three-qubit state. The derived bound of the expectation
value of the Svetlichny operator provides us with a new way to discriminate the gen-
uine three-qubit entangled state.

To proceed forward, let us consider a three-qubit state (pure or mixed) described

by the density operator pspc and its reduced two-qubit entangled state p;;, i,j =
A,B,C and i # j, which can be related by the following way:

pij = Trilpascl, i,j,k=A,B,C and i # j #k (4.2.1)
The two operators may be constructed as

A;=pSy+ (1 —=p)(L®Wchsh) (4.2.2)
B = papc(b ® pij), i,j =A,B,C, i # j (4.2.3)

where p € [0,1] and Wegsy (= 2l — Begsy) denote the CHSH witness operator. I
denotes the identity matrix of order 2. Now, in the subsequent subsections, we derive
the lower and upper bound of the expectation value of the Svetlichny operator in terms

of two-qubit non-locality determined by Sxz.(p;;)-

4.2.1 Lower bound of the expectation value of Svetlichny operator in

terms of two-qubit non-locality determined by Sy

To derive the lower bound of the expectation value of Svetlichny operator S,, let us
start with the quantity R(Tr[A;B)]). It can be expressed as

R(Tr{ABl) = R(Tr[(pSy+(1—p)(L®Wepsh)) x pasc(l @ pij)])
= pR(Tr[Svpapc(l® pij)]) + (1 — p) X R(Tr[(la @ pijWensn) Pasc))
(4.2.4)

Since (I, ® p;j) and papc is a Hermitian operator, and S,papc and (L @ p;Wensu) are
complex matrices so after applying Result 1.3 on (4.2.4), we get
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R(Tr[Sypasc(l ® pij)]) < Amax(l @ pij)Tr[Svpasc] (4.2.5)

R(Tr[(I ® pijWersh)Pascl) < Trlh @ piiWernst) Amax(PaBc) (4.2.6)

Using (4.2.5) and (4.2.6) in (4.2.4), we obtain

R(Tr[AiB)]) = R(pTr(Sypapc(h®pij)])+ (1 —p) xR(Tr[(l ® p;jWcnsa)Pasc])

< Phnax (b @ pij)Tr(Sypapc) + (1 — p) Admax(Pasc) Tr[l @ piiWersH]
- leax(IZ ® pij) <Sv>pABC + 2(1 - p) Tr[WCHSHpij]/lmax(pABC) (4-2-7)

In the last step, one can easily check that Tr[S,pasc]= Tr[Svpasc), Trih @ pijWensa| =
Tr[L ® pijWensu), and Trih @ p;jWerswa| = 2Tr[WerswPijl-
Again applying LHS of Result 1.2 on Hermitian operator pS, + (1 — p)(I, ® Wegsh)),

and papc(l> ® pij) be any complex matrix and using Tr[S,] =0, we get

R(Tr[(pSy+ (1 — p)(lo® Wenrsn)) pasc (L @ pij)])
> Tr(pSy+ (1 — p) (L @ Wersw)) Amin(Pasc (I ® pij))
= 8(1 — p) Amin(Papc( ® pij)) (4.2.8)

In the second line of (4.2.8), we have used the linearity property of trace and Tr(Weysy ) =
4, where Weysy = 21 — Begsy.- Combining the inequalities (4.2.7) and (4.2.8), we get

[P2max(B2 @ Pij) (Sv) pane +2(1 = p)Tr{Wenst Pijl Amax(Pasc)] = 8(1 — p)Amin(Pasc(l2 @ pij))
(4.2.9)

After simplification, the inequality (4.2.9) can be re-expressed as

8(1 = p) Amin(Pasc( @ pij))  2(1 — p)Tr[Wershpij) Amax(PaBc)
oy s N 4.2.10
Se)pasc Phax(B2 © pi)) Phiax(l2 @ pij) i

Since our aim is to establish the relationship between (S,),,,. and the strength of the
non-locality Syz.(pi;) of two-qubit entangled state p;; so we shall consider two cases in
which we discuss the following: (i) when p;; is detected by the witness operator Wegsy
and (ii) when Wepsy does not detect the state p;;.
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4.2.1.1 When the entangled state p;; is detected by the witness operator Wcy sy

Let us recall the definition (3.2.14) of Syz(pi;) and can be re-expressed for the entan-

gled state p;; as

—Tr[Wensupijl
8

SnL(pij) =
Putting this value of Sy.(p;;) in (4.2.10), we get

8(1 — p) Amin(pasc(l2 @ pij)) N 16(1 — p) Amax(Pasc)Sne(pij)

S > 4.2.11)
< V>pABC Phmax( @ Pij) Phmax(h @ Pij)
4.2.1.2 When Wcysy does not detected the entangled state p;;
In this case, Sy.(p;;) is defined in a different way and it is given by (3.2.29)
3
SNOw(pi;) = r(P" — DT =nK, i, j=ABCi#j (4.2.12)
where P is given in (3.2.6), r and K are given as
K
r<g——— (4.2.13)
Z _ Pmax + K
Tr[Wensnpij(pi} )]
K— CHSHPij\P;; 4.2.14)
4N (pij)

T; represent the partial transposition with respect to the qubit ”;” and N(p;;) denote
the negativity of the two-qubit entangled state p;;.
To derive the lower bound of (S,) for this case, we need a lemma which can be stated

as

Lemma 4.2.1. If an entangled state described by the density operator p;; and the witness

operator Wegsy does not detect it then

Aonin [(P;j VAT r(Wenswpij)

K> _
4 hmax|p;; IN(pij)

, Lj=AB,Ci#j (4.2.15)

where K is given by (4.2.14).
Proof: Let us start with the quantity R(Tr[Wegsypi j(p;j)z]). Applying LHS of Result 1.3 on
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Hermitian operator (p;j)2 and Wepsypij be any complex matrix, we get
T; T; —
R(TrWensupij(i])?1) = Aminl(p;])?] X TriWensupij) (4.2.16)

where, Tr(Wensupij] = TriWersupij-
Again applying RHS of Result 1.3 on Hermitian operator p;j and Wepsy pi jp;j be any com-

plex matrix, the quantity R(Tr[Wcuswpij (p;’ )?]) can also be expressed as

R(Tr [WCHSHPij(Pl?)Z]) < kmax[p,?]Tr[WCHSHpijpi?]
= o/ IN(Pij) K 4.2.17)

Since, Tr[WCHSHpijpg] = Tr[WCHSHpijpi?]. So, in the second line of (4.2.17), we have used
the relation (4.2.14) i.e. Tr[WCHSHpijpl?] =4N(pij)K.
Using (4.2.16), the equation (4.2.17) can be re-expressed as

Amin [(P;j I TrWenstpij]
Bonas [P IN(pif)

K> (4.2.18)

|
Now we are in a position to establish the relationship between SY¢"(p;;) and (S,)p,ue
when the witness operator Wensy does not detect the entangled state p;;.
Using (4.2.15), the expression for the strength of the non-locality SN¢"(p;;) given in
(4.2.12) can be written as

T.
o a3 Tr{WensuPij) Amin[(P;])?]
SN (pi) = (P = e

)+ (1—r) 4 (4.2.19)
4 4maslpi N (i)
The above inequality (4.2.19) may be re-expressed as
4ZSNew ) —r Pmax_§
TrWensupij] < St (i) 1 e )] (4.2.20)
(1- ”)kmin[(Pij )?]
where Z = N(pij) Amasxlp;? -
Using the inequality (4.2.20) in (4.2.10), we get
in I ij
(Sv)panc = 8(1 _p)[)"m (Pacl2 @ piy)) -G 4.2.21)

plmax(IZ & pij)
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P Pan SN (piy) (PN (Pi)) s, ]
p(l_”)lmin[ P,] }lmux(IZ@pz‘])
We are now in a position to collect all the above obtained results in the following

where G =

theorem:

Theorem 4.2.1. The lower bound of the expectation value of the Svetlichny operator S, with

respect to three-qubit state pspc 1s given by

8(1 = p) Anin(Papc(l2 @ pij)) N 16(1 — p) Amax(Pasc)SnL(pij)

(4.2.22)
pﬂ‘max(b ®pij) plmax(IZ ®pij)

Amin(Pac(b®pij)) — (Shg" (pi) — r(P™ = 3)) X Ay
Phmax(2 @ pij) p(l—r) mm[(pu )2MmaX(12 ® pij)

(i) <SV>,DABC >8(1—-p) (4.2.23)

where A} = (N (pl,)Mm(P,J) Amax(PaBC))

The results (i) and (if) can be applied according as when the entangled state p;; does or does

not detected by the witness operator Wegsy . |

4.2.2 Upper bound of the expectation value of Svetlichny operator in

terms of two-qubit non-locality determined by Sy

Let us consider two operators A, and B,, which may be defined as

Au=¢qS+(1—q)(L®Wcusn), 0<g<1 (4.2.24)

By, = papc(l2 ® pij) (4.2.25)

The expression for R(Tr[A,B,]) is given by

R(Tr[(gSy+ (1 —q) (o ®Wensn))Pasc(l @ pij)])
= qR(Tr[Svpapc(l® pij)]) + (1 — @)R(Tr[(l, ® Wensu) X pasc(l2 @ pij)])
)+ (1= q)R(Tr[(12© pij X Wenst ) Pascl)
)+ (1 =q@)Tr[(h® pijWerst)] X Amin(Pasc)
) +2(1 —q)TrWersupijl % Amin(PaBC) (4.2.26)

( ( )
= qR(Tr[SvaBC(IZ ®plj)]
> qR<Tr[SvaBC(I2 ®plj)]

( ( )

= ¢gR Tr[SvaBC 16) ®plj ]

In the second and third lines, we have used the linearity and cyclic property of the
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trace. We have used the LHS inequality of Result 1.3 on Hermitian operator pspc and
considering (I ® p;;Wensy) as any complex matrix in the fourth line. In the last line,
we have used Tr(l @ p;jWensu| = Tr{l @ p;jWensu| and one of the properties of the
trace i.e. Tr[(L ® pijWensu)|=2TrWersHpPij-

Applying RHS inequality of Result 1.2 on the Hermitian operator ¢S, + (1 — q)(L ®

Wensn) and considering pagc (> @ p;ij) be any complex matrix, we get

R(Tr[(¢Sy+ (1 —q) (L ® Wersw) ) pasc(l @ pij)])
< TrgSy+ (1 —q) (L ®Wensh)] Amax(Pasc (B ® pij))
= 8(1 = q)Anax(pac(L ® pij)) (4.2.27)

In the third line, we find Tr[S,| =0 and Tr[l, ® Wegsu] = 8.
Combining (4.2.26) and (4.2.27), we get

qR(Tr[Svpapc (L @ pij)]) +2(1 — @) Tr[Wensupijl X Amin(Pasc)
< 8(1 =) Anax(pasc(l ® pij)) (4.2.28)

Again using Result 1.4 on Hermitian operators I, ® p;; and S,papc be any complex

matrix, we get

Tr[SypaclM((L ® pij)) < R(Tr[S,papc(L ® pij)])
— Tr[SvaBC] )vk((IZ & p,-j)) < R(TT[SVPABC(IQ ® pij)]) (4.2.29)

where Tr[Svagc] = Tr[SvaBC]-
Using (4.2.29), the inequality (4.2.28) may be re-expressed as
8(1 —q) Amax(Papc(L ®pij))  2(1 —q)Tr[WersupPij) Amin(PaBC)

5 - _ 4.2.30
(Sv) pasc g (b ® pij) g (L ® pij) ( )

where A(l> ® p;;) is the first non-zero eigenvalue of (L ® p;;).

The upper bound (4.2.30) of the expectation value of the operator S, with respect to
any three-qubit state pspc can be further studied in terms of the non-locality Syz.(p;i;)
of two-qubit state by considering the following two cases: (i) when the state p;; is

detected by Wewnsy and (i) when the state p;; is not detected by Wepsy.
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4.2.2.1 When the state p;; is detected by Wy sy

In this case, we are considering the two-qubit entangled state p;;, which is detected
by the witness operator Wewsy. Therefore, using the definition of Sy (p;j) given in
(3.2.14), the inequality (4.2.30) reduces to

8(1 — q) Amax(Pasc (L ® pij)) N 16(1 — q)SnL(Pij) Amin(PaBC)
qM(L @ pij) qM (I ® pij)

(Sv) pape < (4.2.31)

4.2.2.2 When p;; is not detected by Wcy sy

When the entangled state p;; is not detected by Wcpsy, the expression of the strength
of the non-locality is given by SY¢*(p;;). Therefore, we can re-write (3.2.29) for the
entangled state p;; as

SN (i) = r(P"™ — %) +(1-rK,0<r<1 (4.2.32)

where P"* r and K are given by (3.2.6), (4.2.13), and (4.2.14). Now, our task is to
find out the upper bound of K, which is given by the following lemma.

Lemma 4.2.2. If ppc denote an arbitrary three-qubit state and p;;,i,j = A,B,C,i # j be its
reduced two-qubit entangled state, which is not detected by CHSH witness operator Wegsy
then the non-locality of p;; may be determined by SV¢" (p;;) given in (3.2.29). The quantity K

involved in the expression of S%ZW(Pi ;) is bounded above and its upper bound is given by

Amar(Werst ) Amax (i) Tr(Wensa pij) + Tr(( p;f )?]

K < (4.2.33)
8N(pij)
Proof: Let us consider the two operators given by
T.
Ay = Wensupij, B2 = p;j (4.2.34)
For the two operators A, and B, defined in (4.2.34), we have
(Ay—B)* >0
— A3 —A;B) —BrAy +B5>0 (4.2.35)

Taking trace both sides of (4.2.35) and simplifying, we get
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2Tr(A3B,) < Tr(A3) + Tr(B3) (4.2.36)
Using (4.2.34) and (4.2.36), we get
2Tr(WCHSHPijp1?) < Tr(Wemsupij)?) + T”((P,?ﬁ) (4.2.37)

Also, applying Result 1.3 on Hermitian operator Weysy and considering Wepsy (pij)? be any

complex matrix, and using the fact that Tr[Weysy (pi j)z] = Tr|Wensu(pij)?] we get

Tr((Wensupii)*) < Amax(Wersa) x Tr(Wenswa (pif)?] (4.2.38)

Again applying Result 1.3 on Hermitian operator p;; and Wepsyp;j be any complex matrix,

and using the fact that Tr[Wepnsu pij) = TriWensupij)
TriWensu(Pi)*] < max(Pi)) Tr[Wersupij) (4.2.39)
Using (4.2.38) and (4.2.39), we get
Tr((WensupPii)*) < Amar(Werse) X Amax(0i) Tr[Wensa pij] (4.2.40)
Using (4.2.37) and (4.2.40), we get
2T"<WCHSHpijPi?) < Anax(Werst) Amax(Pij) < Tr(Wersupij] + Tr[(p,-?)z] (4.2.41)

Putting T}’[WCHSle'j(pl’j)Tf] = 4N(pij)K in (4.2.41), we get

o Pmar(Wersi) max (i) Tr(Wersi pij] + Tr{(p;})
N 8N (pij)

Now, we are in a position to estimate Tr(Wcusupij). Using (4.2.33) in (4.2.32),

Tr(Wensupij) may be estimated as

1 y [SN(PU)(S%ZW(PU) —r(P"—3))

Amax(VVCHSH)Amax(pij) 1—r o Tr[(pijj)zu

(4.2.42)

TrWersupij] >
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Using (4.2.42), the inequality (4.2.30) for the upper bound of (S,) reduces to

2(1—-¢q)
M (L ® pij)

Amin(PaBC) X A2
Amax(WCHSH)/lmax<pij)

4 max(Papc (b @ pij)) —

(Sv) pase < (4.2.43)

where Ay = 8N(Pij)(S%zw(Pij)*r(PmM*%)) _ Tr[(p;j>2]_

1—r
The results given by (4.2.31) and (4.2.43) can be collectively given by the following

theorem:

Theorem 4.2.2. The upper bound of the expectation value of the Svetlichny operator S, with

respect to any three-qubit state p4pc can be expressed in terms of Syz(p;;) and S%zw(Pi ;) as

8(1 — q) Amax(Papc(L @ pij)) ~ 16(1 —q)SNL(Pij)Amin(PaBC)
qM (L ® pij) M (2 @ pij)

(&) (Sv)panc < (4.2.44)

and

2(1—¢q)
qh (2 @ pij)

)Lmin (pABC) X AZ
lmax(WCHSH)lmax(pij)

(it) (Sv)pape < 42 max(Papc(l @ pij)) — (4.2.45)

8N (pij) (SNs" (pij) —r(P™—3)) Tr[(ij)z]
1 :

where A, = -

The results given in (4.2.44) and (4.2.45) holds according as when the entangled state p;; does

or does not detected by the witness operator Weg sy [

4.3 Detection of genuine three-qubit non-local states

In this section, we will derive conditions to identify whether the given three-qubit state
(pure or mixed) is a genuine non-local state. We will use the Svetlichny inequality
and the lower and upper bound given in Theorem 4.3.1 and Theorem 4.3.2 stated in
the previous section, to derive much simpler conditions for the detection of genuine
non-locality of the three-qubit state. We will show that the genuine non-locality of
the three-qubit state depends on the non-locality of the two-qubit reduced entangled
state. The non-locality of two-qubit reduced entangled state p;; may be determined
by Snz(pij) or SN¢¥(p;;) accordingly the entangled state p;; detected or not detected

by the CHSH witness operator Wegsy-

4.3.1 When p;; is detected by the witness operator Wcy sy

In this section, we will derive the condition of non-locality of the three-qubit state
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described by the density operator pspc when its reduced two-qubit entangled state p;;

is detected by the witness operator Weysy.

Theorem 4.3.1. If any three-qubit state (either pure or mixed) satisfies the Svetlichny inequal-
ity and if the reduced two-qubit state of it is detected by the CHSH witness operator then the
operators A; and B; given in (4.2.2) and (4.2.3) must be chosen in such a way that the parame-

ter p given by (4.2.2) satisfies the following inequality
() If Apin(PaBc(l @ pij)) +2SNL(Pij) Amax(Pac) > 0, then

0<p<up,whend ) >0 4.3.1)
OR, L <p<lwhend™ >0 4.3.2)

(i) If Apin(paBc(l2 @ pij)) +2SnL(Pij) Amax(PaBc) < O, then

u < p<1whend ) <0 (4.3.3)
OR, 0<p<i,whend™ <0 (4.3.4)

The lower bound /; and upper bound u; are given by

I = —— X [Amin(PaBc(l2 ® pij)) +2SNL(Pij) X Amax(Pasc)] (4.3.5)

) -
Uy = pe) X [Amin(Pac(l @ pij)) +2SNL(Pij) X Amax(PaBC)] (4.3.6)
1

where dEH = 2[Amin(Pasc (B2 @ pij)) + 2SNL(Pij) Amax(PaBC)] + Amax (I @ pij) and

dg_) = 2[Amin(papc(l @ pij)) + 2SnL(Pij) Amax(PaBc)] — Amax (I @ pij).
Proof: Let us consider a three-qubit state pspc which satisfies the Svetlichny inequality.
Therefore, we have

—4 <(Sy) pupe < 4 (4.3.7)

PABC =

Now, if a three-qubit state pspc satisfies the Svetlichny inequality then our task is to construct
the operator A;. To accomplish this task, we need to specify the parameter p. Thus, recalling
the lower bound of the expectation value of the Svetlichny operator S, given in (4.2.11) and

using (4.3.7), the restriction on p may be obtained by solving the inequality

80— P Awinlpasc(h & piy)) 160 =PV oma(Pas)SiPi) (435,

—4 <
- P)Lmax(IZ ® pij) P)Lmax(IZ ® pij) o
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Solving the inequality (4.3.8) for the parameter p while considering all the cases when

Aanin (m) + 28SNL(Pij) Amax(Pasc) > 0, and

Aomin (m) +28SNL(Pij) Amax(PaBc) < 0, we get the required result. [ |
Corollary 4.3.1. Let us define the quantity U,gl) =2 [Amin (W@pij)) +28nL(Pij) Amax(PaBC)],
U = v/2{unin (Panc (B2 @ i) + 2581 (Pig) s (Pane)] = Aar(y @ piy). and

UJ(FI) V2[Amin(Pac (B @ Pij)) + 2SNL(Pi) Amax (PaBC)] + Amax(I @ pij). If the parameter p
violate (4.3.2) and (4.3.3) for some three-qubit (pure or mixed) state p4pc i.e. if it satisfies the

inequality

(1)
U’E g <p<h (4.3.9)
A

when, Ayin(papc(l ® pij)) +2SnL(Pij) Amax(Pasc) > 0

OR, 2 _<p<u (4.3.10)

when Ain(Pasc (b @ pij)) +2SnL(Pij) Amax(Pasc) <0,
then the state pspc violates the Svetlichny inequality and thus exhibits the genuine non-

locality. u

Un

(1)
Note 1: We should note here that the expression of Z and =4 has been obtained

+

by using the upper limit of (S,)p,,c -6 (Sv)pape < 4V/2.

Theorem 4.3.2. If any three-qubit state (either pure or mixed) satisfies the Svetlichny inequal-
ity and if the reduced two-qubit state of it is detected by the CHSH witness operator then
the operators A, and B, given in (4.2.24) and (4.2.25) must be chosen in such a way that the
parameter g given by (4.2.24) satisfies the inequality

h<qg<l (4.3.11)
The lower bound /; is given by
2 -
b= pe) X [Amax(PaBc (B @ pij)) + 2SnL(Pij) Amin(PaBC)] (4.3.12)
2

where d§+) = 2[Admax(Papc(l2 @ Pij)) +2SNL(Pij) Amin(PaBc)] + A (1 @ pij).

