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Preface

In recent years considerable progress has been made towards developing a general theory
of quantum entanglement. In particular, the criteria to decide whether a given quantum state
is entangled are of high theoretical and practical interest. This problem is additionally com-
plicated by the existence of bound entanglement, which are weak entangled states and hard
to detect. In this thesis, we have worked on the characterization of bipartite and tripartite en-
tanglement. We have established a few separability criteria that successfully detect negative
partial transpose entangled states (NPTES) as well as positive partial transpose entangled
states (PPTES). In this thesis, we propose some theoretical ideas to realize these entangle-
ment detection criteria experimentally.

We have taken an analytical approach to construct a witness operator. To achieve this, we
first constructed a linear map using the combination of partial transposition and realignmen-
t operation. Then we find some conditions on the parameters of the map for which the map
represents a positive but not completely positive map. We then construct an entanglement wit-
ness operator, which is based on the Choi matrix. Finally, we prove its efficiency by detecting
several bipartite bound entangled states that were previously undetected by some well-known
separability criteria and find that our witness operator detects bound entangled states that are
undetected by these criteria. It is known that the witness operator is useful in the detection
as well as the quantification of entangled states. This motivated us for the construction of a
family of witness operators that can detect many mixed entangled states. We have shown the
significance of our constructed witness operator by detecting many bound entangled states
and then, we use the expectation value of the witness operator to estimate the lower bound of
the concurrence of those bound entangled states.

Detection of entanglement through partial knowledge of the quantum state is a challenge to
implement efficiently. Here we propose a separability criterion for detecting bipartite entangle-
ment in arbitrary dimensional quantum states using partial moments of the realigned density
matrix. Our approach enables the detection of both distillable and bound entangled states
through a common framework. We illustrate the efficiency of our method through examples of

states belonging to both the above categories, which are not detectable using other schemes
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relying on partial state information.

Realignment criteria is a powerful tool for the detection of entangled states in bipartite and
multipartite quantum systems. Since the matrix corresponding to the realignment map is indef-
inite, the experimental implementation of the map is an obscure task. We have approximated
the realignment map to a positive map using the method of structural physical approximation
(SPA) and then we have shown that the SPA of the realignment map (SPA-R) is completely
positive. The positivity of the constructed map is characterized using moments that can be
physically measured. Next, we develop a separability criterion based on our SPA-R map in
the form of an inequality and have shown that the developed criterion not only detects NPTES
but also PPTES.

We have addressed the problem of experimental realization of the realignment operation. We
first show that the realignment matrix can be expressed in terms of the partial transposition
operation along with a permutation matrix which can be implemented via the SWAP operator
acting on the density matrix. We have shown that the first moment of the realignment matrix
can be expressed as the expectation value of a SWAP operator which indicates the possibility
of its measurement. We defined a new matrix realignment operation for three-qubit states and
have devised an entanglement criterion that can detect three-qubit genuine entangled states.
Chapter 1 is introductory in nature. Chapters 2 — 6 are based on the research work published
in the form of research papers in reputed refereed journals. Finally, we conclude with future

scope and references. Each chapter begins with a brief outline of the work carried out in that

Date : 02.04.2024 (SHRUTI AGGARWAL)
Place : DTU, New Delhi, India.
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Chapter 1

General Introduction

"As far as the laws of mathematics refer to reality, they are not certain; and as far as they are certain,
they do not refer to reality.”

-Albert Einstein

The general introduction gives an overview of the basic principles of quantum mechanics and
quantum information theory. In this initial chapter, we summarize many useful concepts and
facts, some of which provide a foundation for the material in the rest of the thesis. We also
include some additional useful components of the elementary topics of quantum mechanics
and linear algebra. The reader may use this chapter as a review before beginning the main
part of the thesis; subsequently, it can serve as a convenient reference for notation and defi-
nitions that are encountered in the later chapters. Finally, the chapter contains the motivation

and plan of the work carried out in the thesis.




1.1 Mathematical Background

The basic principles of quantum mechanics have been formulated in concrete mathematical
terms. Let us begin with a discussion of the concept of states, state vectors, and their as-
sociated mathematical structure. In this section, we will discuss the mathematical formalism,
introducing the concept of linear operators and their association with a physical observable.
Further, we will recapitulate some basic concepts of linear algebra and a few important results
[1, 2].

1.1.1 Hilbert Space

To start with, let us first review some fundamental concepts about vector spaces, which de-
mand the introduction of some basic properties such as a spanning set, linearly independent,
dependent vectors, and the basis of a vector space. Next, we discuss some operations on
vector spaces like inner product and norm that lead us to the description of a Hilbert space.
In mathematics and physics, a vector space (or a linear space) over the field F is a non-empty
set that is closed under vector addition and scalar multiplication. The elements of a vector
space are called vectors. The n-dimensional Euclidean space R" = {(a1,a2,.,.,.,a,); a; € R}
is a basic example of a vector space. In quantum mechanics, a vector is denoted by |v),
where v is the label for the vector. The vector |v) is called a ket vector. Corresponding to the
set of set of ket vectors, there exists another set of vectors that are dual to the ket vectors.
These are called bra vectors and are denoted by the symbol (.|. For instance, the bra vector
corresponding to the ket vector |v) is (v|.