Proof: Let us consider a three-qubit state pgpc which satisfies the Svetlichny inequality given

by (4.3.7). Now, if a three-qubit state pspc satisfies the Svetlichny inequality then our task
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is to construct the operator A,. To accomplish this task, we need to specify the parameter g.
Thus, recalling the upper bound of the expectation value of the Svetlichny operator S, given in

(4.2.31) and using (4.3.7), the restriction on ¢ may be obtained by solving the inequality

8(1 — @) Anax(Papc (L @ pij)) | 16(1 —q)SnL(Pij) Amin(PaBC)

—4 <
- g (L @ pij) g (L ® pij)

<4 (4.3.13)

Solving the L.H.S. of inequality (4.3.13) for the parameter ¢ and simplifying, we get

) -
qg>h = pe) X [Amax(PaBc (B ® pij)) +2SNL(Pij) Amin(PaBC)]
2

where d§+) = 2[Adnax(Pac (B @ pij)) + 2SNL(Pij) Amin(Pasc)] + A (I ® pij).
Then, by solving the L.H.S. of the inequality (4.3.13), we get ¢ > 1 which is not possible.

Thus, considering g < min{# X [lmax(pAgc(b@pij)) + 2SNL(p,-j)lm,-n(pABc)], 1}, where

2

&y = 2[Amax(Pasc (2 ® i) + 2SNL(Pij) Amin(Panc)] — M (12 © pij), we get the required re-

sult. Hence proved. [

Corollary 4.3.2. Let us define the quantity U,Ez) = 2[Amax(Pasc (b @ p; i) +28NL(Pij) Amin(PaBC)]
and Utgz) = V2[Amax(Papc(b ® Pij)) + 2SnL(Pij) Amin(PaBc)] + Ak(l ® pjj). If the parameter

q violates the inequality given in (4.3.11) for some three-qubit (pure or mixed) state papc i.e.

if it satisfies the inequality

)
v =Y _ qg<b (4.3.14)

(2

(2)
Ug
then the state pspc violates the Svetlichny inequality and thus exhibits the genuine non-

locality. u

Result 4.3.1. If any three-qubit state (either pure or mixed) satisfies the Svetlichny inequality

then the Svetlichny operator also satisfies the inequality

SV < (S) page < SV (4.3.15)

PABC

where S&l) and S&z) are given by

s __ 8(0—p)

v = P)Lmax(IZ ®Pij) [)ﬂmn(m) +27Lmax(pABC)SNL(p,~j)] (4.3.16)
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s@_ _8U0-q)

= ————[Amax T +2Amin S . 43.17
q/lk(12®pij)[ (PaBc(L @ pij)) (paBc)SnL(pij)] ( )

The two parameters p and ¢ satisfies the inequality (4.3.1), (4.3.2), (4.3.3), (4.3.4) and (4.3.11).
[ |

Corollary 4.3.3. If any three-qubit state (either pure or mixed) violates the inequality (4.3.15)
and if p and ¢ satisfy the inequality (4.3.9), (4.3.10) and (4.3.14) then the given three-qubit
state exhibit genuine non-locality. In other words, for any three-qubit state (either pure or

mixed) described by the density operator pspc if
<SV>PABC < Sél)? <SV>PABC > SéZ) (4.3.18)
then p4pc exhibit genuine non-locality. [

4.3.2 When p;; is not detected by the witness operator Wcy sy

In this section, we will derive the condition of the non-locality of the three-qubit state
described by the density operator pspc when its reduced two-qubit entangled state p;;

is not detected by the Witness operator Weysy .-

Theorem 4.3.3. If any three-qubit state (either pure or mixed) satisfies the Svetlichny inequal-
ity and if the reduced two-qubit state of it is not detected by the CHSH witness operator then
the operators A; and B; given in (4.2.2) and (4.2.3) must be chosen in such a way that the

parameter p given by (4.2.2) satisfies the following inequality
Lh<p<l (4.3.19)

The bound /3 is given by

B 2H
2H — lmax<12 ® pij)

s (4.3.20)

A TR ()P ) 7
where H = Ayin(Pasc (L ® pij)) — ( TEEYRTRAE ) X (N(Pij) Amax(P;; ) Amax(Pasc))-
min [\ Pj

Proof: Let us consider a three-qubit state papc which satisfies the Svetlichny inequality

(4.3.7). Now, if a three-qubit state pspc satisfies the Svetlichny inequality then our task is
to construct the operator A;. To accomplish this task, we need to specify the parameter p.

Thus, recalling the lower bound of the expectation value of the Svetlichny operator S, given in
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(4.2.23) and using (4.3.7), the restriction on p may be obtained by solving the inequality

. . New (4. .\ _ max __ 3
—4<8(1—p) Amin(PaBc(l @ pij)) B (SNL (plj) r(P 4) XAI) <4 4321

PRnar(B@Pij)  p(1 = 1) Aninl(P;))? Amar (D2 © i)

T.
where A} = N(pij)lmax(pijj)Max(PABC)-
Solving the L.H.S. of inequality (4.3.21) for the parameter p and simplifying, we get

2H
2H = dnax (b @ pij)

p>l= (4.3.22)

e e — (SN o) —r(Pe—3) 7
where H = Amin(pABc(Iz ®Pij)) - ( (=) A [(ij)z} ) X (N(pzj))tmax(p,j ))Lmax(pABC))-
min\Pj;

Then, by solving the R.H.S. of the inequality (4.3.21), we get p > 1 which is not possible.
. . . 2H .

Thus, considering p < mm{m, 1}, we get the required result. [

Corollary 4.3.4. If the parameter p violate the inequality given in (4.3.19) for some three-

qubit (pure or mixed) state papc 1.e. if p satisfies the inequality

() — V2H
\/EH - )Lmax(IZ ® pij)

<p<l (4.3.23)

then the three-qubit state pspc violates the Svetlichny inequality and thus exhibits the genuine

non-locality. [

Theorem 4.3.4. If any three-qubit state (either pure or mixed) satisfies the Svetlichny inequal-
ity and if the reduced two-qubit state of it is not detected by the CHSH witness operator then
the operators A, and B, given in (4.2.24) and (4.2.25) must be chosen in such a way that the
parameter g given by (4.2.24) satisfies the inequality

h=gsl (4.3.24)
The lower bound /4 is given by
F
4= 4325
! F+2lk(12 ®pij) ( )
Oan(lr @ 0::) A'min 8N (p;; SNeW ;) —r(Pmax — 3 T
where F = (42ax (Panc (12 piy)) — 7l oy (PPN 1 (p,)2))).

Proof: Let us consider a three-qubit state papc which satisfies the Svetlichny inequality
(4.3.7). Now, if a three-qubit state pspc satisfies the Svetlichny inequality then our task is
to construct the operator A,. To accomplish this task, we need to specify the parameter g.

Thus, recalling the upper bound of the expectation value of the Svetlichny operator S, given in
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(4.2.43) and using (4.3.7), the restriction on ¢ may be obtained by solving the inequality

2(1 _Q)
—a< 2D gy (panc (@ pry) —
S eBep) (PaBc(L ® pij))

Amin(PaBC) X A2
2rmax(VVCHSH)Armax(pij)

<4 (4.3.26)

where A, =

r

8N(p;i SNew ii)—r P”WX,Q T
(Pij) (Syf. ({3_1) ( 1) T’”[(Pijj)z]

Solving the R.H.S. of inequality (4.3.26) for the parameter ¢ and simplifying, we get

F
>y = 4.3.27
T=5% = Fonhop) (43.27)
—— /lmin 8N(p;; SNew i) — Pmax_§ T:

whete F = (4mar(panc(l i) 7ot o (HPHEEREAED — 7 ()7,
Then, by solving the L.H.S. of the inequality (4.3.26), we get ¢ > 1 which is not possible. Thus,
considering g < min{m, 1}, we get the required result. [

ij

Corollary 4.3.5. If the parameter g violates the inequality given in (4.3.24) for some three-

qubit (pure or mixed) state papc 1.e. if it satisfies the inequality

F
U@ <g<l (43.28)
F+2\/§7Lk(12®l)ij) 1=

then the three-qubit state violates the Svetlichny inequality and thus exhibits the genuine non-

locality. |

Result 4.3.2. If any three-qubit state (either pure or mixed) satisfies the Svetlichny inequality
and if p and g are given by (4.3.19) and (4.3.24) then the Svetlichny operator also satisfies the

inequality

S&) < (8) pupe < SV (4.3.29)

where S£3) and 554) are given by

3) 8(1—p) { (SN (pij) — (P = 3) xAl)]
Sy = Aomin L®p;i))— . (4.3.30)
Ponan(Tz 0 i) |/ (P10 i) (1= ) Auinl(p1))?)
@ 2(1-q) { — Amin(Pagc) X Aa ]
SV e 4A/max I ® 17 — 4.3.31
g (b ® pij) (Pasc(L2®pij)) Amax Werse ) Amax (i) ( )

r

Corollary 4.3.6. If any three-qubit state (either pure or mixed) violates the inequality (4.3.29)
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and if p and ¢ satisty the inequality given by (4.3.23) and (4.3.28) then the given three-qubit
state exhibit genuine non-locality. In other words, for any three-qubit state (either pure or

mixed) described by the density operator pspc if
(S pase <S55 () pane > S5 (43.32)

then p4pc exhibit genuine non-locality. |

4.4 Illustrations

We are now in a position to illustrate our scheme of detecting the genuine non-locality

of a given three-qubit state (pure or mixed) with a few examples.

4.4.1 Examples of three-qubit states for which the reduced two-qubit
state detected by the CHSH witness operator

In this section, we will illustrate our results given in (4.3.18) with the help of the fol-
lowing two examples of three-qubit states for which the reduced two-qubit state is
detected by the CHSH witness operator. Examples of three-qubit states fall under the
following two categories: (i) A pure three-qubit state belongs to the W class and (ii)
A mixed three-qubit state which may be taken as a convex combination of GHZ state
and two other states belongs to W class.

Example 4.1: A pure three-qubit W class of state

Let us consider a pure three-qubit state of the form

lwY apc = 4]000) +0.3]101) 4 1/0.91 — A2|110), Ag € [0,0.953939)] (4.4.1)

The pure state described by the density operator pL. = [y 5c (V)] is an entan-

gled state and also we have

Amax(PSH) =1, Amin(pihe) =0 (4.42)

Tracing out system B from the three-qubit state p/ggc, the reduced state plglc) is given

by
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A5 0 0 0.3
0 0 0 0 0 was
Pac = 4.
A 0 0 091-22 0

03% 0 0 0.09

The state pfllc) is an entangled state as there exist a witness operator WC(;;;H(: 21 —
BS‘,?SH) that detect it. The CHSH witness operator Bg,f,)SH is given by (3.2.7). This is
clear from the following fact

TrWSS, p\] = 3.15966—0.848528% —2.82843A3
< 0, for 29 €[0.91753,0.953939] (4.4.4)

Since the two-qubit state pf‘lc) is an entangled state and it is detected by Wc(fj?sH so the

strength of its non-locality may be measured by SNL(p/§2>. It is then given by

—TrWisuPid]
8

Snelpse) = € [0,0.030], for Ay € [0.917,0.953] (4.4.5)

Further, we can calculate the following using the three-qubit state pﬁgc and the re-

duced two-qubit state p};g

Amar(L @ p () =009+ A2, A(L@pld)=091- A2
M My _ % =4 90 — %)

)Lmin(PABc(Iz @ Pac ) = 2 200
AP 9+ A
Amax(p\ae(h @ p)) = 22 4 ( b ) (4.4.6)

Also, the range of p and g are given by

0< p<0.07 (4.4.7)
093 <g<1 (4.4.8)

Using the information given in (4.4.2), (4.4.5), (4.4.6), (4.4.7), and (4.4.8), the value
of the expression of 5i") and s can be calculated for the three-qubit state p/ggc and
they are tabulated in the Table 4.1.
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State parameter | Operator parameter | Operator parameter (S$1)> ) <S$2)> 1)
Pagc Pagc
(o) (p) (9)
0.92 0.05 0.95 -4.98604 | 5.4752
0.93 0.019 0.97 -5.2497 4.70144
0.94 0.012 0.98 4.62363 | 5.48997
0.95 0.04 0.9943 5.06912 | 5.62141

Table 4.1: We have chosen different values of the three-qubit state parameter A for which its
reduced two-qubit state is entangled. Then we get a value of SNL(pf(‘IC)) and corresponding to
it, we have chosen a value of the parameters p and g given in (4.4.7) and (4.4.8) respectively.

Using the information given in (4.4.6) and considering few values of p, ¢ and Ay, Table 4.1

is prepared. It depicts the values of <S§1)>p(1> & <S£2)>p<1) given in (4.3.16) and (4.3.17)
ABC

ABC

indicating the fact that the state |l//(')> ABc exhibit genuine non-locality.

Example 4.2: A mixed three-qubit state: Combination of GHZ state and two W

class of states

Let us consider a mixed three-qubit state of the form [241]

p\D = 0.2|GHZ)(GHZ| + t|Wy) (Wi | + (0.8 — ) [Wa) (Wa], ¢ € [0,0.8]

where |GHZ) =
1101) +[011)).

S

2

(1000) + [111)),[Wy) =

S

3

(|001) + 010) + [100)),|W,) =

(4.4.9)

(|110) +

S

3

The mixed three-qubit state described by the density operator pﬁ,)c is an entangled

state when ¢ € [0,0.8] and also we have

Tonax(PApe) =15 Dmin(Pyme) =0 (4.4.10)
Tracing out system A from the three-qubit state p/(é)c, the reduced state pézc) is given
by
0.62»2[ O O O
08 08
2) o 3 3 0
Ppc = s o (4.4.11)
0 5 5 0
0 0 0 2.252t
The state pézc) is an entangled state for r € [0.5,0.8].
Let us now consider the witness operator Wy sy, which is given by
Wersa =211 —Ag@Bo+A)R@B1 —A1 ®By—A1 ® By (4.4.12)
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where the Hermitian operators Ay, Ay, By, By are given by

A= 0y, A| = Gy, By = 0.950, 4 0.950, +0.4470;, B; = —0.950, +0.950, +0.4470,
(4.4.13)

The expectation value of Weysy with respect to the two-qubit state pézc) can be calcu-
lated as

TrWersnpiy] = —0.0266667 < 0 (4.4.14)

Therefore, the two-qubit state pl(fc) is detected by witness operator Weysy. Thus, the

strength of its non-locality may be measured by SNL(pézc)), which is given by

@), _ —TrWensup ]
Sne(Ppe) = : BC. —0.00333, forr € [0.5,0.8] (4.4.15)

Further, we are now in a position to calculate the value of the following expressions

involving the three-qubit state pfé)c and the reduced two-qubit state pl(fc)
Amax(h @ pi2) = 0.5333, A (L@ ps) =0.333(1.1—1) (4.4.16)
Also, the range of p and ¢ are given by

0< p<0.05 4.4.17)
0.34 < ¢ <0.37 (4.4.18)

Using the information given in (4.4.10), (4.4.15), (4.4.16), (4.4.17), and (4.4.18), the
value of the expression of 5i" and S can be tabulated for the three-qubit state pfé)c

in Table 4.2.

4.4.2 Examples of three-qubit states for which the reduced two-qubit

state is not detected by Weysy

In this section, we have considered three examples of three-qubit states in which the
reduced two-qubit states are not detected by CHSH witness operator Weysy. The
three examples are given in the following form: (i) A pure three-qubit state which be-
long to the GHZ class (ii) A mixed state which may be taken as a convex combination
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State Parameter | Operator parameter | Operator parameter (Sw) 2 <S$2)> 2
Papc Papc
(0 (») ()
0.55 0.006 0.48 -4.96125 | 5.40786
0.65 0.019 0.44 -4.5171 4.75185
0.72 0.025 0.38 -5.32538 | 5.04819
0.79 0.039 0.46 -4.77032 | 4.54815

Table 4.2: We have chosen different values of the three-qubit state parameter ¢ for which its

reduced two-qubit state is entangled. Then we get a value of SNL(pézc)) and corresponding to

it, we have chosen a value of the operator parameters p and ¢ given in (4.4.17) and (4.4.18)
respectively. Using the information given in (4.4.16) and considering few values of p, ¢ and

t, Table 4.2 is prepared. It depicts the values of (S&l))p(z) & <S§2)>p(2) given in (4.3.16) and
ABC

ABC
(4.3.17) indicating the fact that the state p,ﬁ(xzb)c exhibit genuine non-locality.

of three-qubit GHZ and W state and (iii) A mixed state which may be taken as a con-
vex combination of three-qubit maximally mixed state and W state.

Example 4.3: A pure three-qubit GHZ class of state: Maximal Slice State

Let us consider a pure three-qubit GHZ class of state, which can be taken in the
form [242]

1 T
w3 4pe = E(|000>A3c+Cos¢9|110>A3c+Sin(9|111>ABC), 6 < [0, 5] (4.4.19)

The pure state described by the density operator p\3). = [y®),5c (w3 is an entan-

gled state for 6 € (0, 7).
Also, for the state pfj,)c, we have

A (Psne) = 1 Awmin(pin) = O (4.4.20)

Tracing out system A from the three-qubit state pfj,?c, the reduced two-qubit state P1(33c)

is given by
10 0 Coso
pl) — 0 000 4.4.21)
Be 0 00 0 -
Cos® 0 0 1

It can be easily verified that pl(fc) is an entangled state for the state parameter 6 c

[1.05, %]. Thus there must exist a witness operator that may detect pffc) as an entan-

gled state. But, in this example, our task is to show that even if some witness operator
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does not detect the reduced two-qubit entangled state then also we are able to detect

the non-locality of the three-qubit state described by the density operator pffc).

To serve our purpose, we find here a witness operator Wc(’ggH = 21—3821)51,, whose
(3)

expectation value with respect to the state py/ is given by Tr[WC(’g;Hpé?] =2>0.

Thus, the CHSH witness operator WC(Z;H does not detect pl(fc) as an entangled state.

Since the two-qubit state pz(;3c) is an entangled state and it is not detected by WC(’g;H
so the strength of its non-locality may be measured by S%iw(pgc)). Using (3.2.29) and

(4.2.13), we can calculate the range of S%;W(pgc)) and r. Therefore, we have

New/ ~(3) 1477 E 4.4.22

Syt (Pge) € [0.05,1.5], 6 [—440 ,2] (4.4.22)
147 =

. —_ = 4.4.23

Further, we can calculate the following using the three-qubit state pfj,)c and the re-

duced two-qubit state pl(fc)

1+4+2Cos6 1—2Cos6
A‘max(IZ ®p1(932) = T, lk(lz ®P1(93)) = T, Zmax((pgc))TC) =0.5
3 3—C0s20 —2+/8+3C0s20 — Cos40
Aomin DA (B ® i) = 16
3 3 —Co0s20 +2/8+3Co0s20 —Cos40
[Pl (1@ )] = 16
TrWk oS (D) =1, Awinl(pS)7€)?] = Cos®6 (4.4.24)
Moreover, the range of p and ¢ are given by
0.75<p<1 (4.4.25)
0.59<¢g<1 (4.4.26)

Using the information given in (4.4.20), (4.4.24), (4.4.25), and (4.4.26), the value of
the expression of S and s can be calculated for the three-qubit state pﬁ,)c and
they are tabulated in the Table 4.3.

Example 4.4: A three-qubit mixed state: A convex combination of three-qubit W
state and a state belong to GHZ class
Let us take a mixed three-qubit state of the form

p\Y = p|GHZ)(GHZ| + (1 — po) W) (W], ps€[0,1]
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State Parameter | Operator parameter | Operator parameter (S£3>> 3) <S$4)> 3)
Pagc Papc
(6(in radian)) (») ()
1.2 0.67 0.86 -4.64621 | 5.03388
1.3 0.78 0.79 -5.24561 | 4.75133
1.4 0.915 0.69 -4.81717 | 5.53806
1.5 0.985 0.64 -5.333 5.25777

Table 4.3: We have chosen different values of the three-qubit state parameter 6 for which its
(3)

reduced two-qubit state is entangled. Then we get a value of S%ZW(pBC) and corresponding to
it, we have chosen a value of the operator parameters p and ¢ given in (4.4.25) and (4.4.26)
respectively. Using the information given in (4.4.24) and considering a few values of p, g, and

0, Table 4.3 is prepared. It depicts the values of (533)>p(3> & (534))p(3) given in (4.3.30) and
ABC ABC

(4.3.31) indicating the fact that the state pﬁ,)c exhibit genuine non-locality.

where |GHZ) = %(|010> +]101)),|W) = %qom) +1010) + [100)).
The mixed three-qubit state described by the density operator p/(ég)c is an entangled
state when p, € [0.4,0.9] and also we have

3++/34/3—10p,+ 10p2
lmax(pf(;]lg)c) = \/ 6 P P ) }me(P/(;]lg)c) =0 (4.4.27)

Tracing out system A from the three-qubit state pf\‘gc, the reduced state pg‘c) is given

by

e 0 0
0 2tps lops
4) _ 3
prc=| IR, (4.4.28)
0 0 0O O

Pz(a4c) is an entangled state for p; € [0.4,0.9]. Also, we have

TT[W(xy) p(4)]

cHsHPBC >0, 04<p;<09 (4.4.29)

2(3—2v2+42v2py)
3

In this example also, we find that the same CHSH witness operator WC(’,‘};H given in
the previous example, is not able to detect the entangled state pl(fc). The strength
of the non-locality of pgg may be measured by S%zw(pgg) using (3.2.29). Therefore,

s¥ev(pi)) may be calculated as

SNV (pi)) € [0.04,1.91628], p, € [0.4,0.9] (4.4.30)
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r<[0.59,1], ps € [0.4,0.9] (4.4.31)
. . , (4)
Further, we can calculate the following using the three-qubit state p,,~ and the re-
duced two-qubit state pl(;‘c)
4 4 —p; 4 I —ps 4 2+ ps
Tnar(hy @ pge) =~ Al @Pd) = 2, dar((ppd)) = =
w4, (4 6—4v2+2v2p;+ (3+2v2)p;
WP )] — :
A 3—6ps+3p2 —V/5y/1—4p;+6p2—4p3+ p?
ol ((P5)EY) = Vi @)
Also, the range of p in terms of state parameter p; is given by
2H 2H
—\/_ T <P< (4.4.33)
V2H - 2H — =&
The range of ¢ in terms of state parameter p, is given by
d d (4.4.34)

F+2v2158 F—2v255

where F and H given in the previous section can be calculated using the information

given in (4.4.32).

Using the information given in (4.4.27), (4.4.32), (4.4.33), and (4.4.34), the value of

the expression of S5 and si*) can be calculated for the three-qubit state p/(;gc and
they are tabulated in the Table 4.4.
State Parameter | Operator parameter | Operator parameter (SS)) @) (S$4)> @)
Pasc Pagc
(ps) (p) (9)
0.5 0.9 0.75 -5.3768 | 4.99623
0.6 0.95 0.8 -5.46426 | 4.39912
0.7 0.98 0.82 -5.03592 | 4.96321
0.8 0.993 0.86 -5.11832 | 5.48576

Table 4.4: We have chosen different values of the three-qubit state parameter pg for which its

reduced two-qubit state is entangled. Then we get a value of S%iw(pw) and

BC

corresponding to

it, we have chosen a value of the operator parameters p and ¢ given in (4.4.33) and (4.4.34)
respectively. Using the information given in (4.4.32) and considering a few values of p, ¢, and

ps, Table 4.4 is prepared. It depicts the values of <SS3)>p(4) & (S$4))p(4> given in (4.3.30) and
ABC ABC

(4.3.31) indicating the fact that the state p

(
A

pc €xhibit genuine non-locality.
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Example 4.5: A three-qubit mixed State: A convex combination of maximally
mixed state and W state
Let us consider a mixed three-qubit state of the form [243]

5 1—
pA(B)C = 8p518 +ps|W>ABC<W|7ps € <08167 1] (4435)

where Iz denotes the maximally mixed state represented by the Identity matrix and
W) = 7(001) +[010) +[100)).
The mixed three-qubit state described by the density operator p/gi,)c is an entangled

state when p; € (0.816,1] and also we have

14+ 7ps
8

 Amin(p) = L= ps (4.4.36)

5
Amax (p,L(\B)C) = ABC g

Taking partial trace over the system A, the three-qubit state pf(‘?c reduces to the two-

qubit state described by the density operator pésc), which is given by

B0 0 0
(s) 0 B8 &
Ppo = I 0.816 < py < 1 (4.4.37)
3T
0 0 0o lps

pésc) is an entangled state for p; € (0.816, 1] but we find that

>0, 0816 <ps<1 (4.4.38)

X 5 4\/§ps
TrWisuPse] = 2- =

(4.4.38) implies that the CHSH witness operator does not detect the entangled state

Pz(asc)- The strength of the non-locality of the two-qubit reduced state may be measured

by S%iw(pésc)). The strength S%zw(pésc)) and the parameter r is given by
SNev(pL)) € [0.54124,0.5484], 0.816 < p, < 1, r € [0.61,0.69] (4.4.39)

Further, we can now calculate the following eigenvalues and traces, which are given
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9+ 11p?

3+ 5ps 1 —ps
Tnar( R @) = =8, b @pfe) =2, Trl((pf) ")) = —5

12 4
(5) (5) 9+30ps+25ps 8\/5\/9P%+14p§+9p?

Amin( ABC(IZ@pgc)) 788
9+ 30ps +25p2 +8v/3+/9p2 +14p3 +9p4
)'max(pIgB)C(IZ(gpl(;SC))) Ps Py 288\/ D5 Ds Ds

. s 9—6v2ps+ (3 —2v2)p?
W PR (PR = S

9 —6ps+21p* —4v/5/9p? — 6p3 + p?
/lmm[((ch) )2]: : : 144\/ : : :

3 — ps+2v5p;

» Dmar(Weg) = 2(14+V2) (4.4.40)

Also, the range of p and ¢ in terms of state parameter p, are given by

\/§H 2H
F F
F 42230 ~as F—223 3*”5

(4.4.41)

and, (4.4.42)
where F and H given in the previous section can be calculated using the information
given in (4.4.40).

Therefore, using the information given in (4.4.36), (4.4.40), (4.4.41), and (4.4.42), the
value of the expression of 55 and S can be calculated for the three-qubit state p/gi)c

and they are tabulated in the Table 4.5.

State Parameter | Operator parameter | Operator parameter (S@) ) (S£4)> )
Pagc Pagc
(Ps) (p) (9)
0.82 0.72 0.93 -4.35959 | 5.06538
0.87 0.6 0.95 -4.6602 | 5.30281
0.92 0.45 0.97 -5.4101 5.45763
0.97 0.35 0.99 -5.147 5.10813

Table 4.5: We have chosen different values of the three-qubit state parameter pg for which its

(5)

reduced two-qubit state is entangled. Then we get a value of S "’W(pBC) and corresponding to
it, we have chosen a value of the operator parameters p and ¢ given in (4.4.41) and (4.4.42)
respectively. Using the information given in (4.4.40) and considering a few values of p, ¢, and

ps, Table 4.5 is prepared. It depicts the values of <S£3)>p(5) & (S$4))p(5> given in (4.3.30) and
ABC ABC

(4.3.31) indicating the fact that the state pﬁ,)c exhibit genuine non-locality.
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4.5 Comparing our criterion with other existing criteria

In this section, we have compared our results with other pre-existing criteria such as (i)
M. Li’s criterion [228] (ii) Different types of Svetlichny inequality [80], for the detection
of genuine non-locality of pure or mixed three-qubit states.

We may re-state M. Li’s criterion as [228]: If S, denote the Svetlichny operator and if
any pure or mixed three-qubit states described by the density operator p violate the

inequality
max|(Sy)p| < 44 4.5.1)

then the state p may possess genuine non-local property.

Here maximum is taken over all measurement settings and A; denoting the maximum
singular value of the matrix M = [M; ;] with M;, = Tr[p(c; ® 6; ® o;)]. We note that
the upper bound given in (4.5.1) is state dependent.

Example 4.6: Let us consider a mixed three-qubit state of the form [228]
1—1t
Pime = 110gs) (el + — 1 1€(0.1] (4.5.2)

where I denote an identity matrix of order 8. The state |¢,;) is given by

|Bgs) = %yooo> + ?|11>(C0s93]0> +8in6s|1)), 65 €0, g] (4.5.3)

The maximum and minimum eigenvalue of pfgc is given by

1—1¢
8

_1-|—7t

6
lnwzx(pA(B)C) g Aunin (p/(x%)c) =

4.54)

It can be observed that if we trace out either system A or system B then the resulting
two-qubit state will become a separable state and thus we cannot apply our result.
So, we consider the two-qubit state resulting from tracing out the system C from the

three-qubit state pgi,)c. The reduced two-qubit state p/g) is given by
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1 0 0 YXCosbs
1-t
(6) L 0
p\S) = 4.5.5)
A8 0 0 Lt 0
BiCosy 0 0 12

The state p/(g) is an entangled state for r € [0.83,1] and 65 € [0.615,0.6219] as there
exists a witness operator WC(’,%H(: 21 —BS‘,?SH) that detects it. The CHSH witness

operator BS‘I?SH is given by (3.2.7). This is clear from the following fact

) (6 1(24+/3Cos6;
e
< 0, forre [0.83, 1] & 05 ¢ [0.615,0.6219] (4.5.6)

Since the two-qubit state pfg) is an entangled state and it is detected by WC(’%H so the

(6)

strength of its non-locality may be measured by Syz(p,z)- It is then given by

X 6
—Tr{WeisuPhs
8

()

Sne(p\%)) = L [0,0.04],for t € [0.83,1] & 65 € [0.615,0.6219] (4.5.7)

Further, we are now in a position to calculate the value of the following quantities,
which are given by
242t +/2t\/5+3Co0s26
lmax(12 ®P(6)) = s

1—1t
AB) = 3 , lk(12®P,§6)) =1 (4.5.8)

Moreover, the range of p and ¢ in terms of state parameter 6 are given by

V24 <p< 2A 4.5.9)
p D.
242t4+/211/5+3C0s20; 242t++/2t1/5+3C0s20
V2A — et 2A — AR
2B 2B
V2 (4.5.10)

VaB+ Lt ST gy T

where A = (0.9 (1 @ p\)) + 2max (P9 S (0.8) aNd B = A (0 (b @ p )

Zlmin(pgc)SNL(pg) can be calculated using the information given in (4.5.8).
Further, using the information given in (4.5.4), (4.5.7), (4.5.8), (4.5.9), and (4.5.10),

the value of the expression of Sﬁl) and SSZ) can be tabulated for the three-qubit state

)+
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p\S).in Table 4.6.

Comparison Analysis
Our Work M.Li et. al. Work [228]
State Parameter | Operator Parameter (SE,1)>p<6) (S@)p(@) Whether (4.3.15) | Upper Bound of | Whether (4.5.1)
ABC ABC
satisfied or satisfied or
t,6s P4 violated? <SV>P§(Z;>C =4k violated?
£=0284, p=01, -5.07155 | 5.07541 Violated 3.36062 Satisfied
6; =0.616 q=0.92 ’ ' )
t=0.87, p=0.09, . .
0= 0.618 q=0.93 -4.76827 | 5.65134 Violated 3.4831 Satisfied
t=0.9, p=0.07, . .
0, — 0.62 g =0.959 -5.02466 | 4.35569 Violated 3.60576 Satisfied
t=0.95 p =0.04, . .
0, = 0.6205 g =0.979 -5.19447 | 4.66488 Violated 3.80675 Satisfied
t=0.99, p=20.019, . .
05 — 0.6215 g =0.996 -4.403 4.59326 Violated 3.96844 Satisfied
t =0.998, p=0.012, . May
0 —0.6216 g =0.9992 -4.83292 | 4.62339 Violated 4.00064 violate
t =0.999, p=0.01, . May
0, — 0.6217 g = 0.9996 -5.4911 | 4.62769 Violated 4.0048 violate

Table 4.6: We have chosen different values of the three-qubit state parameter (¢, 63) for which

its reduced two-qubit state p/(l%) is entangled. Then we get a value of SNL(p/g) and corre-

sponding to it, we have chosen a value of the operator parameters p and g given in (4.5.9) and
(4.5.10) respectively. . Using the information given in (4.5.8) and considering few values of

p, g, t and 03, Table 4.6 is prepared. It depicts the values of <S$1)>p(6> & <S‘(}2)>p(6) given in
ABC

ABC
(4.3.16) and (4.3.17) indicating the fact that the state pf&)c exhibit genuine non-locality.

We are now in a position to compare our result with the result given in [228]. We
have calculated the maximum singular value A; of the matrix M = [M; ;], where M; ; =
Tr[pgc(ci®6j® ox)] and the values of 4, given in Table 4.6. It is clear from Table
4.6 that the state p/g?,?c with parameters ¢ € [0.83,1] and 6; € [0.615,0.6219] violate the
bounds given in Result 4.4.1 and thus able to detect the genuine non-locality of pgc.
On the other hand, the state pf,?c satisfies (4.5.1) and thus we can say that M. Li et.
al.s criterion is unable to detect the genuine non-locality of the state pf\%)c.

Example 4.7: In [80], J.-D. Bancal et. al. have considered a pure state |y")) z¢ of

the form

|II/(7)>ABC:?|OOO>+\/T§|HO>+%|HI> (4.5.11)

The state (4.5.11) is peculiar in the sense that it does not violate 1087 types of
Svetlichny Inequality, which have been constructed in [80]. Thus, our task is to en-
quire whether the genuine non-locality of the pure state (4.5.11) is detected by our

criterion.
The pure state (4.5.11) described by the density operator p\. = |y 45 (w7, is an
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entangled state, and also we have

Amax( f(x;)c) = 17 lmm(Pﬂg%) =0 (4512)

Tracing out system C from the three-qubit state pf(‘;)c, the reduced two-qubit state pﬂg)

is given by

(7)

pl) = (4.5.13)

ol O O hw
o o o O
S o o O

= O S oolw

The state p/g,) is an entangled state and it is detected by the witness operator WC(’;%H(:
2]—B?,§SH). It is clear from the following fact

TrWS) p\l] = —0.47487 (4.5.14)

The strength of the non-locality of two-qubit state pg;) may be measured by SNL(p/@)

and it is given by

~TrWesnPhs)
8

Sne(p\H) = = 0.0593588 (4.5.15)

Further, the eigenvalues and traces are given by

Amax(B ® pA1) = 0.950694, Apin(p\ (I @ p\)) = —0.0783743

Amar (P @ p\H)) = 0.656499, Al @ p 1)) = 0.0493061 (4.5.16)
Moreover, the range of p and ¢ is given by

0.00687286 < p < 0.0096921 (4.5.17)
0.949571 < g < 0.963807 (4.5.18)

Using the information given in (4.5.12), (4.5.15), (4.5.16), (4.5.17), and (4.5.18), the
value of the expression of Sﬁl) and SSZ) can be calculated for the three-qubit state pﬂ,)c
and they are tabulated in Table 4.7.
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Operator parameter | Operator parameter <S£l)> ™ <S$2)> ™
Pagc Pagc
(p) (9)

0.007 0.95 -5.5534 | 5.60622
0.0075 0.955 -5.18056 | 5.01918

0.008 0.959 -4.85433 | 4.55396
0.0085 0.96 -4.56648 | 4.43826

0.009 0.963 -4.31061 4.0926

Table 4.7: We traced out system C from psapc and got a reduced two-qubit state which is

entangled. Then we calculated SNL(P/@) and corresponding to it, we have chosen a value

of the parameters p and ¢ given in (4.5.17) and (4.5.18) respectively. Using the information
given in (4.5.16) and considering a few values of p, and g, Table 4.7 is prepared. It depicts the

values of <SS”)pm &(SE”)pm given in (4.3.16) and (4.3.17) indicating the fact that the state
ABC ABC

|1//(7)> Apc exhibit genuine non-locality.

Therefore, we can infer that for the corresponding p and ¢, the state |1//(7))ABC exhibits
genuine non-locality. So, by using our approach, we can say that the state |y"))45c

may exhibit genuine non-locality.

Example 4.8: Let us take a mixed three-qubit state of the form [244]

1 1
P\ = ol Y (SUso®0) - <

oy RIRor+0rR0oRI)), ce (0,1
L (G (@ I®0+0® r®1)), ce(0,1]

(4.5.19)

where o, are the Pauli matrices k = x,y,z. Toth and Acin [244] have shown that the
mixed three-qubit state (4.5.19) is a genuine entangled state for ¢ € (0.869, 1] although
it admits a local hidden variable model. Now we will show that the state pﬁ,)c violate
the bound (4.3.29). To execute this task, let us calculate the maximum and minimum

eigenvalue of p/%)c. They are given by

243
== Auin(Plipc) = 0 (4.5.20)

A‘max (P Ig;)c) ==

Tracing out system C from the three-qubit state pf(lsB)C, the reduced two-qubit state p/gz)

is given by
Z€ 0 0 0
0 2t¢ =< o
8
= o % 2 (4521)
4 8
0o 0 0 X

pffg is an entangled state for ¢ € (0.869, 1]. Also, we have
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TrW S =2—v2c >0,0869 <c<1

We find that CHSH witness operator Wc()ggﬂ is not able to detect the entangled state

pfj;). The strength of the non-locality of pfj? may be measured by Sﬁ,’,ﬁw(pg). There-

fore, using (3.2.48), the parameter r is given by
r<[0.73,0.815), ¢ € (0.869,1] (4.5.22)
Hence, using (3.2.29), the strength of the non-locality S%iw(p/@) may be calculated as
sNev(p®)) e [0.21,044), ¢ € (0.869,1] (4.5.23)

Further, we can calculate the following using the three-qubit state p/(é)c and the re-
duced two-qubit state pf;)

24 3¢ 2—c
lmax(IZ ®P,§?) = g l1((12 ®p/(18)) = lmax(( AE%))TB) = T?
c—2)(2+3c 4—12¢+9¢?
APl @pf)) = - C=DRH3D (ol = 420
x 8), (8 44-2v/2¢+ (14+/2)c?
Ain (PS5 (5 p)) =0, TrlW Sihup S o 5] = 12
(4.5.24)
Also, the range of p and ¢ in terms of state parameter c is given by
V2H 2H
e <P < (4.5.25)
V2H — 2H — 23
F F
— <4< 5 (4.5.26)
F+2v2(%9) F+2(%°)
where H — (c=2)(243¢) F—_ (c=2)(2+3¢) ‘

6(4—12c+9¢2)’ 24
Using the information given in (4.5.20), (4.5.24), (4.5.25), and (4.5.26), the value of

the expression of S and s can be calculated for the three-quibit state p/(fgc and
they are tabulated in the Table 4.8.
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State Parameter | Operator parameter | Operator parameter (S£3>> ®) <S$4)> ®)
Papc Papc
(©) (») ()
0.87 0.89 0.36 -4.14775 5.4637
0.89 0.87 0.37 -4.15282 | 5.30108
0.92 0.82 0.38 -4.73136 | 5.17754
0.95 0.8 0.43 -4.29487 | 4.28605
0.99 0.76 0.44 -4.14294 | 4.21697

Table 4.8: We have chosen different values of the three-qubit state parameter ¢ for which

its reduced two-qubit state is entangled. Since pégc) is not detected by WC(}%H so we have

calculated the value of S%iw(plggc)) and corresponding to it, we have chosen a value of the

operator parameters p and g given in (4.5.25) and (4.5.26) respectively. Using the information
given in (4.5.24) and considering few values of p, g and c, Table 4.8 is prepared. It depicts the

values of (553) >p(g) & (554) )p<g> given in (4.3.30) and (4.3.31) indicating the fact that the state
ABC ABC
(3)

P 4pc €xhibit genuine non-locality.

4.6 Conclusion

In this chapter, we have considered the problem of detection of non-locality of an arbi-
trary three-qubit state (pure or mixed). This problem may be handled by the violation
of Svetlichny inequality but to do this, we have to maximize the expectation value
of the Svetlichny operator overall measurements of unit spin vectors. This optimiza-
tion problem may not be very simple so we have adopted a new procedure to detect
the genuine non-locality of an arbitrary three-qubit state. We have derived a state-
dependent lower and upper bound of the expectation value of the Svetlichny operator
S, with respect to any pure or mixed three-qubit state described by the density oper-
ator papc. These bounds established a connection between (S,),,,- and the strength
of the non-locality of the reduced two-qubit entangled state p;;, i # j, i,j=A,B,C. We
should note here that the considered reduced two-qubit state must be an entangled
state. The strength of the non-locality of the reduced two-qubit state may be mea-
sured either by Syz(pi;) or by SV¢¥(p;;) depending on whether it is detected or not
detected by CHSH witness operator. We have shown that the modified lower and up-
per bound of the expectation value of the Svetlichny operator may help in getting the
violation of the inequality for those three-qubit genuine entangled states which was
earlier not detected by Svetlichny inequality or by any other inequalities. To imple-
ment our results in an experiment, let us discuss briefly the possible implementation
of the partial trace, eigenvalues, and partial transposition in an experiment: (i) Par-

tial Trace- Possible experimental implementation of partial trace has been discussed
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in [11-14]. (ii) Eigenvalues- It is shown that there exist methods by which one may
determine the eigenvalues of a state experimentally in a relatively easier way than full
state tomography [186, 200]. (iii) Partial Transposition- Partially transposed density
matrices are generically unphysical because it is a positive but not completely posi-
tive map. In spite of this limitation, measurement of their moments is possible [245].
Using their moments, one may estimate the values of the trace of a function of partial
transposition [246]. Since the inequalities derived here for the purpose of detecting
the genuine entanglement in the three-qubit system depends on partial trace, eigen-
values, and partial transposition operation so we may expect that our result may be

verified in an experiment also.
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Chapter 5

Controlled Quantum Teleportation:
Estimation of Controller’s Power through

Witness Operator

“Teleportation is not a dream anymore. It’s a daily routine, at least for particles. ”

- Charles Bennett

In this chapter !, we estimate the controller’s power through the witness operator.
Controlled quantum teleportation (CQT) can be considered as a variant of quantum
teleportation in which three parties are involved where one party acts as the controller.
The usability of the CQT scheme depends on two types of fidelities viz. conditioned
fidelity and non-conditioned fidelity. The difference between these fidelities may be
termed as the power of the controller and it plays a vital role in the CQT scheme.
Thus, our aim is to estimate the power of the controller in such a way that its estimated
value can be obtained in an experiment. To achieve our goal, we have constructed a
witness operator and have shown that its expected value may be used in the estima-
tion of the lower bound of the power of the controller. Furthermore, we have shown
that it is possible to make the standard W state useful in the CQT scheme if one of
its qubits either passes through the amplitude damping channel or the phase damp-

ing channel. We have also shown that the phase damping channel performs better

'This chapter is based on a accepted research paper “Estimation of Power in the Controlled Quantum Tele-
portation through the Witness Operator", Accepted in The European Physical Journal D (EPJ D) (2024).
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than the amplitude damping channel in the sense of generating more power for the

controller in the CQT scheme.
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5.1 Introduction

The process of transferring an unknown quantum state between two parties at two dis-
tant locations without transferring the physical information about the unknown quan-
tum state itself is known as quantum teleportation [1, 3,20]. This means that neither
any physical information about the state is transferred nor a swap operation between
the sender and the receiver is performed. Teleportation protocol makes use of the
non-local correlations generated by using an entangled pair between the sender and
the receiver, and the exchange of classical information between them. This concept
plays a central role in quantum communication using quantum repeaters [22,115] and
can also be used to implement logic gates for universal quantum computation [116].
Quantum teleportation was also demonstrated experimentally [54, 146,247,248].