Definition 1.1. (Spanning set) Let V be a vector space. Let S = {|v;) | |v;) €V;i=1,2,...,n} be a
non-empty set consisting of vectors in V. Then S is called a spanning set of V if any vector |v) € V can
be expressed as a linear combination of |v;), i =1,2,...,n,i.e., |[v) =Y, a;|v;) where a; € F.

Example. In the vector space C2, {|v}),|v2)} forms a spanning set, where

1 0
vi) = ; [va) = (1.1.1)
0 1
a
since any vector |v) = € C? can be expressed as |[v) = a|vi) +b|v2).

Remark. A vector space may have more than one spanning set.
Definition 1.2. (Linearly independent and dependent vectors) A set of vectors {|vi),[v2),.,.,.,|va)} is

linearly independent if there exist scalars a; € F, i = 1,2,...,n such that

arvi) +axva)+...+apvy) =0 = a;=0,Vi=1,2,...,n (1.1.2)



Otherwise, the set is linearly dependent.

Definition 1.3. (Basis and dimension) A linearly independent set of vectors which spans the vector
space V is called a basis for V. The number of elements in the basis is defined to be the dimension of
V.

A standard basis is conventionally known as computational basis in quantum mechanics. The compu-
tational basis for two-dimensional complex vector space may be denoted as {|0), |1) }, where the basis

vectors may be expressed in terms of the column vectors are given as

0) = ;)= ; (1.1.3)

Inner Product space

Let V be a vector space. The inner product between two vectors |v;) and |v;) in V generates
a complex number and is denoted by (v;|v;) in quantum mechanics. Mathematically, an inner

product is a function (.,.) : V x V — C such that it satisfies the following properties:

(i) Linearity in the first argument, i.e., (¥; aivi|v2) =Y, 0 (vi|v2)

(Conjugate linearity in the second argument, i.e., (vi|¥; av2) =Y, & (vi[v2))
(i) Conjugate symmetry: (vi|va) = (va|v1)*
(i) Positivity: (v|[v) >0 and (v|v) =0 if and only if v=0

where |v),|vi),|v2) € V; oy € F, a field of complex numbers; and * represents the complex

conjuagte.

X

For example, the inner product of the vectors |x) = "] ec? and y) = M ecis given
x2 »2

as

Y1 2
W)= (5 x) (7] = Laiw (1.14)
2 i=1

Definition 1.4. (Inner product space) A vector space equipped with an inner product is called an inner

product space.
Normed Vector Space

Every inner product space is a normed vector space where norm of a vector |v) is defined as

[Vl =/ (vIv) (1.1.5)



The vector |v) is called a unit vector or normalized vector if ||v|| = 1.
Let V be a vector space over the field of complex numbers C. The norm can be defined as a

mapping ||.|| : V — R* that must satisfy the following properties. For any v,w € V and o € C,
(i) Positivity: ||[v|| >0, ||v|]|=0ifand only if v=10
(i) Scalar multiplication: ||ow|| = |e|||v||

(i) Triangle inequality: |[v+w|| <||v|| +|w]|

Definition 1.5. (Orthogonal vectors) Two vectors |v) and |w) are orthogonal if their inner product is
zero, i.e., (v|w) = 0.
Definition 1.6. (Orthonormal vectors) A set of vectors {|v1), |v2),...} is orthonormal if each vector in
the set is a unit vector, and distinct vectors in the set are orthogonal, i.e.,

1 i=j

(vilvj) = 6j = (1.1.6)

0 i#j
Remark. There is a useful method, known as the Gram-Schmidt procedure, which can be used to
produce an orthonormal basis set for any vector space V.
We are now in a position to define Hilbert space and study its properties.
Definition 1.7. (Hilbert space) A complete inner product space is called Hilbert space.
The concept of Hilbert space was introduced by the German mathematician David Hilbert in
an abstract sense but later, it played a significant role in quantum mechanics. A Hilbert space
2 is complete if every cauchy sequence in s converges in 2. In a finite dimensional vec-
tor space, Hilbert space is same as the inner product space while infinite dimensional Hilbert
space satisfy additional restrictions that are beyond the inner product spaces. In the present

thesis, finite dimensional Hilbert spaces are considered, unless otherwise stated.