We call the Bennett et. al. [20] protocol of teleporting a single qubit using a two-qubit
shared state as standard quantum teleportation protocol and it has already been dis-
cussed in Chapter 1. Quantum teleportation using a three-qubit state as a resource
state was introduced by Karlsson et. al. [137]. It is a variant of teleportation in which
three members such as Alice (A), Bob (B), and Charlie (C) are participating with one
qubit each. Later, this type of quantum teleportation protocol is popularly called the
controlled quantum teleportation (CQT). A lot of studies on CQT schemes have been
studied in the literature [166—181].

In the CQT scheme, we may consider that Alice, Bob, and Charlie share a three-qubit
pure/mixed state described by the density operator pspc. We assume throughout
the chapter that Charlie acts as a controller who performs single-qubit Von Neumann
measurement on his qubit which is given in (1.4.22) and (1.4.23). And the three-qubit
state papc after the measurement is projected onto the two-qubit state which is given
in (1.12.1). And by tracing out Charlie’s qubit a reduced two-qubit state described
by the density operator pag = Trc(pasc)- In the CQT scheme, the faithfulness of the
teleportation may be quantified by the conditioned fidelity denoted by fc(pf"g) and the
non-conditioned fidelity fyc(pas)-

If we are not allowing any filtering operation then we may observe that the two-qubit
state obtained either through the Von Neumann measurement or through the appli-
cation of partial trace operation, may or may not be useful as a resource state in
quantum teleportation. In this scenario, the controlled teleportation scheme may be
helpful in the sense that by controlling the measurement parameter, the controller may
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be able to increase the teleportation fidelity in the conventional teleportation scheme.
Therefore, the enhancement of the teleportation fidelity may be measured by a quan-

tity known as the controller’s power (PékT)) of the controlled quantum teleportation. It

may be defined as the difference between the conditioned fidelity (fc(plglg)) and the

non-conditioned fidelity (fvc(pas))

PékT) = fc(pﬁg)—ch(pAB), k=0,1 (5.1.1)

In the controlled quantum teleportation scheme, there are two basic assumptions: (i)
fc(pf"g) > % and (ii) fyc(pas) < % If these two conditions are satisfied by any three-

qubit states then we say that the given three-qubit state is useful in the CQT scheme.

5.2 Witness operators

In this section, our task is to construct a witness operator and study the relationship
between the expected value of the constructed witness operator and the Bell-CHSH
inequality. We have shown that the constructed witness operator may detect the two-
qubit entangled state even when Bell-CHSH inequality is unable to detect it. Moreover,
we find that the two-qubit entangled states, which are not detected by Bell-CHSH
inequality but detected by the witness operator, are useful for teleportation. In general,
it has already been shown in the literature [97] that any two-qubit state described by
the density matrix psp violates CHSH inequality if and only if M(pag) > 1, where the
quantity M(pap) is defined in (1.8.1).

5.2.1 Construction of witness operator Wig-l)
To start with, let us first recall different Bell-CHSH operator defined in xy—, yz—, and
zx— plane, which are collectively denoted as BgQSH (i,j =x,y,z;1 # j) and it is given

by [227]

G,'—l—Gj O,—O0; Gi—l—Gj 0; —Oj

+o0—~L+4oi0—H -0 — 5.2.1
\/§ 1 J \/z J \/5 ( )

B(CiI{I)SH = 0®
Afterward, we will use the short form B;; instead of using the long form B(CiQSH through-
out the chapter. The four Bell states in the computational basis are denoted by |¢=) 4z,
ly*)4p and can be expressed as (1.10.1), (1.10.2), (1.10.3),and (1.10.4).
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Now we are in a position to construct the operator W;; that may be expressed in the
form as

1
"Vl]:(§+20)1_A_aBljal;]:xayvz&l#] (5.2.2)

where a is a positive real number. The operator A given in (5.2.2) may take any form
of two-qubit Bell states and other operators have their usual meaning. In particular, if
we take A = |9 )4p(¢ | then the operator W;; reduces to Wi§.¢+), where WiS.W) is given
by

+ 1 . .
VV!S(P ):(5—1-261)1—|¢+>AB<¢+’—aszle:XJ’,Z&l7é] (523)
Theorem 5.2.1. The operator Vl/ig-¢+) given in (5.2.3) is a witness operator.

(67)
J

given in (1.5.26) and (1.5.27) respectively.

Proof: We call the operator W,;" *, a witness operator if it satisfies the conditions C1 and C2

(97)
j
two-qubit separable state described by the density operator Oy ,. The expectation value of the

(a) To show the validity of condition C1, take the operator W, and consider an arbitrary

operator Wig-w) with respect to Oy, is given by
TAW Y 600] = (% 4 20) — (67 |Grep|6 ) — aTr{Bi Ger] (5.2.4)
ij sep ) sep ijOsep oL

If F(0,p) denote the singlet fraction [249] of the state o, then we have

F(Gsep) > <¢+‘Gsep|¢+> (5.2.5)

Using (5.2.5) in (5.2.4), we get

W0y, > (% +24) — F(Gyep) — aTF{Bijuey) (5.2.6)

For any separable state Oy, we have —2 < Tr[B; step] < 2. Thus, for a > 0, the inequality
(5.2.6) reduces to

— F (0O +261, Tr|B;iOsp| € —2,0
Tr[W.(.¢+) (Gsep) [BijOsep) € [ ]

ij GS@P] =

(5.2.7)

[NSTE N NS )

— F(Gyep), Tr[BijOyep] € [0,2]

. . . . . . 1
Since the singlet fraction of any separable state Oy, satisfies the inequality F'(0;.p) < 5 so for

any a > 0 and for any separable state Oy, we have TF[V‘G5~¢+)Gsep] > 0. Hence C1 is verified.

(b) To prove the validity of the condition C2, it is enough to show that there exists an entangled

W@ (»)

state Oy, for which Tr[W, j Oent| < 0. For this, let us consider an entangled state o, , which



150

may be defined as [194]

1— 1
Ol = Pl0 ) anlo [+ =P S <p <] (5.2.8)

Let us now consider the operator By, which is defined in (5.2.1). In the interval % <p<l1l,we

find that the state Géf,’,) satisfy the Bell-CHSH inequality using the operator By, i.e.,

1
Tr[Byo)] =0, 3<p<l (5.2.9)
Here, we observe that the entangled state Ge(,’;) is not detected by the operator By,. The operator
Wy(z(ﬁ) may be expressed as
W) = (2 L 2a)r— 1070t —aB 0 5.2.10
vz (2+ a)l = ¢ )ap(¢"| —aByz, a> (5.2.10)
The expectation value of the operator Wy(fﬂ with respect to the state Ge(,f,) is given by
+ 1
W oli] = S+2a— (9710l [0") —aTr(By.ol)
1 1+3p
= —42a-—
2Ty
1-3p

1
= T—|—2a<0, a € [0,0.001], 3 <p<l1

Thus, there exist an entangled state Ge(,f,) for which Tr[Wy(ZW) Ge(,ft)] < 0. Therefore, C2 is veri-
fied.

+
Thus, we can now say that the operator Wy(z¢ ) may serve as a valid entanglement witness op-

erator. Similarly, it can be shown that there exists a finite range of the parameter a for which

(97) ~(p) (97) ~(p) (97) C i L
Tr[Wyy "Ogy ] <Oand Tr[Wex' 'O,y | <0. Hence, the operator W;," * forany i, j =x,y,z;i # J
is a witness operator. |

Moreover, if we replace the operator A by other Bell states like |¢ ) 4p(¢ | or |wF)ap(w™|
then it can be shown that the corresponding operators Wig.‘l’f) or W,._(]."’i) may serve as
witness operator for any i,j = x,y,z;i # j. Therefore, the witness operators Wig."’_),
Wig."’i) may be expressed in the following way:

- 1

Wi(j¢ = (§+2¢1>1— |0 ) a(¢~ | —aBij,i,j=x,y,2 i # ] (5.2.11)
£ 1

W,~§-"’ V= (5 +2a)] — |y ) ap(WF| —aBiji, j=x, vz i# (5.2.12)

2
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5.2.2 Characteristic of the introduced witness operator

In this section, we may take into account the Bell state |¢ )45 and then discuss the
relation between the three quantities such as (i) M(pag), which determine whether
the quantum state violating the Bell-CHSH inequality (ii) F(pag) denoting the singlet
fraction of the state p,p that determine whether the state is useful as a resource state
in quantum teleportation [127] and (iii) the expectation value of the withess operator
Wig.")ﬂ that detect the signature of the entanglement. Specifically, we derived here the
lower and upper bound of the expectation value of the witness operator Wig.‘m. Using
these bounds, we have obtained a few results that focus on the condition for which the
witness operator may or may not detect the entangled state. Furthermore, we note
that all the results obtained by considering the operator |¢*)45(¢ | may also be ob-
tained by considering the other three Bell operators such as |¢ ) ag(¢ |, |w)ap(v™|.

Result 5.2.1. Consider an entangled state p,,,,; such that M(p,,;) < 1. Then the lower and upper

W/z(¢+)

bound of the expectation value of the witness operator W, 3 with respect to an entangled state

Pent 18 given by

Ula) < TrW"peu] < L(a), a>0 (5.2.13)

where U(a) = 5 — F(pen) +2a(1 — \/M(Penr)) and L(a) = 3 — (¢ |pent |9 ) +4a.

Proof: To derive the required lower bound of the expectation value of the witness operator

WiS-W), let us recall the witness operator defined in (5.2.3). The expectation value of Wig.w)
with respect to an entangled state pe;, is given by
() 1 + +
Tr[VVij Pent] = (5 +2a) = (" |Pent|9T) — aTr[BijPent]
1
> (5 +2a) — F(Pens) — aTr[Bijpent]
1
> (E—F(pem))—kZa(l — /M (Pent)) (5.2.14)

In the second step, we have used (¢ |Pens | ) < F(Penr). In the third step, we use the follow-
ing Tr(BijPent] = (Bij)pow < 10X, (Bij)poy =2/ M(pent) for any (i, j), where i, j = x,y,2;i 7
J 971

Let us now derive the upper bound of the expectation value of the witness operator W,
(¢7)

Again, the expectation value of Tr[W, ;

(97)
e
Pent] can be expressed as



152

+ 1
W ] = 5 = (07 1Peul ™) +a(2 = Tr{Bijpent]) (5.2.15)

Let us assume that the two-qubit entangled state p,,, satisfies the Bell-CHSH inequality, i.e.,
Tr[BjjPent| € [—2,2] for any i, j = x,y,z;i # j. If we split the interval [—2,2] into two subin-
tervals [—2,0) and [0, 2], then we have the following two cases:

(i) If Tr[Bjjpent] € [0,2] then we get
1
TrW " pou] < 5 = (9" 1Pent|07) + 20 (5.2.16)
(i) If T7[B;jpent) € [—2,0], we get

Tr[Wiﬂ-M Pent] < = — (0" |Pene|0T) + 4a (5.2.17)

| =

Thus, combining (5.2.16) and (5.2.17) and since a > 0, we get

T o] < 5 — (07 |pent|6™) +4a (5.2.18)

N —

Hence, if M(pen;) < 1 then the lower and upper bound of the expectation value of the witness

(9

operator W;; is given by

— (0T |Pent|®0T) +4a, a>0 W

| =

(3 = F(Pen)) + 241 = v/M(pans)) < TrWF p] <
The inequality (5.2.13) estimates the lower and upper bound of the expectation value
of the witness operator Wl.5.¢+) with respect to any two-qubit entangled state. Further,
we note that the lower bound of Tr[Wig-W)pem] depends on two quantities such as (i)
F(pens) and (ii) M(p.;). Based on these two quantities, we can make the following
observations from the inequality (5.2.13):

Observation 1: If there exist any two-qubit entangled state p.,, such that M(pe,) <1

and F(Pen) < % then it is clear from (5.2.13) that the witness operator Wig.‘m cannot
detect the entangled state p.,;.

This observation may be illustrated by the following example: Let us consider the
two-qubit state [129]

pr = FloT)OT I+ (1= F)o1)(01], 5 <F< (5.2.19)

1
2
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where F denotes the singlet fraction of the state. One may easily verify that the state
pr is an entangled state when { < F < 3.
The expectation value of the Bell operators By,, By, and B,; in different setting with

respect to the state pr is given by
(Byy)pr =0, (Byz)p, € (—0.9428,—0.7071), (By;)p, € (0,0.707107) (5.2.20)

Therefore, using (5.2.20), we can find that the state pr satisfies the Bell-CHSH in-
equality i.e. M(pr) < 1. Let us now calculate the expectation value of the corre-
sponding witness operators Wx(y"’ﬂ, Wy(z‘m, and WZ&W) with respect to the state pr. For

positive 'a’, the expectation values are given by

W pr] = % +2a—F >0 (5.2.21)
W pr] = (% —F)+al2+V2(1-F)] >0 (5.2.22)
Trws pr] = (% —F)+al2+v2(1-3F)] >0 (5.2.23)

Thus, it is clear from (5.2.21), (5.2.22) and (5.2.23) that the entangled state pg,is
not detected by the witness operator W)§y¢+). The observation-1 is now verified for a
particular quantum state described by the density operator pr.

But, in general, from the inequality (5.2.13) we can conclude that if any quantum
entangled state p,,, satisfies M(pen;) < 1 and F(pen:) < % then the witness operator
Wig."’ﬂ, i,j =x,y,z, i # j does not detect the entangled state p,,.

Observation 2: If there exist any two-qubit entangled state p.,; which is useful in
()
J
state p., when the parameter a lies in some specific range. This observation may be

teleportationi.e. F(pen) > % then the witness operator W;,” ' may detect the entangled

written in the form of another result, which is stated below:

Result 5.2.2. Let us consider a two-qubit entangled state described by a density operator p;.

+ +y_1
% then the witness

If F(Pent) > % and if the parameter a lies in the range 0 < a <
(97)
J

Proof: The expectation value of the witness operator W,

operator W, detect the entangled state Pgy;.

(o)

i (i,j=x,y,z;i # j) with respect

to the entangled state p,,; can be written as
+ 1
AW pn] = 5= (0" el ™) +a(2 = Tr{Byjpens) (5.2.24)

Using (5.2.13), it can be easily shown that if F (e, ) > % and if whether the state p,,; satisfies
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the Bell-CHSH inequality or violate it, the upper and lower bound of Tr[WiSW) Pent] Will be a

negative quantity. Thus, we have

+

Tr[Wl.§.¢ ) Pent] = a negative quantity (5.2.25)
Therefore, (5.2.25) clearly indicate the fact that the witness operator W/i5'¢+) (i,] =x,9,21# J)
detect the entangled state p,,;. Hence proved. |

We will now verify Result 5.2.2 by considering the Bell state |y~ )4p instead of taking

|0 )ap. To verify Result 5.2.2, let us consider the two-qubit state described by the

density operator p(0)
a® 0 0 0
0 b(6) c(6) O
p(6) = (8) <(®) L 0<6<041751 (5.2.26)
21 0 ¢(8) dO) 0
0 0 0 @)

where a(0) = (3 —2v/2)Sin?0, b(0) = (3 —2v/2)Cos?0, ¢(0) = (1 —+/2)Cosb, d(6) =
14 (22 —2)Sin?6 and e(0) = (2v/2 —2)Cos?6.

It can be easily verified that p(0) is an entangled state and M(p(6)) < 1 for 6 €
[0,0.4175x]. Thus, the entangled state p(0) will satisfy Bell-CHSH inequality for 6
[0,0.4175x], and thus it is undetected by the Bell-CHSH operator. Further, the singlet

fraction of p(0), i.e., F(p(6)) can be calculated as
F(p(6)) = %(3 +4(—14+V/2)Cos0 + (5 —4v/2)Cos(20))

We can verify that F(p(8)) > 5 when 6 € [0,0.41757x] and a € (0,0.00560188].
By direct calculation, we obtain the value of the following expressions in terms of the

state parameter 6 as

—2+V2)Cos8
(=1 —=2(—1+/2)Cos8 + (—5+4V/2)C0s26)

~—~

<Bxy>p(9) = 2

<Byz>p(9) = <sz>p(9) =

SI-

(3+4(—1+V2)Cos0 + (5—4V2)Cos(260))  (5.2.27)

0| —

Trip(0)y Nv|] =

We are now in a position to calculate the expectation value of the witness operator

Wig."ﬂ with respect to the state p(6). It is given by
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Wl p(0)] = é(1+16a—4(—1+\/§+4(—2+\/z)a)C0s9+(—5+4\/§)Cos29)
Trw p(6)] = é(l—i—16a+4\/§a—4(—1+\/§+2(—2+\/§)a)Cos6+(—5+4\/§+

4(—8+45v2)a)Cos26)
Wy p(0)] = TrwY 'p(6)] (5.2.28)

We find that the witness operator Wx(yl”f) detect the state p(6) when a € (0,0.00032]
& 6 € [0,0.41757). We also find that witness operator W, ' & WY ) detect the state
p(0) when a € (0,0.00016] & 0 < 6 < 0.4175xn. Therefore, there exist a range of the
parameter a for which the entangled state p(0) is detected by the witness operator
Wig}lf‘)
Now, we are in a position to derive the non-trivial lower bound of the teleportation

when i, j =x,y,z;i # j.

fidelity when p.,; is used as a resource state in quantum teleportation. It may be
expressed in terms of the expectation value of the witness operator and M(p.).

Result 5.2.3. If there exists an entangled state described by the density operator pe,;, which
(¢7)
J

gled state p,,, is useful in teleportation with teleportation fidelity f(p., ), which satisfies the

satisfies the Bell-CHSH inequality but detected by the witness operator W;." ’, then the entan-

inequality
2 (9)
f(Pent) > 5{1 —Tr[W,*  pen] +2a(1 — /M (Pens)) } (5.2.29)
LT W) pou]
where a € (0, —2L—"].

a ( 2(1—=/M(Penr)) .
Proof: Let us start with the lower bound of the expectation value of the witness operator Wig.q) )
(i, j = x,y,z;i # j). Therefore, the inequality (5.2.14) can be re-expressed as

1 (0")
F(Pent) > 5" TrlW;" Pen| +2a(1 — /M(Pent)) (5.2.30)

The relation between the teleportation fidelity f(p,y,) and singlet fraction F(p,y,) of an entan-

gled state p.,; is given by [126]

2F (Pens) + 1

3 (5.2.31)

f(pent) —

Using (5.2.30) and (5.2.31), we get
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2 +
F(Pe) 2 S{L=TrW?peur] +2a(1 = /M {penr))} (5.2.32)

(9")
J
it can be easily verified that f(pen) > % Further, imposing the condition that f(pen:) < 1, we

Using the fact that M (pe,) < 1 and the witness operator W, detect the entangled state e,

can obtain the upper bound of the parameter a, which is given by

1 (¢7)
a< 2 -I—TI’[VVl-j (pent)] (5'2.33)
 2(1 =/ M(Pent))

Therefore, the interval of the parameter a for which the entangled state p,, satisfies the in-

equality M (pen;) < 1 and useful for teleportation is given by

) ( L Tr W) (pene)]
a b

2(1 — /M (Pent))

5.3 Estimation of controller’s power

We have assumed here that the controlled teleportation scheme involves three parties
namely Alice (A), Bob (B), and Charlie (C), who have shared a three-qubit state. In
this protocol, the measurement is performed by Charlie (acting as a controller) on his
qubit. As a result of the measurement, the two-qubit state will be shared between Alice
and Bob described by the density operator psg. The shared state psp may or may not
violate the Bell-CHSH inequality and accordingly the state may or may not be useful
in the conventional teleportation scheme [127]. Therefore, the study of the violation
of Bell-CHSH inequality is important in this scenario and thus we consider it here as
the CHSH game [224]. In the CHSH game, we assume that the two distant players,
Alice (A) and Bob (B) receive binary questions s,r € {0, 1} respectively, and similarly
their answers a,b € {0,1} are single bits. Alice and Bob win the CHSH game if their
answers satisfy a @ b = st. Thus, the CHSH game can be considered as a particular
example of XOR games. In this game, the non-locality of the shared state psp may
be determined when Alice and Bob perform measurements on their respective qubit
and the outcomes of their measurements are correlated. Therefore, the maximum
probability P; of winning the game overall strategy is given by (3.2.6). Since the

maximum probability of winning the game depends on the expectation value of the
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Bell operator B;;, so P is somehow related to the non-locality of the state p4p.
Adding the known fact that the state p,5 violate the Bell-CHSH inequality if (B;;)p,, > 2
and thus, we find that the state psp is non-local when P+ > %. Hence, the shared
state psp may be useful for teleportation when p"#* > %.

It may be easily shown that the winning probability 7;; may be estimated in terms of
the expectation value of the witness operator W;; with respect to the state psp. The

result may be stated as

Lemma 5.3.1. The probability P;; of the CHSH game may be estimated as
(i) When F(pap) < 3

G- SPi<1 (5.3.1)
(i) When F(pag) > 3

(97)
3 Tr[W;" "pasl
<Pi<--——Y =" 3.2
0< ,j<4 % (5.3.2)

where F(pap) denote the singlet fraction of the state pp.
Proof: Let us recall the witness operator WiS-W) given in (5.2.3). Therefore, Using (5.2.3) and
(3.2.6), the expression for F;; may be re-written as

11

3 +
Py=3+515 = (0" 1Paslo®) = TrWSF 'pas] (533)

Using the fact that (¢ ™ |pag|¢ ™) < F(pap) and considering the two different cases i) F (pap) <
% and ii) F (pap) > % separately, we can easily obtain the above estimation given in (5.3.1) and

(97) W(Vﬁ) and VVi(llf)' ]

(5.3.2). The above result may be proved in the same way for W, i W ;

5.3.1 Estimation of non-conditioned teleportation fidelity

Let us suppose that the three-qubit state shared between Alice (A), Bob (B), and
Charlie (C) is described by the density operator psgc. The reduced two-qubit state
shared between Alice and Bob is described by the density operator pap = Trc(pasc)-
If pap is used as a resource state in quantum teleportation then the faithfulness of
the teleportation is determined by the non-conditioned teleportation fidelity which is
denoted by fyc(pag)- The non-conditioned fidelity can be expressed in terms of the

correlation tensor Ty as [127]
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(5.3.4)

where ||.||; denote the trace norm.
To express fyc(pag) in terms of witness operator, we recall the expression of P;; given
n (5.3.3). It may be re-written as

3 1,1 +
Pj=,+g. (5~ (0" |paslo™) — Tr[WiS-q) pas))
Using (¢ |pagl¢™) < F(pag) in the expression of P;;, we get the inequality as

3 1
TriW pas] 2 8a( ~ Pj)+ 5 ~ F(pas) (53.5)

2

One of the assumptions to execute the controlled quantum teleportation scheme is
that the non-conditioned teleportation fidelity must be less than % Thus, considering

F(pap) < 5 and P; < 3, we get

1 1
5~ Triw; W) pas] < Fpag) < 3 (5.3.6)

Using the relation between singlet fraction (F(pag)) and non-conditioned teleporta-
tion fidelity (fvc(pas)), the inequality (5.3.6) may be expressed in terms of fyc(pag)-
Therefore, the inequality (5.3.6) may be re-expressed as

2 2
3 (1= T”[ PAB]) < fnc(pag) < 3 (5.3.7)

While constructing the witness operator Vl/ig.‘p+), we should be careful in choosing the

positive value of the parameter a. The value of a is choosen in such a way that
+

Tr{W."pas] > 0.

5.3.2 Estimation of the conditioned teleportation fidelity

In the controlled teleportation protocol, when the controller Charlie measures on his

qubit, the three-qubit state pspc reduces to pﬁlg according to the measurement out-

come k=0, 1. If Alice and Bob use the shared state pf\'g as a resource state in the tele-
portation protocol then the fidelity of the teleportation may be termed as conditioned

teleportation fidelity and it is denoted by fc(plglg). There is an interesting relationship
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between the conditioned teleportation fidelity and the partial tangle t4p and it is given
by [47]

k), _ 2+ fﬁ?

fe(pyp) = —5 o k=01 (5.3.8)

To implement the controlled quantum teleportation, it is assumed that fc(pf"g) > %
[167,169-171]. Therefore, the conditioned teleportation fidelity fc(pf(‘g) may be esti-
mated by using the Result 5.2.3

2 +

S =AW o)+ 2a(1— /M) < felpli)) (5.3.9)
The condition of controlled teleportation will be met when the witness operator detects
the entangled state pgg that satisfies the Bell-CHSH inequality. The value of the

parameter a involved in the witness operator will be chosen in such a way that the
witness operator detects pf"g :

5.3.3 Lower and upper bound of the controller’s power

The power of the controlled quantum teleportation for the k" measurement outcome

may be defined as

PC(’I;") :fC(Pf(xlg)—ch(PAB), k=0,1 (5.3.10)
Using (5.3.4) and (5.3.8), the expression of the power given in (5.3.10) reduces to

P _

CcT — (27/(112_||TAB||1) (5.3.11)

_|_

[N
A\ =

Our task is now to estimate the value of ||T45||; and rﬁlg.

(i) Estimation of ||74z||;: Let us recall (5.3.7) and using (5.3.4) in it, we get the
estimation of ||Typ||; which is given by

1 —4TrWhpap) < || Tapll < 1 (5.3.12)

In this case, the parameter a is chosen in such a way that the withess operator ijVC

does not detect the state psp. Therefore, we can put the restriction on Tr[Wi]}’CpAB] as
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0 < Tr[Wjpas] < (5.3.13)

=

The upper bound of Tr[W;}“pap] is obtained by using the condition ||Tsp]|; > 0.
(ii) Estimation of rf@): Using (5.3.8) and (5.3.9) and simplifying the inequality, we get

4a(1 —\/M(pjy)) —2TrWSpi] < 7y <1 (53.14)
The parameter a in the LHS of the above inequality (5.3.14) can be chosen in such a
way that the witness operator WS detects the state p}.
Now, we are in a position to derive the lower and upper bound of the power PékT). To
start with, let us use the upper bound of ||Ty||; and the lower bound of rf"g in the
expression (5.3.11) of the power of the controlled teleportation. Therefore, it reduces

the power given in (5.3.11) to the inequality that gives the lower bound as

da
3

2
(1—y/M(p)) - gTr[mg.C)pg")] <PY (5.3.15)

Similarly, using the lower bound of ||Typ||; and the upper bound of @("2 in the expres-
sion of the power of the controlled teleportation, we get the upper bound of the power

which is given by
2 NC
+ =Tr[W/Y¢ pag] (5.3.16)

Further, if we use the restriction given in (5.3.13) then the inequality (5.3.16) reduces
to

k)

P < % (53.17)
Combining (5.3.15) and (5.3.17), we get
4a (k)yy _ 2 ©) k) — pt) 1
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5.3.4 Estimation of the lower bound of the power for pure three-qubit

states

In this section, we study the controlled quantum teleportation protocol by considering
the pure three-qubit states such as standard GHZ state, Maximally Slice State (MSS),
and a W class of states. Then we estimate the lower bound of the power of the
controller for all the above mentioned states.

Let us consider a three-qubit standard GHZ state of the form
W )eap = 4]000) +Ag|111), AG+AF=1 (53.19)

Now, to execute the controlled teleportation scheme with the three-qubit state de-
scribed by the density operator p.}, = [y())cas(y!!)], the assumptions on the non-
conditioned fidelity and conditioned fidelity must be fulfilled. Therefore, we need to
calculate the non-conditioned fidelity and conditioned fidelity and thus the power of
the controller.

(i) Non-conditioned fidelity: We trace out system C from the three-qubit state p&)B.
The resulting two-qubit state pf&g) is given by

o\ = Tre(plis) = 2Z100)(00] + AZ|11)(11] (5.3.20)

Using pf\g as a resource state in quantum teleportation, the non-conditioned fidelity

can be calculated as

2
felpig) =5 (5.3.21)

(i) Conditioned fidelity: Charlie, performed measurement on his qubit in the single
qubit generalized basis {By,B;}. After the measurement, the state collapses either to

pféo) or pAGlgl), where
1
py) = %<0+ﬁmﬂmmm+%MPWﬁwm+dm+mnmmﬂm

4—MMFWﬂwm—Nm+nmmﬂmm+ﬁwﬁwﬁﬂﬂm)

where po = (> +y3)A + (5 +y2) A4 (5.3.22)
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1 )
pst) = p—l(<y%+y%>x§roo><00|+w4<ry2—y1y3—z<ry1+y2ys>>|oo><ur

N aox4<ry2—y1y3+i<ry1+yzy3>>|11><00|+zf<z2+y%>m><m),

where pi = (yi +3)4 + (53 +19)AF (5.3.23)

Let us now use the state pflg(’) for the teleportation of a single qubit. We choose the

normalized measurement parameters (y,y»2,ys3,t) in such a way that the conditioned
fidelity is greater than % ie. fc(pr(O)) > % and also the normalization condition (1.4.23)
holds. Therefore, choosing the measurement parameters y; = —0.25, y, = —0.49,
y3 =0.39 and t = —0.74, we can calculate the conditioned fidelity in terms of the state
parameter A4 as

G(O))

fe(pyp (1.19972 — 0.666667A; +0.799676A41/1— A7)  (5.3.24)

= 179958 22
We may observe that fc(pféo)) varies from [0.66667,0.99997] when A4 varies from [0, 1].
Thus, the assumptions on non-conditioned fidelity and conditioned fidelity are met. It
can be easily verified that these assumptions still hold if we consider the state pf;”.
This means that the GHZ state described by the density operator p&)B is useful for
controlled quantum teleportation.

Now, our task is to calculate the power of the controller when a three-qubit GHZ state
(5.3.19) is shared between Alice, Bob, and Charlie (controller). To estimate the power
of the controller, we again consider the state pflgo) and proceed toward the calculation
of the lower bound of the power that needs the following information:

(i) M(pAGéo)) > 1 for A4 € [0,1]. This indicates that the state pféo) violates the Bell-
CHSH inequality and therefore, the state is useful in conventional quantum teleporta-
tion [127].

(ii) The expectation value of the witness operator W)(W‘m with respect to the state pAGg))

is given by

0.90 —0.5A7 4+ 1.2444/1 — A2
THW Y (p00)y) — | : : (5.3.25)

o Pap )] =5 20 1.8—22

The value of a (> 0) is chosen in such a way that the witness operator Wx(y¢+) detects

the state pf;m. Thus, we find that when a € (0,0.232) & 0.598 < A4 < 0.95, the witness

operator detect the state pféo). Therefore, the lower bound of the controller's power
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can be estimated using the formula given below:

pGO)

G(0) G(O)]
CcT

> 4?“(1 —\/M(pSOY) — %Tr[vvig.“’”pAB (5.3.26)

It can be easily verified that the lower bound of power lies in the interval (0.001472,0.333)

for a € (0,0.1555) & 0.598 < A4 < 0.95.

Also, we note that the calculation of the power of the controller for the state pAG;” may

be done in a similar way.

Moreover, we may consider other pure three-qubit states such as maximally slice

state |y@)) 4zc = A0|000) + A;]100) + \/LE|111) given in [167] and W class states |W,) =
L_(]100) ++/7|010) 4-+/n+ 1]001)) introduced in [140]. We have analyzed the power

V2+42n
of the controller for these classes of states, which is given in Table 5.1.

Further, we find that the pure three-qubit W class of state described by |W;) is more
useful in the CQT scheme than all other W class of states such as |W,), |Ws) etc. |W;)
is more useful in the CQT scheme in the sense that when |W;) is used, the power of
the controller is greater than all the power calculated over the states (W), |Ws3) etc.

This finding is shown in Figure 5.1.

0.35
0.30
T~ A S Vi

0.20} ' e —

Power i e
0.15] i -

0.10} ~ T

0.05+

0.02 0.04 0.06 I 0.08 0.10 0.12 0.14
da

Figure 5.1: This graph shows the relation between parameter (a) of the witness operator and
the lower limit of controller’s power Pg/T'(O), PéVTZ(O), Pg?(O) when the measurement is performed
on one of the qubit of Wi, W,, W3 and the measurement outcome is kK = 0. Blue line denotes
the power of W, state, Yellow line denotes the power of W, state, and Green line denotes the

power of Wj state
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Three-qubit | Non-Conditioned Conditioned Estimated lower
State Fidelity Fidelity bound of the power
@) [0.5.0.6667] £ O)= £ (pMS )= 10.667538,11 | (0.0.3333), a € (0,0.0402]

' A4 € [0,0.643) A4 € 10,0.6]
Wi (0)_ [0.00146455,0.33333),

W) % fe(pag )=0.9999999999968732 a € (0.0.1767]
Wi(1)_ [0.00146455,0.33333),

fe(pap )=0.99999999976277 a € (0.0.1767]
Wa(0)_ Wa(1)y_ [0.0001815,0.31427),

[Ws) 0.657135 felpyg )= fe(pyp ')=0.980937 2 € (0.0.1665]
W3(0) _ Wi (1) _ [0.000427,0.288675),

Table 5.1: In this table, we have estimated the lower bound of the controller’s power using var-
ious three-qubit pure states such as maximally slice state [y(?)), and |W,)), n = 1,2,3 states.
We have found that all the three-qubit states are useful for controlled teleportation and further-
more, we obtain that [W}) is more useful in controlled teleportation in comparison to |W5) and
|W3) state.

5.4 Controlled teleportation in noisy environment

In this section, we analyze the power of controlled quantum teleportation when one of
the qubit of the shared state interacts with the noisy environment. We have considered
here amplitude damping channel and phase damping channel as a noisy channel for
our study. As it is known that the standard W state is not useful in controlled quantum
teleportation [170] so we study controlled quantum teleportation using the standard W
state. Therefore, we investigate the possibility of using the standard W state in CQT
protocol when one of the qubit passes through the noisy environment.

To start with, let us consider the standard W state, which is given by

1

W hpac = 5(1000) +[101) +[110) (5.4.1)

To execute our protocol, we assume that a source generates three-qubit entangled
state pl2 = [W™))gac(y™)|, where |y")psc is given in the form (5.4.1). In this
protocol, let us further assume that the two parties Alice and Charlie are in one place
while Bob is residing in some distant place. Alice possesses the two qubits A and B
respectively. On the other hand, Charlie has the qubit C. Since Alice would like to send
some information to Bob via a shared quantum state so she needs to construct an
entangled channel between them. Thus, Alice has to send a qubit (suppose, a qubit B)
involved in the three-qubit entangled state pl(xc) to Bob through the noisy environment.
The noisy environment may be described either as (i) Amplitude Damping Channel or

(i) Phase Damping Channel. The qubit B then interacts with the noisy environment
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while travelling to Bob’s place and assuming that finally, it reaches to Bob. In this
way, a channel is constructed between Alice and Bob through which Alice can send
her information to Bob using quantum teleportation protocol. Since the qubit B has
interacted with the noisy environment so there may be a possibility of the degradation
of the entanglement of the established channel between Alice and Bob. Thus, the
teleportation fidelity may become less than % In this scenario, Charlie may play a
major role as a controller to enhance the teleportation fidelity. Hence, we can calculate

the power of the controller in this version of controlled teleportation.

5.4.1 Amplitude damping channel

Recalling the standard W state given in (5.4.1) and follows the above described pro-
tocol where the qubit B is interacting with the noisy environment. Let us consider first
the amplitude damping channel as the noisy environment through which the qubit B
is passing. Amplitude damping channel is described by the Kraus operators defined
as [250]

K1 =000+ /T=pl1)(1].Kz = /Bl0) (1], 0<p<1 (5.42)

The Kraus operator satisfies K{K; + K, K, = I. I denote the identity operator.

When the qubit B passes through the amplitude damping channel, the state pg@
reduces to
P = (Ki@I@DpRl(K] @1e1) + (K@ Iy (K] ©121)
= %(|OOO>(OOO|—|—p(\001><001\—|—]001><010\—|—]010><OOI]+|010)<OIO|)
+ /1—p(]000)(101|+]000)(110| + |101)(000| 4 |110)(000|)
+ (1—=p)(|101)(101|+ |101)(110| + |110)(101| + |[110)(110])) (5.4.3)

Now, our task is to see whether the channel generated between Alice and Bob is
useful for conventional teleportation. To verify this, we trace out the system C from the
state described by the density operator plngé). The resulting two-qubit state is then
given by
Wil 1
ppn " = 5(100)(00]+ p(100){00] + [01)(01]) ++/T= p(|00} (11| + |11){00])

+ (1—=p)(|10)(10]|+ |11)(11])) (5.4.4)
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The non-conditioned fidelity of teleportation when pg‘”) is used as a resource state,
is given by

(Wl)) _ 5+2/1—p
9

2 3
fNC(pBA < 3 for 4 <p<l (5.4.5)

Therefore, we find here that there exists a range of the noisy parameter p (% <p<l1)
for which ch(pg‘m)) < 2. Let us recall again the three-qubit state p&vcl). Now, Charlie
performs Von Neumann measurement {By, k=0, 1} on his qubit C. According to the

measurement result, the resulting two-qubit states are given by

P = (239000001 4 o1} 011 +/T=p(00) (1] +11)(00] + (1 = P11
(=2 3103 +ilayt +3233)) (PI01)(00] + /T pl00) (10] + (1 = p) 11)10])
(=24 31y = ilay1 +7233)) (100} (01 + v/T=p[10)(00] + (1 = p) 10)11]
0753 (100)(00 + (1= p]10)(10)

P = 5 (079000001 01011+ /T=p(100) 111+ 11)(000) + (1 = p11) 1)

(ty2 = y1ys —i(ty1 +y2y3))(p|01){00] 4 /1 = p[00) (10 + (1 — p)[11)(10])
(£y2 = y1y3 +i(ty1 +y2y3)) (p[00) (01| + /1 — p|10){00] + (1 — p)[10)(11])
(#+¥3)(p[00)(00] + (1 —P)|10>(10|))

where Ny — 2(12+y§);r(y%+y§)and Ny = (t2+y§)+32(y%+y§)_

In the first case, we consider the two-qubit state p&l ©)

shared between Alice and Bob.
We now choose the measurement parameter (z,y;,y2,y3) in such a way that the con-
ditioned fidelity of teleportation would be greater than % Therefore, the measurement

parameters may be chosen as

t =0.9615239544277027, y; = —0.00000006450287021375004
y2 = —0.000000029154369318260298, y3; = 0.2747211110648374  (5.4.8)

The conditioned fidelity of teleportation is then given by

fe(ppl @) = 0.666667 +0.3333331/1— p—0.166667p, 0.75 < p < 0.82842 (5.4.9)



167

We may observe that the conditioned fidelity fc(pgxl(o)) is greater than % when 0.75 <
p < 0.82842. In all other range of the parameter p, either fyc > % or fc <. Thus,
we will consider 0.75 < p < 0.82842 where all conditions of controlled teleportation are
met. In a similar way, the condition for the controlled teleportation can be studied by
considering the second case when the measurement on the Charlie’s qubit generates
a two-qubit state described by the density operator pﬁ””. In any case, we find that

(0) (1)

both the states pj,i; and pj,i; are useful in the controlled quantum teleportation

scheme.

5.4.2 Phase damping channel

The phase damping channel is described by the Kraus Operator, which may be de-
fined as [251]

Ki = /T=p(10)(0 + 1) (1]), K2 = V/BlO}(O], K3 = /BI1){1], 0<p<1 (54.10)

Let us recall the standard W state described by the density operator pg‘(g = [y pac(yW)]
where |y"))p,c is given in (5.4.1) and follow the same protocol, as we did for ampli-
tude damping channel. When a qubit B interacted with the phase damping channel,

the state pgfc) reduces to

e = (Kielenpl(K| elol)+ (Kol DK o1o1)
+ (Kelonpgl(Kolo])
= %(|ooo><000|-+|101><101|4-|110><101|4—|101><110|+—|110><110|
+101)(000] +|110)(000]| + [000) (101| 4- [000)(110| — p(]|101)(000|
+ [110)(000| 4]000)(101| +]000)(110])) (5.4.11)
(W2)

To verify whether the controlled teleportation scheme is applicable for the state py, -,
we need to calculate non-conditioned fidelity and conditioned fidelity.

(i) Non-conditioned fidelity: The non-conditioned fidelity can be calculated as

(72), 7—2p

2 1
fne(pPgy ™) = 5 Sg,mf§<p§1 (5.4.12)

where pg‘m) = Trc(pgg)).

(if) Conditioned fidelity: To calculate it, Charlie applies the measurement on his qubit
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in the basis {By,B;}. According to the measurement result, the resulting two-qubit

states are given by

ngz(o) = SLM((Z2+Y%)(|OO><OO|+|11><11|+|11><00|+|00><11|—P(\11><00|+|00><11|))
+  +(=ty2+y1y3 + 1ty +y2y3))([11)(10] + [00) (10| — p[00){10[) + (—ty2 +y1¥3
- l<ry1+y2y3>><\10><11|+110><00|—p|10><00|>+(y%+y%>!10><101) (5.4.13)

P = e (0500000014 1) (111 +111)(00]+ 00} 1] = p([11){00] +00) 1))
(12 =393 = (o1 +5233)) ([11)(10]+100) (10] = pl00)10]) + (132 =1y
+

i(ty1 +y2y3))(/10) (11| +[10) (00| — p|10)(00]) + (r* +y§)|10><10|) (5.4.14)

2 2 2 2 2 2.2 2 2 2
where N, = 2R H0TER) gpg pyy — (C03)120140)

If the measurement parameters are given by

t =0.9615239543413954, y; = 0.000002698965323056848
y2 = —0.000000004258892841348826, y3 = 0.2747211523762679 (5.4.15)

then the conditioned fidelity fc(pp ")) is given by

felop ) =1-0333333p, —~<p<l (5.4.16)

| =

It may be easily verified that fc(p&Z(o)) € [0.66667,0.833333] for p € [0.5,1]. Thus, the

(0)

controlled teleportation protocol may be implemented using the state pgf . In a sim-

(D)

ilar fashion, it may be shown that the state pg\z is useful in controlled teleportation.

5.4.3 Comparision analysis of the power of the controlled teleportation

In this section, we compare the power of the controlled teleportation when the stan-
dard W state given by (5.4.1) is evolved under the amplitude damping channel and
phase damping channel. We will show here that the power of the controlled telepor-
tation in the case of phase damping channel is greater than the power in the case of
amplitude damping channel.

(a) Power of the controlled teleportation when standard W state is evolved under

amplitude damping channel: Since we find that both the state ngl(o) and p)&l(l) are
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useful in the controlled teleportation scheme so we can consider any one of the state
ng(O) or pXVBl(l) to calculate the power of the controller. Let us consider the two-qubit
state pX[;I(O) for the estimation of the power of the controller. To estimate it, we need
to calculate the following:

(i) The quantity M(pz;(o)) is calculated and found out to be less than one.