Some properties of Hilbert spaces:

(i) Parallelogram law: For any two vectors |v) and |w) in the Hilbert space .77,

[[v 4wl + [y = wll* = 2(|[v[> +[]wl[*) (1.L7)

(i) If the vectors |v) and |w) in the Hilbert space # are orthogonal, then

[y +wl? = VI[P + [wlf? (1.1.8)

(iii)y Every orthonormal set in a Hilbert space is linearly independent.



Cauchy-Schwarz inequality

An important geometric fact about Hilbert spaces may be discussed through the Cauchy-
Schwarz inequality. It may be stated in the following way: For any two vectors |v) and |w) in
the Hilbert space 77,

(o) > < (lv)(wlw) = (V][ [[wl] (1.1.9)

Equality in (1.1.9) occurs if and only if |[v) and |w) are linearly dependent, i.e., |v) = c|w), for
some scalar c.
Geometrically, the Cauchy-Schwarz Inequality tells us that the magnitude of the inner product

of two vectors is bounded by the product of their magnitudes.
Tensor Product

Let 27, and 73 be two Hilbert spaces of dimension m and n, respectively. Then J# ® 3
is an mn dimensional Hilbert space. The elements of J7; ® s are linear combinations of
tensor products of elements of % and . For |v;) € 4, |w;) € 3 and a; € F, we have
Yiailvi) @ |wi) € Ay @ Hp.

If |ia) and |jg) are orthonormal basis for 7% and ¢, then |ix) ® |jg) is a basis for 7 ® 5.

The vector |v) @ |w) can be abbreviated as |vw). For example, if . is a two-dimensional
1 0

space with basis vectors |0) = ) and |1) = , then {|00), |01),]10),|11)} forms the basis
0 1

of 7 ® 7, where the basis vectors can be described as follows.

1 0
00>0>®0>(1)®(1> e 01) = |0y ®[1) = (1>®(0> ~ .

0 0 0 0 1 0
0 0

0 0

10) = 1) ®10) = (o)®<1) 1% my=mem = (O)®(O) — %] a.r10
1 0 1 1 1 0
0 1

Properties of Tensor Product: Let V and W be two vector spaces. Then the following proper-

ties hold for tensor product.

(i) For|v) eV, |w) € W and for any scalar ¢

() @[w)) = (c[v) @ w) = [v) @ (c[w)) (L.1.11)



(i) For |v1),|v2) €V and |w) e W

(1) +[v2)) @ |w) = [v1) @ |w) + [v2) @ |w) (1.1.12)

(ii) For |v) eV and |w;),|wy) € W

V) @ (lwi) +[w2)) = [v) @[w1) +|v) @ [wa) (1.1.13)

1.1.2 Linear Operator

Operators play a fundamental role in quantum mechanics since they provide the mathematical
language required to extract information about the physical properties of a quantum system.
The required mathematical language can be expressed in terms of the eigenvalues of the
operator. In this subsection, we discuss linear operators, and bounded operators and also
describe the matrix representation of operators.

Definition 1.8. (Linear Operator): A linear operator between two vector spaces V and W is defined as

a function T : V — W that preserves linearity, i.e.,

T (Za,-|v,->> = Za,-T(\v,)) (1.1.14)

Consider two vectors |v) and |w) in the two-dimensional vector space C? as

W= ("] and =" (1.1.15)

X2 2

such that T|v) = |w). This means that the operator T when applied to the vector |v) changes
it to another vector |w) of the same vector space. Physically that means, a physical system
can be changed to another by the application of an operator in the Hilbert space of the sys-
tem. Identity operator I defined by 7|v) = |v) and zero operator O defined by O|v) = 0 are two
important linear operators. The zero operator maps all the vectors of the vector space to the
zero vector.

Composition of linear operators: Let Ty : U — V and T» : V — W be two linear operators.

Then the composition of 7, with 7; is defined as T>Ti(|v)) = Tx(Ti|v)) for all |v) € U.
Matrix Representation of an Operator

Consider a linear operator T : V — W between two vector spaces V and W. Suppose

{Iv1),v2), s [vm) } @nd {|w1),|w2),..,|wn)} form basis for V and W, respectively. Then for each



|v;) where j =1 to m, there exist complex numbers a,j,azj, ...,a,; such that
T(|v;) =Y aijlw)) (1.1.16)

The matrix whose entries are the values a;; is called the matrix representation of the operator

T. Hence, we use the terms "operator" and "matrix" interchangeably throughtout this thesis.
Hilbert Schmidt inner product on operators

The set L(.2¢) of all linear operators on a Hilbert space # forms a vector space. If A,B €
L(27), then the inner product on L(s#) x L(2¢) may be defined by

(A|B) = Tr|A"B] (1.1.17)
The inner product defined in (1.1.17) is known as Hilbert-Schmidt or trace inner product.

Bounded operator

Let 574 and 574 be two Hilbert spaces. An operator T : 547 — s is bounded if it maps
bounded subsets of 7 to bounded subsets of 543. Any linear operator defined on a finite

dimensional normed linear space is bounded.
Tensor product of linear operators

Let A and B be linear operators on V and W, respectively. Then A® B is a well defined linear
operatoron Ve W. For |v;) €V, |w;) € W,

(A®B)(Y ailvi)®|wi)) =Y aiA|vi) @ Blw;) (1.1.18)
Furthermore, for any four operators A, B, C, and D, we have

(A® B)(C® D) = AC®BD (1.1.19)

1.1.3 Basic Concepts of Linear Algebra

Linear algebra is the study of linear operations on vector spaces. A good understanding of
quantum mechanics will be possible if one has a solid grasp of elementary linear algebra. Let
us review some basic concepts from linear algebra which are used in the study of quantum

mechanics.
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Matrices

A matrix is a rectangular array of elements arranged in rows and columns. An m x n matrix
with entries as complex numbers can be expressed as A = [a;;] € M,, ,(C) where 1 <i <m and
1 < j <n. Here m denotes the number of rows and n denotes the number of columns. We now

discuss a few elementary operations defined on matrices.

(i) Trace: Trace of a matrix is defined as the sum of its diagonal elements. If A is a square
matrix of order n, i.e., A = [a;;] € M,(C), then trace of A is given as Tr[A] =Y}, a;. Some

useful properties of trace are given below:

(a) Linearity property: If A and B are two linear operators,

Trl[A+B] = Tr[A]+Tr[B] and Tr[cA] = cTr[A] for any scalar ¢ (1.1.20)

(b) Cyclic property: If A and B are two linear operators then

Tr[AB] = Tr[BA] (1.1.21)

(c) Invariance under unitary transformation: For any matrix A and unitary transforma-

tion U, we have

TrlUAU"| = Tr[A] (1.1.22)

(d) Expectation value of the operator: For any operator A and the unit vector |u), we

have

Tr[A|u)(u|] = Z<1|A|u><u|z> = (u|A|u) (1.1.23)

where |i) denotes the orthonormal basis.

(e) Trace of tensor product: For any two operators A and B, we have

Tr[A® B] = Tr[A|Tr[B] (1.1.24)

(i) Transpose of a matrix: Transpose of a matrix is obtained after interchanging rows and
columns of the matrix. If A = [a;;] € M,, ,(C), the transpose of A, denoted by AT € M,,,,(C)

whose (i, j)" entry is a;, i.e., AT = [a;].
J J

(iii) Adjoint of a matrix: Adjoint or the conjugate transpose of a matrix A € M, ,(C), is
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denoted by A™ € M, ,,(C) and it is defined as A" = [a7].
(iv) Rank of a matrix: Rank of a matrix A € M,,,(C) is defined as the number of linearly

independent rows (or columns) of A.
Eigenvalues and Eigenvectors

Let A € M,,(C). A scalar A € C such that A|v) = A|v) for some non-zero vector |v) € C", is an
eigenvalue of A. The non-zero vector |v) corresponding to the eigenvalue A is referred to as
an eigenvector of the matrix A.

Definition 1.9. Spectrum of a matrix: The set of all eigenvalues of the matrix A is called the spectrum
of A and is denoted by G(A).

Definition 1.10. Determinant: Determinant of a matrix is defined as the product of its eigenvalues. For
any matrix A € M,,(C) with eigenvalues 41,4, ..., A, its determinant is given as der(A) =[], A;
Definition 1.11. Singular matrix: If atleast one eigenvalue of a matrix A is zero, then A is said to be a
singular matrix. Otherwise the matrix A is said to be non-singular.

Remark. Trace of a matrix can also be defined as the sum of its eigenvalues.
Characteristic Equation

The characteristic polynomial of a matrix A € M, (C) is defined as
pa(A) =det(A—AD) = A" —Tr[A]A"" 1 +...(=1)"det(A) (1.1.25)

The equation p,(A) = 0 is referred to as the characteristic equation of A. The solutions of
the characteristic equation give the eigenvalues of A. The set of vectors corresponding to
the eigenvalue A; (i = 1,2,....,n) forms an eigenspace, which is also a subspace of the vector

space on which A acts.
Diagonalization

Any matrix A € M, (C) is said to be diagonalizable if it is similar to a diagonal matrix, i.e, if there
exists an invertible matrix P and a diagonal matrix D such that P~'AP = D (or equivalently
A = PDP~'). The eigenvectors corresponding to the eigenvalues of the matrix A forms the
column vectors of the matrix P.

Theorem 1.1. A € M,,(C) is diagonalizable if it has n distinct eigenvalues.

Remark. Having distinct eigenvalues is sufficient for diagonalizability, but of course, it is not necessary.