(i) The expectation value of the constructed witness operator Wig.‘b” with respect to

(0)

the state pg;l , Which is given by

7

1 _
Trwi ) (o O] = % — YL 424, 075 < p 082842 (5.4.17)

The value of a > 0 is chosen in such a way that the witness operator Wx(y")ﬂ detect the

(0)

W1(0) i i (¢7) Wi
state pg, . We find that the witness operator Wy, ’ detects the state p,, ' when

a € (0,0.005].
With all the above information, we can estimate the power (PgVTI(O)), which is given by

2 + 1
(1= /M (pp ) - §Tr[Wl.5.¢ om0 < PO < (5.4.18)

4a
-2

3

(0)

We have calculated the lower limit of the power P(V;VT1 and found that the lower limit

varies in the interval [0.0056075,0.041667) when a € (0,0.005] & 0.75 < p < 0.8164.

(b) Power of the controlled teleportation when standard W state is evolved under

(0)

phase damping channel: In this scenario also, we find that both the state pﬁz and

pzf(l) are useful in the controlled teleportation scheme so we can consider any one

(0) (1)

or p/?;z to calculate the power of the controller. Let us consider

(0)

of the state p/?;z

the two-qubit state p/_v,‘;f for the estimation of the power of the controller. The power

of the controller can be estimated by

4; (5.4.19)

2 +
(1— M<pg42(0))) _ gTr[Wig‘(P )ng‘Z(O)] < Pcv};z(()) <

| =

where the expectation value of the witness operator Wx(yq’ﬂ with respect to the state

pgf(o) is given by

Tr[wd ) plr20) — % +2a—(1-0.5p) <0 for ac (0,0.035],p € [0.5,0.859] (5.4.20)

Also, the quantity M(p&z(o)) can be easily calculated and found to be greater than

1. Therefore, the lower bound of power P‘;f)z) lying in the interval [0,0.16667) for a €
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(0,0.005] & 0.5 < p < 0.859.
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Figure 5.2: This graph shows the relationship between the witness parameter (a), noise param-
eter (p), and the controller’s power. Yellow region indicates the controller’s power of standard
W state with phase damping channel and Blue region indicates the controller’s power of stan-
dard W state with amplitude damping channel

Now, we are in a position to compare the estimation of the power of the controlled
quantum teleportation when one of the qubit of standard W state is passing through
the amplitude damping channel and phase damping channel. In the comparison, it
can be clearly seen from Figure 5.2 that the controller's power is more for the standard
W state when it is under phase damping channel. Though when one of the qubit of
the standard W state is passing either through amplitude damping channel or phase
damping channel then the resulting states are useful in controlled quantum channel
but phase damping channel is more effective than amplitude damping channel.

5.5 Conclusion

To summarize, we have considered the problem of estimation of the power of the con-
troller in the CQT scheme. To investigate it, we have constructed a witness operator
and have shown that the entangled state will be useful for teleportation as a resource

state if the same entangled state is detected by the constructed witness operator and
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if it satisfies the Bell-CHSH inequality. Thus, at least for some cases, we need not
have to use the filtering operation [129] to increase the teleportation fidelity. On the
other hand, the study of the violation of Bell-CHSH inequality is equally important in
the CQT scheme and thus we have considered the CHSH game for the estimation of
the probability of success of the game through the constructed witness operator. The
estimated probability of success helps in the derivation of the lower bound of the con-
ditioned and non-conditioned fidelity in terms of the expectation value of the witness
operator. Therefore, we are now able to estimate the lower and upper bound of the
power of the controller in terms of the witness operator. Thus, this can pave a way
to estimate the power of the controlled teleportation in an experiment. Moreover, we
have found that the state |W;) is not only useful for conventional teleportation between
two parties but also useful in the CQT scheme and performs better than all the other
W-class of states described by |W,), n =2,3,... [140]. We have also studied the CQT
scheme using the standard W state under a noisy environment. We found that when
one of the qubits of the standard W state passes either through the amplitude damping
channel or the phase damping channel, the resulting state will be a mixed state which
will be useful in controlled quantum teleportation protocol. We also observe that the
phase damping channel makes the controller power more positive than the amplitude
damping channel. Thus, we may conclude that the phase damping channel is more
useful than the amplitude damping channel while performing the CQT protocol with

the standard W state.
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Conclusion and Future scope

Conclusion

In this thesis, we have derived a different form of criteria, which is based on the maxi-
mum eigenvalue, for the detection of entangled state which is useful in quantum tele-
portation. Secondly, we have extensively studied the non-locality of two-qubit entan-
gled states and also we have connected the non-locality of two-qubit quantum states
with controlled quantum teleportation. Moreover, we have studied the non-locality
problem for three-qubit system. To achieve the aim, we considered the Svetlichny
operator and derived state dependent upper and lower bound of the Svetlichny oper-
ator. We have shown that using the derived bounds, one can detect the non-locality
of any general three-qubit quantum state. Further, we have detected the non-locality
existed in those three-qubit states which were not detected earlier. Finally, in the CQT
protocol, we have expressed the lower bound of the controller’s power in terms of the
defined witness operator. This study may be useful in the estimation of the power of
the controller in an experiment.

In Chapter 1, we have given some basic definitions, and a few concepts of linear
algebra and quantum mechanics, with some results obtained in the literature. We
then provide a brief review of the theory of bipartite and tripartite non-locality. We
have reviewed quantum teleportation using bipartite system as a resource state. The
discussion of controlled quantum teleportation is also presented, which is helpful for
three-party communication.

In Chapter 2, we derive a criterion to detect the usefulness of a two-qudit entangled
state in quantum teleportation. The state usefulness in quantum teleportation can be
detected through the singlet fraction criterion but it has some drawbacks which can be

listed as: i) it is not an easy task to calculate the singlet fraction in higher dimensions,

173
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i) Maximally entangled states are not known for higher dimensions and iii) Singlet
fraction criteria may not serve as a potential candidate for experiment. This motivated
us to derive another criterion which is beyond singlet fraction and is applicable for
higher dimensions as well. The proposed criteria are based on maximum eigenval-
ues. We have shown our criteria works for those entangled states as well which were
not detected by singlet fraction criteria. Our criteria can in principle be determined in
an experiment because the maximum eigenvalue can be determined experimentally.
Chapter 3 basically deals with the non-locality of two-qubit entangled states. The
main motivation for this work comes from the fact that there exist 2 ® 2 dimensional
entangled states, which satisfies Bell’s inequality. Thus, one may think that those
states may not possess the non-local properties, which may not be true. Since their
non-locality is in hidden mode. So, we have taken a step to fill this loophole in our
work by considering the XOR game which is also known as the Bell game. We have
investigated this problem and tried to fix it by revisiting the non-locality of the two-qubit
entangled state by defining the strength of non-locality denoted by Sy;. The strength
of non-locality may be expressed in terms of the maximum probability of winning the
game B, but we found that the developed relation works only for those states that are
detected by Bcysy operator. So, we also derive other criteria to detect the non-locality
of those entangled states that are not detected by the Bcysy operator. Moreover, we
have studied the relation between Sy, and M(p), which are considered as the two
measures of non-locality of two-qubit entangled state p. Then, we have also consid-
ered the optimal witness operator to study the strength of the non-locality. Lastly, we
have cited two applications where the strength of non-locality Sy, may be used for (i)
the detection of genuine non-locality in pure three-qubit system and (ii) deriving the
upper bound of the controller’s power in controlled quantum teleportation.

Chapter 4 deals with the detection of non-locality of the three-qubit state. Non-locality
of a three-qubit state can be tested by various inequalities such as Svetlichny inequal-
ity, Mermin inequality, and logical inequality based on GHZ-type event probabilities. In
order to obtain the expectation value of the Svetlichny inequality, one has to calculate
the expectation value of the Svetlichny operator by maximizing over measurements of
spin in all directions but it is not an easy task as the problem of showing the genuine
non-locality of any three-qubit state reduces to the problem of a complicated optimiza-
tion problem. Thus, the detection of genuine non-locality of any three-qubit state may
be considered a challenging task. This motivate us to find a way by which we can

overcome this problem. To do our task, we have taken a different approach to identify
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the genuine non-locality of an arbitrary three-qubit state. We have derived a state-
dependent upper and lower bound of the expectation value of the Svetlichny operator
with respect to any three-qubit state. The derived upper and lower bound depends
on the non-locality of the reduced two-qubit state of the three-qubit system. Thus,
we have shown how to avoid the complicated optimization problem while verifying the
non-locality of the three-qubit system.

In Chapter 5, we have studied the protocol for controlled quantum teleportation. In
this work, we have estimated the power of the controller in the controlled quantum
teleportation. To achieve this task, we have derived the lower and upper bound of
the controller’s power. We find that the upper bound assumes the constant value %
whereas the lower bound depends on the two-qubit state obtained after the controller
measures on his qubit. We have shown that the derived lower bound may be ex-
pressed in terms of a newly defined witness operator. Thus, it may be considered
that the power of the controller may be estimated in an experiment. We also have
considered the pure three-qubit states which were not useful in controlled quantum
teleportation but we have shown that if one of the qubits undergoes the amplitude
damping channel or phase damping channel then the reduced three-qubit mixed state
may be useful in the CQT. Further, we find that the controller’s power will be larger in

the case of the phase damping channel than the amplitude damping channel.

Future Scope

A lot of literature is available regarding the topics of non-locality, quantum teleporta-
tion, and control quantum teleportation as well. There are still many open problems
related to this, which may be explored in the near future. A few problems are dis-
cussed below:

(i) The strength of non-locality may be defined for higher dimensional or multiparty
systems. To do this, we have to generalize the idea of the XOR game for the higher
dimensional and multiparty system and derive the maximum probability of success of
the game. Thereafter, we may verify the non-locality of higher dimensional and multi-
party systems, which were not detected by the current available methods.

(i) Horodecki et. al. have re-expressed the Bell-CHSH inequality for two-qubits in
terms of another easily accessible inequality that involve the quantity M(p), where the

two-qubit state is described by the density operator p. The quantity M(p) is equal
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to the sum of the two largest eigenvalues of the correlation matrix. Till today, there
does not exist any similar-looking inequality that involves the quantity M(c), where &
describes the higher dimensional or multipartite system.

(iii) If problem (ii) is solved then the next problem would be to connect the quantity
M (o) with the teleportation fidelity of the multiparty teleportation protocol in which the
multiparty system described by the density operator ¢ act as a resource state shared
between different parties.

(iv) In this thesis, we have obtained the state-dependent lower and upper bound of
the expectation value of the Svetlichny operator but one may also explore the state-
dependent lower and upper bound of Mermin’s inequality to detect the non-locality of
biseparable state.

(v) One may also deal with the problem of controlled quantum teleportation using the
biseparable state and accordingly define the power of the controller in such a way that
it may be linked with the non-locality of the entangled qubit lying in the biseparable
state.

*kkkkkkhkkkkhkkkkkhkkx



Bibliography

[1] M. A. Nielsen, and I. L. Chuang, Quantum Computation and Quantum Informa-

tion, Cambridge University Press, Cambridge (2000).

[2] R. A. Horn and C. R. Johnson, Matrix Analysis, Cambridge University Press,
Cambridge (1999).

[8] M. M. Wilde, Quantum Information Theory, Cambridge University Press, Cam-
bridge (2013).

[4] A. Dembo, Bounds on the extreme eigenvalues of positive-definite Toeplitz ma-
trices, IEEE Trans. Info. Th. 34, 352 (1988).

[5] D. Park, and B. G. Lee, On determining upper bounds of maximal eigenvalue of
Hermitian positive-definite matrix, IEEE Sig. Process. Lett. 10, 267 (2003).

[6] J. B. Lasserre, A trace inequality for matrix product, IEEE Trans. on Auto. Cont.
40, 1500 (1995).

[7] B. H. Bransden, and C. J. Joachain, Quantum Mechanics, Pearson Education,
Singapore (2000).

[8] S. N. Biswas, Quantum Mechanics, Books and Allied (P) Ltd. (1998).
[9] C. Arndt, Information Measures, Springer Berlin, Heidelberg (2001).

[10] R. A. Bertimann, and P. Krammer, Bloch vectors for qudits, J. Phys. A: Math.
Theor. 41, 235303 (2008).

[11] M. G. A. Paris, The modern tools of quantum mechanics, Eur. Phys. J. Spec.
Top. 203, 61 (2012).

[12] C. Garola, and S. Sozzo, The Physical Interpretation of Partial Traces: Two Non-
standard Views, Theor. Math. Phys. 152, 1087 (2007).

177



178

[13] S. Fortin, and O. Lombardi, Partial Traces in Decoherence and in Interpretation:
What Do Reduced States Refer to?, Found. Phys. 44, 426 (2014).

[14] J. Maziero, Computing partial traces and reduced density matrices, Int. J. Mod.
Phys. C 28, 1750005 (2017).

[15] S. Luo, Quantum discord for two-qubit systems, Phys. Rev. A 77, 042303 (2008).

[16] A. Einstein, N. Rosen, and B. Podolsky, Can Quantum-Mechanical Description
of Physical Reality Be Considered Complete?, Phys. Rev. 47, 777 (1935).

[17] J. S. Bell, On the Einstein Podolsky Rosen paradox, Physics 1, 195 (1964).

[18] E. Schrodinger, The Present Status of Quantum Mechanics, Naturwis-
senschaften 23, 807 (1935).

[19] D. Bohm, A Suggested Interpretation of the Quantum Theory in Terms of "Hid-
den" Variables. |, Phys. Rev. 85, 166 (1952).

[20] C. H. Bennett, G. Brassard, C. Crepeau, R. Jozsa, A. Peres, and W. K. Wootters,
Teleporting an unknown quantum state via dual classical and Einstein-Podolsky-
Rosen channels, Phys. Rev. Lett. 70, 1895 (1993).

[21] A. K. Ekert, Quantum Cryptography Based on Bell's Theorem, Phys. Rev. Lett.
67,661 (1991).

[22] N. Gisin, G. Ribordy, W. Tittel, and H. Zbinden, Quantum cryptography, Rev.
Mod. Phys. 74, 145 (2002).

[23] C. H. Bennett, and S. J. Wiesner, Communication via one- and two-particle op-
erators on Einstein-Podolsky-Rosen states, Phys. Rev. Lett. 69, 2881 (1992).

[24] 1. J. Tillman, A. Rubenok, S. Guha, and K. P. Seshadreesan, Supporting multiple
entanglement flows through a continuous-variable quantum repeater, Phys. Reuv.
A 106, 062611 (2022).

[25] R. Raussendorf, and H. J. Briegel, A One-Way Quantum Computer, Phys Rev.
Lett. 86, 5188 (2001).

[26] W. Dur, G. Vidal, and J. I. Cirac, Three qubits can be entangled in two inequiva-
lent ways, Phys. Rev. A 62, 062314 (2000).



179

[27] A. Peres, Separability Criterion for Density Matrices, Phys. Rev. Lett. 77, 1413
(1996).

[28] M. Horodecki, P. Horodecki, and R. Horodecki, Separability of Mixed States: Nec-
essary and Sufficient Conditions, Phys. Lett. A 223, 1 (1996).

[29] P. Horodecki, and A. Ekert, Method for Direct Detection of Quantum Entangle-
ment, Phys. Rev. Lett. 89, 127902 (2002).

[30] H.-T. Lim, Y.-S. Kim, Y.-S. Ra, J. Bae, and Y.-H. Kim, Experimental Realization of
an Approximate Partial Transpose for Photonic Two-Qubit Systems, Phys. Reuv.
Lett. 107, 160401 (2011).

[31] H.-T. Lim, Y.-S. Ra, Y.-S. Kim, J. Bae, and Y.-H. Kim, Experimental implementa-
tion of the universal transpose operation using the structural physical approxima-
tion, Phys. Rev. A 83, 020301(R) (2011).

[32] H.-T. Lim, Y.-S. Kim, Y.-S. Ra, J. Bae, and Y.-H. Kim, Experimental realization of
an approximate transpose operation for qutrit systems using a structural physical
approximation, Phys. Rev. A 86, 042334 (2012).

[33] S. Adhikari, Structural physical approximation for the realization of the optimal
singlet fraction with two measurements, Phys. Rev. A 97, 042344 (2018).

[34] J. Bae, Designing quantum information processing via structural physical approx-
imation, Rep. Prog. Phys. 80, 104001 (2017).

[35] A. Kumari, and S. Adhikari, Structural physical approximation of partial transpo-
sition makes possible to distinguish SLOCC inequivalent classes of three-qubit
system, Euro. Phys. J. D 76, 73 (2022).

[36] O. Guhne, and G. Toth, Entanglement detection, Physics Reports 474, 1 (2009).

[87] N. Ganguly, and S. Adhikari, Witness for edge states and its characteristics,
Phys. Rev. A 80, 032331 (2009).

[38] S. Adhikari, N. Ganguly, and A. S. Majumdar, Construction of optimal teleporta-
tion witness operators from entanglement witnesses, Phys. Rev. A 86, 032315
(2012).

[39] W. K. Wootters, Entanglement of Formation of an Arbitrary State of Two Qubits,
Phys. Rev. Lett. 80, 2245 (1998).



180

[40] B. M. Terhal, and K. G. H. Vollbrecht, The entanglement of formation for isotropic
states, Phys. Rev. Lett. 85, 2625 (2000).

[41] C. H. Bennett, G. Brassard, S. Popescu, B. Schumacher, J. A. Smolin, and W. K.
Wootters, Purification of Noisy Entanglement and Faithful Teleportation via Noisy
Channels, Phys. Rev. Lett. 76, 722 (1996).

[42] G. Vidal, and R. F. Werner, Computable measure of entanglement, Phys. Rev. A
65, 032314 (2002).

[43] W. K. Wootters, Entanglement of formation and concurrence, Quant. Inf. Comp.
1, 27 (2001).

[44] V. Coffman, J. Kundu, and W. K. Wootters, Distributed entanglement, Phys. Rev.
A 61, 052306 (2000).

[45] P. Rungta, and C. M. Caves, I-concurrence and tangle for isotropic states, Phys.
Rev. A 67, 01230 (2003).

[46] C. Eltschka, A. Osterloh, J. Siewert, and A. Uhlmann, Three-tangle for mixtures
of generalized GHZ and generalized W states, New J. Phys. 10, 043014 (2008).

[47] S. Lee, J. Joo, and J. Kim, Entanglement of three-qubit pure states in terms of
teleportation capability, Phys. Rev. A 72, 024302 (2005).

[48] J. F. Clauser, M. A. Horne, A. Shimony, and R. A. Holt, Proposed Experiment to
Test Local Hidden-Variable Theories, Phys. Rev. Lett. 23, 880 (1969).

[49] S. J. Freedman, and J. F. Clauser, Experimental Test of Local Hidden-Variable
Theories, Phys. Rev. Lett. 28, 938 (1972).

[50] A. Aspect, P. Grangier, and G. Roger, Experimental Realization of Einstein-
Podolsky-Rosen-Bohm Gedankenexperiment: A New Violation of Bell’s Inequal-
ities, Phys. Rev. Lett. 49, 91 (1982).

[51] C. A. Kocher, and E. D. Commins, Polarization Correlation of Photons emitted in
an atomic cascade, Phys. Rev. Lett. 18, 575 (1967).

[52] A. Aspect, J. Dalibard, and G. Roger, Experimental Test of Bell's Inequalities
Using Time-Varying Analyzers, Phys. Rev. Lett. 49, 1804 (1982).



181

[53] Z. Y. Ou, S. F. Pereira, H. J. Kimble, and K. C. Peng, Realization of Einstein-
Podolsky-Rosen Paradox for continuous Variables, Phys. Rev. Lett. 68, 3663
(1992).

[54] P. G. Kwiat, K. Mattle, H. Weinfurter, and A. Zeilinger, New High-Intensity Source
of Polarization-Entangled Photon Pairs, Phys. Rev. Lett. 75, 4337 (1995).

[55] G. Weihs, T. Jennewein, C. Simon, H. Weinfurter, and A. Zeilinger, Violation of
Bell’s Inequality under Strict Einstein Locality Conditions, Phys. Rev. Lett. 81,
5039 (1998).

[56] W. Tittel, J. Brendel, B. Gisin, T. Herzog, H. Zbinden, and N. Gisin, Experimental
demonstration of quantum correlations over more than 10 km, Phys. Rev. A 57,
3229 (1998).

[57] W. Tittel, J. Brendel, H. Zbinden, and N. Gisin, Violation of Bell Inequalities by
Photons More Than 10 km Apart, Phys. Rev. Lett. 81, 3563 (1998).

[58] W. Tittel, J. Brendel, N. Gisin, and H. Zbinden, Long-distance Bell-type tests
using energy-time entangled photons, Phys. Rev. A 59, 4150 (1999).

[59] N. D. Mermin, Quantum mysteries revisited, Am. J. Phys. 58, 731, (1990).

[60] D. M. Greenberger, M. A. Horne, and A, Zeilinger, Going beyond Bell’s theorem,
in Bell's Theorem, Quantum Theory, and Conceptions of the Universe, edited by
M. Kafatos, Kluwer Academic, Dordrecht, The Netherlands (1989).

[61] D. M. Greenberger, M. A. Horne, A. Shimony, and A, Zeilinger, Bell’s theorem
without inequalities, Am. J. Phys. 58, 1131 (1990).

[62] N. D. Mermin, Extreme quantum entanglement in a superposition of macroscop-
ically distinct states, Phys. Rev. Lett. 65, 1838 (1990).

[63] C. Pagonis, M. L. G. Redhead, and R. K. Clifton, The breakdown of quantum
non-locality in the classical limit, Phys. Lett. A 155, 441 (1991).