A square matrix with non-distinct eigenvalues may or may not be diagonalizable.
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Singular value decomposition

Let A € M,,,(C). Then there exist unitary matrices U € M,,(C), V € M,(C) and real numbers

01 > 0y > 03 > ... > 0, (Where p = min{m,n}), such that
A=UXV (1.1.26)

where ¥ = [X];; € M,,,(C) has entries o; for i = j, and zero for i # j.

The numbers oy, 0, ..., 0, are called the singular values of A. Alternatively, the singular value
of A can also be defined as the square root of the eigenvalue of the positive semi definite
matrix ATA (or equivalently of AAT). If A; i = 1,2,...,n denote the eigenvalue of ATA (or AAY),

then the singular value corresponding to the eigenvalue A; is given by

oi=vVA, i=12,....n (1.1.27)

Remark. Let A be a m x n matrix with complex entries. Then rank(A) is equal to the number of non-zero

singular values of A.
A few types of operators and their properties

There are many operators in the literature of operator theory that may play a vital role in
quantum mechanics. In this thesis, we present some of these, such as the Hermitian operator,

unitary operator, positive and positive semi-definite operator.

(i) Hermitian operator: An operator A is said to be Hermitian or self-adjoint if it satisfies:
AT = A. The eigenvalues of a Hermitian matrix are real. Thus, every observable in

quantum mechanics is represented by a Hermitian matrix.

(i) Unitary operator: An operator U is said to be unitary if UTU = UUT = I. Unitary oper-
ators are important because they preserve inner products between vectors, i.e., for any

two vectors |v) and |w) in a vector space V,
(U),Ulw)) = (UTU|w) = (v[I|w) = (v|w) (1.1.28)

All eigenvalues of a unitary matrix have modulus one, i.e., eigenvalues of a unitary matrix
can be written in the form ¢ for some real 6. Unitary matrices are important because
they take part in the time evolution of the quantum state.

Remark. If {|v;)} and {|w;) } for i = 1,2,...n are any two orthonormal bases of a vector space V,

then the operator U defined by U = Y, |v;)(w;| is a unitary operator.

(iii) Positive operator: An operator A is defined to be a positive operator if for any vector



13

lv) € V, (v|Alv) is a real non-negative number. A is positive definite if (v|A|v) is strictly
greater than zero for all |v) # 0. Equivalently, a matrix A is positive definite if its all
eigenvalues are strictly positive.

The matrix A is positive semi-definite if its eigenvalues are non-negative. A quantum

state is represented by the positive semi-definite operator.
Special Matrices

We now discuss about some particular matrices such as Pauli matrices, Gell-Mann matrices

and the generalized Gell-Mann matrices, which may be useful in quantum information theory.

(i) Pauli Matrices: Pauli matrices are useful in the study of quantum computation and

quantum information. They are defined as follows.

1 0 01
60 = I = 5 GX =
0 1 1 0
0 —i 1 0
o, . o,= (1.1.29)
i 0 0 —1

Properties of Pauli matrices:
(a) Pauli matrices are Hermitian and unitary.

(b) Tr[oy] = Tr[oy) = Tr[o.] =0

(©) of =07 =0’ =1
(d) o.0, =ioc;; 0,0; = i0y; 0,0, = —iC;

(e) The Pauli matrices oy, oy, o, form a basis of the two-dimensional space M,(C).

(i) Gell-Mann Matrices: The eight Gell-Mann (GM) matrices in a three-dimensional space

are defined as follows.
(a) Three symmetric GM matrices
010 0 0 1 0 0 O

Ail=11 0 0|: A=[00 0]; A3=[0 0 1 (1.1.30)
000 100 010
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(b) Three anti-symmetric GM matrices

0 - 0 0 0 —i 00 O
A=1i 0 0] As=]0 0 0 1]; As=]0 0 —i (1.1.31)
0 0 O i 0 O 0 i O

(c) Two diagonal GM matrices

1 0 O 1 0 O
1
A7=10 -1 0]; Ag:ﬁ 01 O (1.1.32)
0 0 O 00 -2

GM matrices possess the property Hermitianity and unitarity. The GM matrices {A;, i =
1,2,...,8} satisfies Tr[A;] =0 and Tr[A;A;] =28;; where i =1,2,...,8.

(iii) Generalized Gell-Mann matrices (GGM): The generalized Gell-Mann matrices (GGM)
are higher-dimensional extensions of the Pauli matrices (for qubits) and the Gell-Mann
matrices (for qutrits). There are total 4> — 1 GGM for a d-dimensional space. All GGM are
Hermitian and traceless. They are orthogonal and form a basis known as the generalized
Gell-Mann matrix Basis (GGB) [3]. The eight generalized Gell-Mann (GGM) matrices in

a four-dimensional space are defined as follows.