[64] D. N. Klyshko, The Bell and GHZ theorems: a possible three-photon interference
experiment and the question of nonlocality, Phys. Lett. A 172, 399 (1993).

[65] A. V. Belinskii, and D. N. Klyshko, Interference of light and Bell's theorem, Phys.
Usp. 36, 653 (1993).



182

[66] N. Gisin, and H. Bechmann-Pasquinucci, Bell inequality, Bell states and maxi-

mally entangled states for n qubits, Physics Letters A 246, 1 (1998).

[67] M. Ardehali, Bell inequalities with a magnitude of violation that grows exponen-
tially with the number of particles, Phys. Rev. A 42, 5375 (1992).

[68] C. Emary, and C. W. J. Beenakker, Relation between entanglement measures
and Bell inequalities for three qubits, Phys. Rev. A 69, 032317 (2004).

[69] D. P. Chi, K. Jeong, T. Kim, K. Lee, and S. Lee, Concurrence of assistance and

Mermin inequality on three-qubit pure states, Phys. Rev. A 81, 044302 (2010).

[70] G. Weihs, T. Jennewein, C. Simon, H. Weinfurter, and A. Zeilinger, Violation of
Bell’s Inequality under Strict Einstein Locality Conditions, Phys. Rev. Lett. 81,
5039 (1998).

[71] A. A. Methot, and V. Scarani, An anomaly of non-locality, Quant. Info. Comp. 7,
157 (2007).

[72] M. J. Hoban, and A. B. Sainz, A channel-based framework for steering, non-
locality and beyond, New J. Phys. 20, 053048 (2018).

[73] D. Collins, and N. Gisin, A relevant two qubit Bell inequality inequivalent to the
CHSH inequality, J. Phys. A: Math. Gen. 37, 1775 (2004).

[74] L.-M. Liang, and C.-Z. Li, Bell’s theorem without inequalities for one class of two-
qubit mixed states, Phys. Lett. A 318, 300 (2003).

[75] P. G. Kwiat, S. Barraza-Lopez, A. Stefanov, and N. Gisin, Experimental entan-
glement distillation and ‘hidden’ non-locality, Nature 409, 1014 (2001).

[76] F. Andreoli, G. Carvacho, L. Santodonato, R. Chaves, and F. Sciarrino, Maximal
qubit violation of n-locality inequalities in a star-shaped quantum network, New
J. Phys. 19, 113020 (2017).

[77] R. Pal, and S. Ghosh, Non-locality breaking qubit channels: the case for CHSH
inequality, J. Phys. A: Math. Theor. 48, 155302 (2015).

[78] A. Acin, S. Massar, and S. Pironio, Randomness versus Nonlocality and Entan-
glement, Phys. Rev. Lett. 108, 100402 (2012).



183

[79] J. Batle, and M. Casas, Nonlocality and entanglement in qubit systems, J. Phys.
A: Math. Theor. 44, 445304 (2011).

[80] J.-D. Bancal, J. Barrett, N. Gisin, and S. Pironio, Definitions of multipartite nonlo-
cality, Phys. Rev. A 88, 014102 (2013).

[81] Y.-L. Mao, Z.-D. Li, S. Yu, and J. Fan, Test of Genuine Multipartite Nonlocality,
Phys. Rev. Lett. 129, 150401 (2022).

[82] F. J. Curchod, Y.-C. Liang, and N. Gisin, Multipartite nonlocality as a resource
and quantum correlations having indefinite causal order, J. Phys. A: Math. and
Theo. 47, 424014 (2014).

[83] C. Zhang, C.-J. Zhang, Y.-F. Huang, Z.-B. Hou, B.-H. Liu, C.-F. Li, and G.-C.
Guo, Experimental test of genuine multipartite nonlocality under the no-signalling
principle, Sci. Rep. 6, 39327 (2016).

[84] J.-D. Bancal, C. Branciard, N. Gisin, and S. Pironio, Quantifying Multipartite Non-
locality, Phys. Rev. Lett. 103, 090503 (2009).

[85] J. Niset, and N. J. Cerf, Multipartite nonlocality without entanglement in many
dimensions, Phys. Rev. A 74, 052103 (2006).

[86] G. Svetlichny, Distinguishing three-body from two-body nonseparability by a Bell-
type inequality, Phys. Rev. D 35, 3066 (1987).

[87] S. Ghose, N. Sinclair, S. Debnath, P. Rungta, and R. Stock, Tripartite Entangle-
ment versus Tripartite Nonlocality in Three-Qubit Greenberger-Horne-Zeilinger-
Class States, Phys. Rev. Lett. 102, 250404 (2009).

[88] A. Ajoy, and P. Rungta, Svetlichny’s inequality and genuine tripartite nonlocality
in three-qubit pure states, Phys. Rev. A 81, 052334 (2010).

[89] N. S. Jones, N. Linden, and S. Massar, Extent of multiparticle quantum nonlocal-
ity, Phys. Rev. A 71, 042329 (2005).

[90] J. Lavoie, R. Kaltenbaek, and K. J. Resch, Experimental violation of Svetlichny’s
inequality, New J. Phys. 11, 073051 (2009).

[91] D. Collins, N. Gisin, S. Popescu, D. Roberts, and V. Scarani, Bell-Type Inequali-
ties to Detect True n-Body Nonseparability, Phys. Rev. Lett. 88, 170405 (2002).



184

[92] T. Zhang, and S.-M. Fei, Sharing quantum nonlocality and genuine nonlocality
with independent observables, Phys. Rev. A 103, 032216 (2021).

[93] N. Gisin, Bell’s inequality holds for all non-product states, Phys. Lett. A 154, 201
(1991).

[94] S. Popescu, and D. Rohrlich, Generic quantum nonlocality Phys. Lett. A 166,
293 (1992).

[95] N. Gisin, and A. Peres, Maximal violation of Bell’s inequality for arbitrarily large
spin, Phys. Lett. A 162, 15 (1992).

[96] S. L. Braunstein, A. Mann, and M. Revzen, Maximal Violation of Bell Inequalities
for Mixed States, Phys. Rev. Lett. 68, 3259 (1992).

[97] R. Horodecki, P. Horodecki, and M. Horodecki, Violating Bell inequality by mixed
spin-% states: necessary and sufficient condition, Phys. Lett. A 200, 340 (1995).

[98] M. Zukowski and C. Brukner, Bell's Theorem for General N-Qubit States, Phys.
Rev. Lett. 88, 210401 (2002).

[99] Z. Su, H. Tan, and X. Li, Entanglement as upper bound for the nonlocality of a
general two-qubit system, Phys. Rev. A 101, 042112 (2020).

[100] W. J. Munro, K. Nemoto, and A. G. White, The bell inequality: A measure of
entanglement, J. Mod. Opt. 48, 1239 (2001).

[101] X. Wang, Violation of the Bell inequality for thermal states of interaction qubits

investigated via a multi-qubit Heisenberg model, New J. Phys. 4, 11 (2002).

[102] N. Gisin, Hidden quantum nonlocality revealed by local filters, Phys. Lett. A 210,
151 (1996).

[103] R. F. Werner, Quantum states with Einstein-Podolsky-Rosen correlations admit-
ting a hidden-variable model, Phys. Rev. A 40, 4277 (1989).

[104] F. Hirsch, M. T. Quintino, J. Bowles, T. Vertesi, and N. Brunner, Entanglement
without hidden nonlocality, New J. Phys. 18, 113019 (2016).

[105] F. Hirsch, M. T. Quintino, J. Bowles, and N. Brunner, Genuine Hidden Quantum
Nonlocality, Phys. Rev. Lett. 111, 160402 (2013).



185

[106] L. Masanes, Y.-C. Liang, and A. C. Doherty, All Bipartite Entangled States Dis-
play Some Hidden Nonlocality, Phys. Rev. Lett. 100, 090403 (2008).

[107] N. Brunner, N. Gisin, and V. Scarani, Entanglement and non-locality are differ-
ent resources, New J. Phys. 7, 88 (2005).

[108] T. Zhang, Y. Xi, and S.-M. Fei, A Note on Quantum Bell Nonlocality and Quan-
tum Entanglement for High Dimensional Quantum Systems, Int. J. Theo. Phys.
60, 2909 (2021).

[109] L. Tendick, H. Kampermann, and D. Bruz, Quantifying necessary quantum re-
sources for nonlocality, Phys. Rev. Res. 4, L012002 (2022).

[110] N. Brunner, D. Cavalcanti, S. Pironio, V. Scarani, and S. Wehner, Bell nonlocal-
ity, Rev. Mod. Phys. 86 , 419 (2014).

[111] H. Buhrman, R. Cleve, S. Massar, and R. D. Wolf, Nonlocality and communica-
tion complexity, Rev. Mod. Phys. 82, 665 (2010).

[112] C. H. Bennett, G. Brassard, and N. D. Mermin,Quantum cryptography without
Bell’s theorem, Phys. Rev. Lett. 68, 557 (1992).

[113] C. Dhara, G. Prettico, and A. Acin, Maximal quantum randomness in Bell tests,
Phys. Rev. A 88, 052116 (2013).

[114] J. Barrett, L. Hardy, and A. Kent, No signaling and quantum key distribution,
Phys. Rev. Lett. 95, 010503 (2005).

[115] H. J. Briegel, W. Dur, J. |. Cirac, and P. Zoller, Quantum repeaters: The role of
imperfect local operations in quantum communication, Phys. Rev. Lett. 81, 5932
(1998).

[116] D. Gottesman, and |. L. Chuang, Demonstrating the viability of universal quan-
tum computation using teleportation and single-qubit operations, Nature 402,
390 (1999).

[117] W. K. Wootters, and W. H. Zurek, A single quantum cannot be cloned, Nature
299, 802 (1982).

[118] Y.-C. Liang, Y.-H. Yeh, P. E M F Mendonca, R. Y. Teh, M. D. Reid, and P. D.
Drummond, Quantum fidelity measures for mixed states, Rep. Prog. Phys. 82,
076001 (2019).



186

[119] S. Massar, and S. Popescu, Optimal Extraction of Information from Finite Quan-
tum Ensembles, Phys. Rev. Lett. 74, 1259 (1995).

[120] S. L. Braunstein, and A. Mann, Measurement of the Bell operator and quantum
teleportation, Phys. Rev. A 51, R1727(R) (1995).

[121] K. Banaszek, Optimal quantum teleportation with an arbitrary pure state, Phys.
Rev. A 62, 024301 (2000).

[122] G. Rigolin, Quantum teleportation of an arbitrary two-qubit state and its relation
to multipartite entanglement, Phys. Rev. A 71, 032303 (2005).

[123] P. Agrawal, and A. K. Pati, Probabilistic quantum teleportation, Phys. Lett. A
305, 12 (2002).

[124] A. Kossakowski, and M. Ohya, New Scheme of Quantum Teleportation, Inf.
Dimen. Anal., Quant. Prob. Rel. Top. 10, 411 (2007).

[125] J. Lee, and M. S. Kim, Entanglement Teleportation via Werner States, Phys.
Rev. Lett. 84, 4236 (2000).

[126] M. Horodecki, P. Horodecki, and R. Horodecki, General teleportation channel,
singlet fraction, and quasidistillation, Phys. Rev. A 60, 1888 (1999).

[127] R. Horodecki, M. Horodecki, and P. Horodecki, Teleportation, Bell’'s inequalities
and inseparability, Phys. Lett. A 222, 21 (1996).

[128] P. Badziag, M. Horodecki, P. Horodecki, and R. Horodecki, Local environment

can enhance fidelity of quantum teleportation, Phys. Rev. A 62, 012311 (2000).

[129] F. Verstraete, and H. Verschelde, Optimal Teleportation with a Mixed State of
Two Qubits, Phys. Rev. Lett. 90, 097901 (2003).

[130] S. Oh, S. Lee, and H.-W. Lee, Fidelity of quantum teleportation through noisy
channels, Phys. Rev. A 66, 022316 (2002).

[131] B. G. Taketani, F. de Melo, and R. L. de M. Filho, Optimal teleportation with a
noisy source, Phys. Rev. A 85, 020301(R) (2012).

[132] R. Fortes, and G. Rigolin, Fighting noise with noise in realistic quantum telepor-
tation, Phys. Rev. A 92, 012338 (2015).



187

[133] N. Ganguly, S. Adhikari, A. S. Majumdar, and J. Chatterjee, Entanglement Wit-
ness QOperator for Quantum Teleportation, Phys. Rev. Lett. 107, 270501 (2011).

[134] X. Chen, Y. Shen, and F.-L. Zhang, Perfect teleportation with a partially entan-
gled quantum channel, Phys. Rev. A 106, 032430 (2022).

[135] Y.-H. Luo, H.-S. Zhong, M. Erhard, X.-L. Wang, L.-C. Peng, M. Krenn, X. Jiang,
L. Li, N.-L. Liu, C.-Y. Lu, A. Zeilinger, and J.-W. Pan, Quantum Teleportation in
High Dimensions, Phys. Rev. Lett. 123, 070505 (2019).

[136] A. Fonseca, High-dimensional quantum teleportation under noisy environ-
ments, Phys. Rev. A 100, 062311 (2019).

[137] A. Karlsson, and M. Bourennane, Quantum teleportation using three-particle
entanglement, Phys. Rev. A 58, 4394 (1998).

[138] J. Joo, Y.-d. Park, S. Oh, and J. Kim, Quantum teleportation via a W state, New
J. Phys. 5, 136 (2003).

[139] V. N. Gorbachev, A. I. Trubilko, and A. A. Rodichkina, Can the states of the
W-class be suitable for teleportation, Phys. Lett. A 310, 339 (2003).

[140] P. Agrawal, and A. Pati, Perfect teleportation and superdense coding with W
states, Phys. Rev. A 74, 062320 (2006).

[141] J. Joo, Y.-J. Park, S. Oh, and J. Kim, Quantum teleportation via a W state, New
J. Phys. 5, 136.1 (2003).

[142] Y. Yeo, and W. K. Chua, Teleportation and Dense Coding with Genuine Multi-
partite Entanglement, Phys. Rev. Lett. 96, 060502 (2006).

[143] E. Jung, M.-R. Hwang, Y. H. Ju, M.-S. Kim, S.-K. Yoo, H. Kim, D. Park, J.-
W. Son, S. Tamaryan, and S.-K. Cha, Greenberger-Horne-Zeilinger versus W
states: Quantum teleportation through noisy channels, Phys. Rev. A 78, 012312
(2008).

[144] K. Yang, L. Huang, W. Yang, and F. Song, Quantum Teleportation via GHZ-like
State, Int. J. Theor. Phys. 48, 516 (2009).

[145] J. Bae, J. Jin, J. Kim, C. Yoon, and Y. Kwon, Three-party quantum teleportation
with asymmetric states, Cha., Soli. Frac. 24, 1047 (2005).



188

[146] D. Bouwmeester, J.-W. Pan, K. Mattle, M. Eibl, H. Weinfurter, and A. Zeilinger,
Experimental Quantum Teleportation, Nature 390, 575 (1997).

[147] D. Bouwmeester, K. Mattle, J.-W. Pan, H. Weinfurter, A. Zeilinger, and M.
Zukowski, Experimental quantum teleportation of arbitrary quantum states, Appl.
Phys. B 67, 749 (1998).

[148] M. A. Nielsen, E. Knill, and R. Laflamme, Complete quantum teleportation using

nuclear magnetic resonance, Nature 396, 52 (1998).

[149] Y.-H. Kim, S. P. Kulik, and Y. Shih, Quantum Teleportation of a Polarization State
with a Complete Bell State Measurement, Phys. Rev. Lett. 86, 1370 (2001).

[150] Y.-F. Huang, X.-F. Ren, Y.-S. Zhang, L.-M. Duan, and G.-C. Guo, Experimental
Teleportation of a Quantum Controlled-NOT Gate, Phys. Rev. Lett. 93, 240501
(2004).

[151] Q. Zhang, A. Goebel, C. Wagenknecht, Y.-A. Chen, B. Zhaq, T. Yang, A. Mair,
J. Schmiedmayer, and J.-W. Pan, Experimental quantum teleportation of a two-

qubit composite system, Nat. Phys. 2, 678 (2006).

[152] R. Ursin, T. Jennewein, M. Aspelmeyer, R. Kaltenbaek, M. Lindenthal, P.
Walther, and A. Zeilinger, Quantum teleportation across the Danube, Nature 430,
849 (2004).

[153] X. M. Jin, J.-G. Ren, B. Yang, Z.-H. Yi, F. Zhou, X.-F. Xu, S.-K. Wang, D. Yang,
Y.-F. Hu, S. Jiang, T. Yang, H. Yin, K. Chen, C.-Z. Peng, and J.-W. Pan, Experi-

mental free-space quantum teleportation, Nat. Pho. 4, 376 (2010).

[154] J.Yin, J.-G. Ren, H. Lu, Y. Cao, H.-L. Yong, Y.-P. Wu, C. Liu, S.-K. Liao, F. Zhou,
Y. Jiang, X.-D. Cai, P. Xu, G.-S. Pan, J.-J. Jia, Y.-M. Huang, H. Yin, J.-Y. Wang,
Y.-A. Chen, C.-Z. Peng, and J.-W. Pan, Quantum teleportation and entanglement
distribution over 100-kilometre free-space channels, Nature 488, 185 (2012).

[155] X.-S. Ma, T. Herbst, T. Scheidl, D. Wang, S. Kropatschek, W. Naylor, B.
Wittmann, A. Mech, J. Kofler, E. Anisimova, V. Makarov, T. Jennewein, R. Ursin,
and A. Zeilinger, Quantum teleportation over 143 kilometres using active feed-
forward, Nature 489, 269 (2012).



189

[156] S. Takeda, T. Mizuta, M. Fuwa, P. V. Loock, and A. Furusawa, Deterministic
quantum teleportation of photonic quantum bits by a hybrid technique, Nature
500, 315 (2013).

[157] X.-M. Hu, C. Zhang, B.-H. Liu, Y. Cai, X.-J. Ye, Y. Guo, W.-B. Xing, C.-X. Huang,
Y.-F. Huang, C.-F. Li, and G.-C. Guo, Experimental High-Dimensional Quantum
Teleportation, Phys. Rev. Lett. 125, 230501 (2020).

[158] S. Popescu, Bell’s Inequalities versus Teleportation: What is Nonlocality?, Phys.
Rev. Lett. 72, 797 (1994).

[159] S. Popescu, Bell’'s Inequalities and Density Matrices: Revealing "Hidden" Non-
locality, Phys. Rev. Lett. 74, 2619 (1995).

[160] N. Gisin, Nonlocality criteria for quantum teleportation, Phys. Lett. A 210, 157
(1996).

[161] D. Cavalcanti, A. Acin, N. Brunner, and T. Vertesi, All quantum states useful for
teleportation are nonlocal resources, Phys. Rev. A 87, 042104 (2013).

[162] I. Chakrabarty, N. Ganguly, and B. S. Choudhury, Deletion, Bell's inequality,
teleportation, Quan. Info. Proc. 10, 27 (2011).

[163] Z.-Y. Wang, and Z.-Y. Qin, Quantum teleportation, entanglement, and Bell non-
locality in correlated noisy channels, Las. Phys. 30, 055201 (2020).

[164] T. Jennewein, G. Weihs, J.-W. Pan, and A. Zeilinger, Experimental Nonlocality
Proof of Quantum Teleportation and Entanglement Swapping, Phys. Rev. Lett.
88, 017903-1 (2002).

[165] S. Lee, J. Joo, and J. Kim, Teleportation capability, distillability, and nonlocality
on three-qubit states, Phys. Rev. A 76, 012311 (2007).

[166] T. Gao, F. L. Yan, and Y. C. Li, Optimal controlled teleportation, Euro. Phys. Lett.
84, 50001 (2008).

[167] X. Li, and S. Ghose, Control power in perfect controlled teleportation via par-
tially entangled channels, Phys. Rev. A 90, 052305 (2014).

[168] X. Li, and S. Ghose, Analysis of N-qubit perfect controlled teleportation
schemes from the controller’s point of view, Phys. Rev. A 91, 012320 (2015).



190

[169] K. Jeong, J. Kim, and S. Lee, Minimal control power of the controlled teleporta-
tion, Phys. Rev. A 93, 032328 (2016).

[170] A. Barasinski, and J. Svozilik, Controlled teleportation of qubit states: Relation
between teleportation faithfulness, controller’s authority, and tripartite entangle-
ment, Phys. Rev. A 99, 012306 (2019).

[171] K. G. Paulson, and P. K. Panigrahi, Tripartite non-maximally-entangled mixed
States as a resource for optimally controlled quantum teleportation fidelity, Phys.
Rev. A 100, 052325 (2019).

[172] T. -J. Wang, G.-Q. Yang, and C. Wang, Control power of high-dimensional con-
trolled teleportation, Phys. Rev. A 101, 012323 (2020).

[173] A. Kumar, S. Haddadi, M. R. Pourkarimi, B. K. Behera, and P. K. Panigrahi, Ex-
perimental realization of controlled quantum teleportation of arbitrary qubit states
via cluster states, Sci. Rep. 10, 13608 (2020).

[174] R. Raussendorf, and H. J. Briegel, A One-Way Quantum Computer, Phys. Rev.
Lett. 86, 5188 (2001).

[175] H. Hamdoun, and A. Sagheer, Information security through controlled quantum
teleportation networks, Dig. Comm. Net. 6, 463 (2020).

[176] Z. Zhan-Jun, L. Yi-Min, and M. Zhong-Xiao, Many-Agent Controlled Teleporta-
tion of Multi-qubit Quantum Information via Quantum Entanglement Swapping,
Comm. Theor. Phys. 44, 847 (2005).

[177] N. Sangouard, C. Simon, H. Riedmatten, and N. Gisin, Quantum repeaters

based on atomic ensembles and linear optics, Rev. Mod. Phys. 83, 33 (2011).