(a) Six symmetric GGM matrices

01 0 0 0 01 0 0 0 01

1 0 0 O 0 0 0 O 0O 0 0O
G = ;. Gy = ; Gz=

00 0O 1 0 0O 0O 00O

0O 0 0 O 0 0 0 O 1 0 0 O

0O 0 0 O 0 0 0 O 0O 0 0 O

0 01 0 0 0 0 1 0O 0 0O
G4: s GS_ s G6:

0100 00 00 0 0 01

00 0O 0100 0 01O
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(b) Six anti-symmetric GGM matrices

0 -1 00 00 — O 0 0 0 —i
i 0 00 00 0 O 000 O
G = ; Gg= ; Go=
0O 0 0 O i 0 0 O 0 00 O
0O 0 0O 00 0 O i 00 O
00 0 O 0 0 0 O 0 0 0 O
00 —i O 0 0 0 —i 0 00 O
Gio= ;o Gn= ; Gr=
0 i 0 O 0 00 O 0 0 0 —i
00 0 O 0 ¢ 0 O 0 0 ¢ O
(c) Three diagonal GGM matrices
1 0 0O 1 0 0 O 1 0 0 O
G -1 0 0 G 1 ]01 O O G 1 |01 0 O
13 — 4= 7= 15 = —F#=
0 00 V3o 0o -2 o0 Ve lo o1 o
0O 0 00 00 0 O 00 0 -3

Partial Transpose

Let A =[A;;]7,_, € M\(Mi(C)) be an n x n matrix written in the block matrix form where each
block A; ; represents a k x k matrix with complex entries. The partial transpose of the matrix A,
denoted by A%, is given by

AT = [AiT,ﬂ?,j:l (1.1.33)
where T is the usual matrix transpose.
PPT matrix: A matrix A € M, (C) has positive partial transpose (PPT), if its partial transposed
matrix A" has no negative eigenvalues, i.e., it forms a positive semidefinite matrix. Such a
matrix is called positive partial transpose (PPT) matrix.
NPT matrix: If the partial transposed matrix A® has atleast one negative eigenvalue, then it is
called a negative partial transpose (NPT) matrix.

Example. Consider the matrix py € My(C), 0 < f <1, and its partially transposed matrix p}

14+2f

4f—1 14+2f
s 0 0 % 0 0 0
o =L o0 o0 o 5L Lo
pr= 3 opf= 3 6 (1.1.34)
) 1—f 4f—1 1-f
o o S o o Y= L o0
4f-1 142 1+2f
5 00 = o 0o 0 =
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The minimum eigenvalue of p{ given by Auin(pf) = % >0 when 0 < f < 7. Hence, py is a PPT

matrix when 0 < f < % and it represents an NPT matrix when % <f<1L
1.1.4 A few important results in Linear Algebra

We discuss here few important definitions and results from linear algebra that will be needed

in the later chapters of the present thesis.
A few definitions

Definition 1.12. (Commutator:) The commutator between two operators A and B is defined as
[A,B] = AB— BA (1.1.35)

If AB=BA, i.e., [A,B] =0, we say A commutes with B. Two operators A and B are compatible if they
commute, i.e., [A,B] = 0. If [A, B] # 0, then the operators are incompatible [1, 4].

Definition 1.13. (Anti-commutator:) The anti-commutator of two operators A and B is defined as
{A,B} =AB+BA (1.1.36)

If AB= —BA, i.e., {A,B} =0, we say A anti-commutes with B [1].

Definition 1.14. (Positive map:) A linear map ¢ : A — B is called positive map if it maps positive
elements of A to positive elements of B [5].

Definition 1.15. (k-positive map:) Let ¢ : A — B be a linear map, and let k € N, the set of natural
numbers. Then ¢ is k-positive if ¢ Qi : A ® My — B ® M, is positive, iy denotes the identity map on
M.

Definition 1.16. (Completely Positive map:) A linear map ¢ is said to be completely positive if ¢ is
k-positive V k € N [5].

Definition 1.17. (Choi matrix:) Let ® : My, (C) — My, (C) be a linear map. The choi matrix for ® is

defined by the operator
didy

Co=Y, ej@P(e;)) (1.1.37)

i,
where {e,-j}z j—1 denotes the matrix units [5].
Definition 1.18. (Choi-Jamiolkowski isomorphism:) The correspondence between the map ® and the
choi matrix Cg given by the linear, one-one and onto map ¢ — Cg, which is called Choi-Jamiolkowski
isomorphism [6].

Definition 1.19. (Trace norm:) The trace norm ||A||; of an m X n matrix A is defined as the sum of
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singular values of A [2].
1Al = Tr[VATA] = ¥ 6i(A) (1.1.38)

where 0;(A),i = 1,2,...n denotes the singular values of A.
Definition 1.20. (Frobenius norm:) The norm ||A||, is called Hilbert-Schmidt norm or Frobenius norm

of A and is equal to the sum of the squares of the singular values of A [2].

n
|A|[; =Tr[ATA] = Y 67 (A) (1.1.39)

i
i=1

A few results

Result 1.1. For any list of n non-negative real numbers xi,xy,...,X,, the arithmetic mean of x;’s is

greater than or equal to their geometric mean, i.e.,

,le > H )i/ (1.1.40)

i=1

The inequality (1.1.40) is called AM-GM inequality where equality holds if and only if x; =x, =
Result 1.2. For any matrix A € M,(C), we have [8]

I Tr[A]| < [|A|]x (1.1.41)

Result 1.3. (Weyl’s Inequality [2]:) Let A and B be Hermitian matrices in M, (C). Then the following
inequality holds

Mnin(A) + Apin(B) < Apin(A+ B) (1.1.42)

where A, (.) denotes the minimum eigenvalue of the corresponding matrix.

Result 1.4. For any two n x n Hermitian matrices A and B, the following inequality holds [7]
Amin(A)Tr[B] < Tr[AB] < Apax(A)Tr|[B| (1.1.43)
Result 1.5. For any matrix A € M,,(C) with rank k, we have [8]
1Al < VA[|A]]> (1.1.44)

Result 1.6. For any two positive semi-definite matrices A and B in M, (C), the following matrix in-
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equality holds [9],
(Tr[AB]?) < (Tr[A])4(Tr[B])? (1.1.45)

where ¢ is a positive integer.

Result 1.7. Let A € M,,(C) be any matrix with real eigenvalues and A/

‘min

[A] denotes the lower bound of

the minimum eigenvalue of A. Then [10]

Aot A] < Apnin[A] (1.1.46)
where the lower bound is given by
2
zﬁawzw‘]\/ml) (T - () (1.147)
n n n

Result 1.8. Let A be a complex n x n matrix with real eigenvalues A; such that 4 > A;. .. > A,. If T}

denotes the k' order moment of A, i.e., T = Tr[AX] then, one has [11]

T\ b+Vb*+4d3

M 2> f(N, D, T3) = —+ (1.1.48)
n 2a
where )
T T, 1
a=2- <1> and b= —(n’Ts—3nTi T +2T})
n n n

Result 1.9. Let A € M,,(C) be a positive semi-definite matrix with eigenvalues A; > A,. .. > A, and

T;, = Tr[AX]. Then the upper bound of the largest eigenvalue of A is given as
A <g(Nh, T2, T3) (1.1.49)
where the upper bound g(71,T»,T3) is the largest root of the following cubic equation [12]:
Tix* —2Dx* + Tix+ T —TiT3 =0 (1.1.50)

The explicit form of g(7;, 7>, 73) is given by

2% 213

(p+va)'/ +2(p+va)')

1
— (4T +

T, 1,,1T3) .=
g( 1,42, 3) 6T1

(1.1.51)

where p = —27T2T7 + 16T + 27T T — 18T\ b Ts; r=4T7 —3T\Ts; q = p*> —4r°
Result 1.10. Let ® : My, (C) — My, (C) be a linear map and Co be the choi matrix of ®. Then the
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following conditions are equivalent [5].
1. Cg is positive semi-definite.
2. @ is completely positive.

3. ®(A) =YK, VAV, with V; : My, (C) — My, (C), a linear map and k < min{d,,d,}
Result 1.11. Consider a map & : M,,(C) — M,,,(C). Let A € M,, and B € M,, be Hermitian matrices
such that ®(A) = B. Then the map @ is completely positive iff there exist non-negative real numbers

" and P, such that the following conditions hold [13]:

)Lmin [B} > ! Amin [A] (1152)

)Lmax[B} S ’}/Z)Lmax[A] (1153)

1.2 Quantum Mechanics

Quantum mechanics is the the complete description of the world known to us. It is also the
basis for an understanding of quantum information theory [1, 4, 15, 16]. This section provides

a necessary background knowledge of quantum mechanics.
1.2.1 Postulates of quantum mechanics

We now discuss the fundamental postulates of gauntum meachanics. These postulates pro-
vide a connection between the physical world and the mathematical formalism of quantum
mechanics [1, 15, 16].

Postulate 1. (State space) Any isolated physical system is associated with a Hilbert space
known as the state space of the system. The state of the system is completely described by
a vector called the state vector belonging to a Hilbert space.

The simplest quantum mechanical system is called qubit. A qubit has two-dimensional state
space. Let {|0),|1)} be an orthonormal basis for that state space. Then, an arbitrary state of

a qubit is expressed as
|9) =al0) +b]1) (1.2.1)

where a and b are complex numbers with the normalization condition |a|?> + ||*> = 1.
Postulate 2. (Evolution) The evolution of a closed quantum system is described by a unitary

transformation. The state |y, (¢;)) of a system at time ¢, is related to the state |y, (1)) of the
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system at time 1, by a unitary operator U (1;,t,) which depends only on the times ¢, and z,.

lyi(n)) =U(t1,02)|ya(t2)) (1.2.2)

Closed quantum systems do not suffer any unwanted interactions with the outside world. Al-
though fascinating conclusions can be drawn about the information processing tasks which
may be accomplished in principle in such ideal systems, there are no perfectly closed system-
s in the real world. Real systems suffer from unwanted interactions with the outside world.
These undesirable interactions unfold as noise in quantum information processing systems.