[178] S. Gangopadhyay, T. Wang, A. Mashatan, and S. Ghose, Controlled quantum
teleportation in the presence of an adversary, Phys. Rev. A 106, 052433 (2022).

[179] E. Biham, B. Huttner, and T. Mor, Quantum cryptographic network based on
quantum memories, Phys. Rev. A 54, 2651 (1996).

[180] P. D. Townsend, Quantum cryptography on multiuser optical fibre networks, Na-
ture 385, 47 (1997).

[181] S.Bose, V. Vedral, and P. L. Knight, Multiparticle generalization of entanglement
swapping, Phys. Rev. A 57, 822 (1998).



191

[182] S. Ishizaka, and T. Hiroshima, Asymptotic Teleportation Scheme as a Universal
Programmable Quantum Processor, Phys. Rev. Lett. 101, 240501 (2008).

[183] S. Albeverio, S. M. Fei, and W. L. Yang, Optimal teleportation based on bell
measurements, Phys. Rev. A 66, 012301 (2002).

[184] M. J. Zhao, Z. G. Li, S. M. Fei, Z. X. Wang, and X. L. Jost, Faithful teleportation
with arbitrary pure or mixed resource states, J. Phys. A: Math. Theor. 44, 215302
(2011).

[185] G. Bowen, and S. Bose, Teleportation as a Depolarizing Quantum Channel,
Relative Entropy, and Classical Capacity, Phys. Rev. Lett. 87, 267901 (2001).

[186] A. K. Ekert, C. M. Alves, D. K. L. Oi, M. Horodecki, P. Horodecki, and L. C.
Kwek, Direct Estimations of Linear and Nonlinear Functionals of a Quantum
State, Phys. Reuv. Lett. 88, 217901 (2002).

[187] D. Bruss, and C. Macchiavello, On the Entanglement Structure in Quantum
Cloning, Found. Phys. 33, 1617 (2003).

[188] K. M. O. Connor, and W. K. Wootters, Entangled rings, Phys. Rev. A 63, 052302
(2001).

[189] F. Verstraete, K. Audenaert, and B. D. Moor, Maximally entangled mixed states
of two qubits, Phys. Rev. A 64, 012316 (2001).

[190] W. J. Munro, D. F. V. James, A. G. White, and P. G. Kwiat, Maximizing the
entanglement of two mixed qubits, Phys. Rev. A 64, 030302(R) (2001).

[191] S. Ishizaka, and T. Hiroshima, Maximally entangled mixed states under nonlocal

unitary operations in two qubits, Phys. Rev. A 62, 022310 (2000).

[192] M. Ziman, P. Stelmachovic, and V. Buzek, On the Local Unitary Equivalence of
States of Multi-partite Systems, Fortschr. Phys. 49, 1123 (2001).

[193] G. R. Juan, L. Ming, F. S. Ming, and L. Qing, On Estimation of Fully Entangled
Fraction, Comm. Theor. Phys. 53, 265 (2010).

[194] M. Horodecki, and P. Horodecki, Reduction criterion of separability and limits
for a class of distillation protocols, Phys. Rev. A 59, 4206 (1999).



192

[195] A. Riccardi, D. Chruscinski, and C. Macchiavello, Optimal entanglement wit-

nesses from limited local measurements, Phys. Rev. A 101, 062319 (2020).

[196] M. A. Jafarizadeh, and N. Behzadi, Constructing entanglement witness via real
skew-symmetric operators, Eur. Phys. J. D. 55, 729 (2009).

[197] V. Karimipour, and L. Memarzadeh, Equientangled bases in arbitrary dimen-
sions, Phys. Rev. A 73, 012329 (2006).

[198] P. Horodecki, M. Horodecki, and R. Horodecki, Bound Entanglement Can Be
Activated, Phys. Rev. Lett. 82, 1056 (1999).

[199] M. Keyl, and R. F. Werner, Estimating the spectrum of a density operator, Phys.
Rev. A 64, 052311 (2001).

[200] T. Tanaka, Y. Ota, M. Kanazawa, G. Kimura, H. Nakazato, and F. Nori, De-
termining eigenvalues of a density matrix with minimal information in a single
experimental setting, Phys. Rev. A 89, 012117 (2014).

[201] J. I. De Vicente, On nonlocality as a resource theory and nonlocality measures,
J. Phys. A: Math. Theor. 47, 424017 (2014).

[202] T. H. Yang, and M. Navascues, Robust self-testing of unknown quantum sys-
tems into any entangled two-qubit states, Phys. Rev. A 87, 050102(R) (2013).

[203] C. Bamps, and S. Pironio, Sum-of-squares decompositions for a family of
Clauser-Horne-Shimony-Holt-like inequalities and their application to self-testing,
Phys. Rev. A 91, 052111 (2015).

[204] S. Pironio, A. Acin, S. Massar, A. B. de La Giroday, D. N. Matsukevich, P. Maunz,
S. Olmschenk, D. Hayes, L. Luo, and T. A. Manning, Random numbers certified
by Bell's theorem, Nature 464, 1021 (2010).

[205] H. Abelson, Lower bounds on information transfer in distributed computations,
J. Asso. Comp. Mach. 27, 384 (1980).

[206] T. Glable, D. Gross, and R Chaves, Computational tools for solving a marginal
problem with applications in Bell non-locality and causal modeling, J. Phys. A:
Math. Theo. 51, 484002 (2018).



193

[207] A. U. Rahman, Y. Khedif, M. Javed, H. Ali, and M. Daoud, Characterizing Two-
Qubit Non-Classical Correlations and Non-Locality in Mixed Local Dephasing
Noisy Channels, Annal. der Phys. 534, 2200197 (2022).

[208] A. U. Rahman, H. Ali, S. Haddadi, and S. M. Zangi, Generating non-classical

correlations in two-level atoms, Alex. Engi. Jour. 67, 425 (2023).

[209] S. G. A. Brito, B. Amaral, and R. Chaves, Quantifying Bell nonlocality with the
trace distance, Phys. Rev. A 97, 022111 (2018).

[210] I. S. Eliens, S. G. A. Brito, and R. Chaves, Energy localization in an atomic
chain with a topological soliton, Phys. Rev. Res. 2, 023198 (2020).

[211] X. Guo, and C.-T. Ma, Non-locality # quantum entanglement, J. Stat. Mech.
2022, 123101 (2022).

[212] X. Guo, and C.-T. Ma, Tripartite entanglement and quantum correlation, J. High
Energ. Phys. 2021, 185 (2021).

[213] V. Scarani, Bell Nonlocality, Oxford University Press, Oxford Graduate Texts,
(2019).

[214] N. D. Mermin, and G. M. Schwarz, Joint distributions and local realism in the
higher-spin Einstein-Podolsky-Rosen experiment, Foun. Phys. 12, 101 (1982).

[215] M. Zukowski, A. Zeilinger, and M. A. Horne, Realizable higher-dimensional
two-particle entanglements via multiport beam splitters, Phys. Rev. A 55, 2564
(1997).

[216] D. Kaszlikowski, P. Gnacinski, M. Zukowski, W. Miklaszewski, and A. Zeilinger,
Violations of Local Realism by Two Entangled N-Dimensional Systems Are
Stronger than for Two Qubits, Phys. Rev. Lett. 85, 4418 (2000).

[217] R. F. Werner, and M. M. Wolf, All-multipartite Bell-correlation inequalities for two
dichotomic observables per site, Phys. Rev. A 64, 032112 (2001).

[218] D. Collins, N. Gisin, N. Linden, S. Massar, and S. Popescu, Bell Inequalities for
Arbitrarily High-Dimensional Systems, Phys. Rev. Lett. 88, 040404 (2002).

[219] T. Franz, F. Furrer, and R. Werner, Extremal Quantum Correlations and Crypto-
graphic Security, Phys. Rev. Lett. 106, 250502 (2011).



194

[220] A.-S. F. Obada, and A.-B. A. Mohamed, Death of entanglement and non-locality
in a superconducting qubit-field entangled state in a thermal reservoir, Opt.
Comm. 285, 3027 (2012).

[221] A.-B. A. Mohamed, and H. Eleuch, Effect of dissipation and dipole—dipole inter-
play on Hilbert—Schmidt distance and Bell’'s inequality correlations of two qubits
interacting with two-mode cavity field, Phys. Scr. 94, 045102 (2019).

[222] A.-B. A. Mohamed, E. M. Khalil, and S. Abdel-Khalek, Non-local correlation be-
tween two coupled qubits interacting nonlinearly with a two-mode cavity: Bell
function, Trace norm and Bures distance quantifiers, Phys. Scr. 96, 025103
(2021).

[223] R. Ramanathan, D. Goyeneche, S. Muhammad, P. Mironowicz, M. Grunfeld, M.
Bourennane, and P. Horodecki, Steering is an essential feature of non-locality in
quantum theory, Nat. Comm. 9, 4244 (2018).

[224] J. Oppenheim, and S. Wehner, The uncertainty principle determines the non-

locality of quantum mechanics, Science 330, 1072 (2010).

[225] Y.-Z. Zhen, K. T. Goh, Y.-L. Zheng, W.-F. Cao, X. Wu, K. Chen, and V. Scarani,
Nonlocal games and optimal steering at the boundary of the quantum set, Phys.
Rev. A 94, 022116 (2016).

[226] A. S. Majumdar, and T. Pramanik, Some applications of uncertainty relations in
quantum information, Int. Jour. Quant. Info. 14, 06 (2016).

[227] P. Hyllus, O. Guhne, D. Bruz, and M. Lewenstein, Relations between entangle-
ment witnesses and Bell inequalities, Phys. Rev. A 72, 012321 (2005).

[228] M. Li, S. Shen, N. Jing, S.-M. Fei, and X. Li-Jost, Tight upper bound for the
maximal quantum value of the Svetlichny operators, Phys. Rev. A 96, 042323
(2017).

[229] L.-Y. Sun, L. Xu, J. Wang, M. Li, S.-Q. Shen, L. Li, and S.-M. Fei, Tight upper
bound on the quantum value of Svetlichny operators under local filtering and
hidden genuine nonlocality, Front. Phys. 16, 31501 (2021).

[230] A. Acin, A. Andrianoy, L. Costa, E. Jane, J. |. Latorre, and R. Tarrach, Gener-
alized Schmidt Decomposition and Classification of Three-Quantum-Bit States,
Phys. Rev. Lett. 85, 1560 (2000).



195

[231] U. T. Bhosale, and A. Lakshminarayan, Simple permutation-based measure of
quantum correlations and maximally-3-tangled states, Phys. Rev. A 94, 022344
(2016).

[232] F. Verstraete, K. Audenaert, J. Dehaene, and B. D. Moor, A comparison of
the entanglement measures negativity and concurrence, J. Phys. A 34, 10327
(2001).

[233] M. Genovese, and M. Gramegna, Quantum Correlations and Quantum Non-
Locality: A Review and a Few New Ideas, Appl. Sci. 9, 5406 (2019).

[234] S. Popescu, Nonlocality beyond quantum mechanics, Nat. Phys. 10, 264
(2014).

[235] B. S. Cirelson,Quantum generalizations of Bell’s inequality, Lett. Math. Phys. 4,
93 (1980).

[236] C. Ren, H.-Yi Su, Z.-Peng Xu, C. Wu, and J.-L. Chen, Optimal GHZ Paradox for
Three Qubits, Sci. Rep. 5, 13080 (2015).

[237] J.-W. Pan, D. Bouwmeester, M. Daniell, H. Weinfurter, and A. Zeilinger, Experi-
mental test of quantum nonlocality in three-photon Greenberger-Horne-Zeilinger
entanglement, Nature 403, 515 (2000).

[238] K. Anjali, A. S. Hejamadi, H. S. Karthik, S. Sahu, Sudha, and A. R. Usha Devi,
Characterizing nonlocality of pure symmetric three-qubit states, Quan. Info. Proc.
20, 187 (2021).

[239] B. Paul, K. Mukherjee, and D. Sarkar, Nonlocality of three-qubit Greenberger-
Horne-Zeilinger—symmetric states, Phys. Rev. A 94, 032101 (2016).

[240] H.-X. Lu, J.-Q. Zhao, X.-Q. Wang, and L.-Z. Cao, Experimental demonstration
of tripartite entanglement versus tripartite nonlocality in three-qubit Greenberger-
Horne-Zeilinger—class states, Phys. Rev. A 84, 012111 (2011).

[241] E. Jung, M.-R. Hwang, D. Park, and J.-W. Son, Three-tangle for rank-three
mixed states: Mixture of Greenberger-Horne-Zeilinger, W, and flipped-W states,
Phys. Rev. A 79, 024306 (2009).

[242] H. A. Carteret, and A. Sudbery, Local symmetry properties of pure three-qubit
states, J. Phys. A: Math. Gen. 33, 4891 (2000).



196

[243] Z. Chen, and S.-M. Fei, Detecting Tripartite Steering via Quantum Entangle-
ment, Entropy 24, 1297 (2022).

[244] G. Toth, and A. Acin, Genuine tripartite entangled states with a local hidden-
variable model, Phys. Rev. A 74, 030306(R) (2006).

[245] J. Gray, L. Banchi, A. Bayat, and S. Bose, Machine-Learning-Assisted Many-
Body Entanglement Measurement, Phys. Rev. Lett. 121, 150503 (2018).

[246] H.-Y. Huang, R. Kueng, and J. Preskill, Predicting many properties of a quantum
system from very few measurements, Nat. Phys. 16, 1050 (2020).

[247] D. Boschi, S. Branca, F. De Martini, L. Hardy, and S. Popescu, Experimental
Realization of Teleporting an Unknown Pure Quantum State via Dual Classical
and Einstein-Podolsky-Rosen Channels, Phys. Rev. Lett. 80, 1121 (1998).

[248] M. Michler, K. Mattle, M. Eible, H. Weinfurther, and A. Zeilinger, Interferometric
Bell-state analysis, Phys. Rev. A 53, R1209(R) (1996).

[249] C. H. Bennett, D. P. Di Vincenzo, J. Smolin, and W. K. Wootters, Mixed-state
entanglement and quantum error correction, Phys. Rev. A 54, 3824 (1997).

[250] S. Bandyopadhyay, Origin of noisy states whose teleportation fidelity can be
enhanced through dissipation, Phys. Rev. A 65, 022302 (2002).

[251] S. Adhikari, I. Chakrabarty, and P. Agrawal, Probabilistic secret sharing through
noisy quantum channel, Quan. Inf. Comp. 12, 0253 (2012).

*kkkkkkhkkkhkkkkkkx



List of Publications

1. Anuma Garg and Satyabrata Adhikari; Teleportation Criteria Based on Maxi-
mum Eigenvalue of the Shared d ® d Dimensional Mixed State: Beyond Singlet
Fraction, International Journal of Theoretical Physics 60, 1038 (2021), SCI, Im-
pact Factor (1.4).

2. Anuma Garg and Satyabrata Adhikari; Strength of the nonlocality of two-qubit
entangled state and its applications, Physica Scripta 98, 055101 (2023), SCI,
Impact Factor (2.9).

3. Anuma Garg and Satyabrata Adhikari; Detection of the genuine non-locality of
any three-qubit state, Annals of Physics 455, 169400 (2023), SCI, Impact Factor
(3).

4. Anuma Garg and Satyabrata Adhikari; Estimation of Power in the Controlled
Quantum Teleportation through the Witness Operator, Accepted in The Euro-
pean Physical Journal D (EPJ D) (2024), SCI, Impact Factor (1.8).

kkkkkkkkkhkkkkkkx

197



198

Conferences attended and Paper presented

1. Attended one day seminar on “Life and works of Prof. M.N. Saha and Prof. S.N.

Bose” organized by JIIT, Noida on September 15, 2018.

. Attended online symposium on quantum information and computation (Quan-

tum Talks) conducted during 29th June to 3rd July 2020 in IlIT Hyderabad, India.

Attended the Young Quantum 2020 organized by Harish-Chandra Research
Institute Chhatnag Road, Jhusi, Uttar Pradesh during 12-16 October, 2020.

. Attended in the symposium NQSTS 2021 held online during 26th July 2021 to

3rd August 2021 in IlIT Hyderabad, India.

Received best presenter award in research scholar category for presenting a
paper entitled "Usefulness of Shared Entangled State in Quantum Teleportation
by Eigenvalue Criteria" in First International Conference on Agriculture, Science,
Engineering & Management (ICASEM- 2021) organized by Sanskriti University,
Mathura, UP, India & RSP Research Hub, Coimbatore, Tamilnadu, India(23-24
October 2021).

Presented a research paper titled as "Eigenvalue Criterion for Quantum Tele-
portation Protocol" in 5th International Conference on Recent Advances in Math-
ematical Sciences and its Applications (RAMSA-2021) organized by the Depart-
ment of Mathematics at Jaypee Institute of Information Technology, Noida, Uttar
Pradesh, (December 02-04, 2021).

Presented a research paper titled as "Maximum eigenvalue Criteria in Quantum
Teleportation for the shared d ® d NPT entangled state" in International Confer-
ence in Quantum Computing and Communications [QCC-2023]at Baba Farid
College, Bhatinda, Punjab during February 08-11, 2023.




	Title page
	Declaration page
	Certificate page
	Acknowledgements
	Preface
	List of symbols
	List of figures
	List of tables
	General Introduction
	Basics of linear algebra
	A few results in linear algebra

	Origin of quantum mechanics
	Postulates of quantum mechanics
	Formalism of quantum mechanics
	Observables
	Expectation value of an observable in quantum mechanics
	Projection operator
	Commuting observables
	Pauli matrices
	Heisenberg uncertainty relation


	Information theory
	Quantum information theory
	Basics of quantum information theory
	Qubit
	Density operator
	Pure and mixed state
	Partial trace

	Quantum measurement

	Quantum entanglement
	Bipartite entanglement
	Tripartite entanglement
	Detection of entanglement
	Measures of entanglement
	Measures of entanglement in bipartite system
	Measures of entanglement in tripartite system


	Bell's non-locality
	Experiment performed for the verification of Bell's non-locality

	Multipartite non-locality
	Mermin's inequality
	Svetlichny's inequality

	Non-locality and entanglement
	Non-locality in communications
	Quantum teleportation
	Bennett et. al. quantum teleportation protocol for 22 system 
	Revisiting quantum teleportation
	Quantum teleportation: shared state lying in 22 dimensional Hilbert space
	Quantum teleportation: shared state lying in dd dimensional Hilbert space

	Quantum teleportation via multipartite state as a shared state
	Realization of quantum teleportation in an experiment

	Quantum teleportation and non-locality
	Controlled quantum teleportation (CQT)

	Eigenvalue Criteria for Quantum Teleportation Protocol
	Introduction
	Revisiting maximal singlet fraction of mixed two-qubit state
	Teleportation criteria in terms of maximum eigenvalue
	Examples

	Teleportation criteria in terms of upper bound of the maximum eigenvalue in Dembo's bound
	Conclusion

	Quantification of Non-locality of two-qubit Entangled state and its application in Controlled Quantum Teleportation
	Introduction
	Revisiting the non-locality of two-qubit system
	A definition of the strength of the non-locality of two-qubit entangled state
	Dependence of the strength of non-locality on witness operator
	Strength of the non-locality when two-qubit entangled state detected by the witness operator WCHSH
	Strength of the non-locality when the witness operator WCHSH does not detect the two-qubit entangled state

	Relation between SNL(entAB) and the quantity M(entAB)

	Strength of the non-locality of two-qubit entangled system determined by optimal witness operator
	Derivation of witness operator inequality
	Upper bound for the strength of non-locality of two-qubit entangled system detected by optimal witness operator

	Expression for the strength of the non-locality of two-qubit entangled state in terms of measurement parameter and state parameter
	Applications
	Linkage between the strength of the non-locality of two-qubit entangled state and the expectation value of the Svetlichny operator with respect to a pure three-qubit state
	A family of pure three-qubit states: GHZ class
	A family of pure three-qubit states: W-class of Type-I
	A family of pure three-qubit states: W-class of Type-II

	Upper bound of the power of the controller in controlled quantum teleportation in terms of SNL

	Conclusion

	State dependent bounds of the expectation value of the Svetlichny Operator
	Introduction
	Lower and upper bound of the expectation value of the Svetlichny operator
	Lower bound of the expectation value of Svetlichny operator in terms of two-qubit non-locality determined by SNL
	When the entangled state ij is detected by the witness operator WCHSH
	When WCHSH does not detected the entangled state ij

	Upper bound of the expectation value of Svetlichny operator in terms of two-qubit non-locality determined by SNL
	When the state ij is detected by WCHSH 
	When ij is not detected by WCHSH


	Detection of genuine three-qubit non-local states
	When ij is detected by the witness operator WCHSH
	When ij is not detected by the witness operator WCHSH

	Illustrations
	Examples of three-qubit states for which the reduced two-qubit state detected by the CHSH witness operator
	Examples of three-qubit states for which the reduced two-qubit state is not detected by WCHSH

	Comparing our criterion with other existing criteria
	Conclusion

	Controlled Quantum Teleportation: Estimation of Controller’s Power through Witness Operator
	Introduction
	Witness operators
	Construction of witness operator W(1)ij
	Characteristic of the introduced witness operator

	Estimation of controller's power
	Estimation of non-conditioned teleportation fidelity
	Estimation of the conditioned teleportation fidelity
	Lower and upper bound of the controller's power
	Estimation of the lower bound of the power for pure three-qubit states

	Controlled teleportation in noisy environment
	Amplitude damping channel
	Phase damping channel
	Comparision analysis of the power of the controlled teleportation

	Conclusion

	Conclusion and Future scope
	Bibliography
	List of Publications