Postulate 3. (Measurement) Quantum measurements are described by a collection of mea-
surement operators denoted by {M;} with Z,-MfM,» = 1. These are operators acting on the state
space of the system being measured. The index i refers to the measurement outcomes that
may occur in the experiment. If the state of the quantum system is |y) immediately before the

measurement then the probability that the outcome i occurs is given by

pi = (w|M; M;|y) (1.2.3)

and the post-measurement state is given by %

For example, let us consider the measurement of a qubit in computational basis. Let |y) =

al0) 4+ b|1) be the state being measured and M, = |0)(0|, M; = |1)(1| be the measurement

operators. Then the probability of obtaining measurement outcome 0" is py = <q/]MgMo\q/> =
(w|My|w) = |a|>. Similarly, the probability of obtaining the measurement outcome ~1” is p; =
|b|>. The post-measurement states in the two cases is therefore, % = % and % = %
The projective or von Neumann measurements and POVM measurements are special cases
of Postulate 3 [1, 14].

Postulate 4. (Composite system) The state space of a composite physical system is the
tensor product of the state spaces of the component physical systems. Consider n quantum

systems and |y;) represents the state of ith system, then the joint state of the total system is
V1) ®[v2) @...® |[Yh).

1.2.2 Observables and their measurements

In quantum mechanics, observables are dynamic variables like energy, position, momentum,
angular momentum, etc. that can be measured [4, 15, 16]. In classical mechanics, these
dynamical quantities are merely numbers, whereas, in quantum mechanics, these are repre-
sented by operators, in fact by Hermitian operators. The reason for choosing the Hermitian
operators is due to the fact that Hermitian operators have real eigenvalues, and one needs a

real number for the observation while making a measurement. Let A be a dynamical system
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representing a certain dynamical quantity and consider the following eigenvalue equation

Aly) =Aly) (1.2.4)

If a physical system is in a state |y), then the measurement of the dynamical quantity will
give a real eigenvalue A. By Copenhagen interpretation of quantum mechanics, before the
measurement of the dynamical variable A, the system is assumed to be in a superposition of
eigenstates of A, where an arbitrary state is given by |@) =Y, ¢;|;). The state |« ) is normalized

as follows.

(ala) ZZC cjlogle) ZZC cjbij = Z’|c,|2 =1 (1.2.5)

When a measurement is done, the system collapses to one of the eigenstates |«;) of the
observable A. The probability that |c) will go into the ith state |&) is |ci|*> = |(a|a)|?. This

interpretation gives a physical meaning of superposition.
1.2.3 Expectation value of an observable

Expectation value of a Hermitian operator A with respect to an arbitrary state |a) is denoted
by (4), and is defined by (a|A|a). If |o;)’'s are the eigenstates of A corresponding to the

eigenvalues A;’s, i = 1,2,..., then we have A|a;) = Aj|0;). Since (oi|a;j) = §;;, we have
<OCI‘|A’OCJ'> = ).j<(X,'|OCj> = 7Lj5i.,- (126)
Using the completeness relation Y ;| o) (| = 1, the expectation value (A) can be rewritten as

(A) = (alAla) = Y} (orfou){oulA] o) o] x)
i
= ZZ%W\%M%I(X)&J'

= Z’L (o] o) (s ex) Z/llalla 1.2.7)

where the third step follows from (1.2.6) and |(a;|)|* is the probability that the state |a) col-
lapses in one of the eigenstates |«;). Hence, expectation value of a dynamical variable is the
average measured values of the dynamical variables.

If we perform a large number of experiments in which the state |«) is prepared and the ob-
servable A is measured, then the standard deviation AA of the observed values is determined

by the formula

AA =/ (A2) — ()2 (1.2.8)
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1.2.4 Uncertainty Principle

One of the distinct features of quantum mechanics is quantum uncertainty, which means that
not all properties of a system can be determined simultaneously [16]. The Heisenberg uncer-
tainty principle states that there is a limit to the precision with which a pair of complementary
variables, such as a particle’s position and momentum, can be measured simultaneously. The
more precisely the position of a particle is determined, the less precisely its momentum can
be known, and vice versa.

Let A and B be two Hermitian operators that are incompatible, i.e., AB # BA (refer to def-(1.12)).
By the Heisenberg uncertainty principle, the operators A and B are not simultaneously mea-
surable. So, we can find an error in our measurement. If the difference be described by the
commutator of two incompatible operators, i.e., [A,B] = AB— BA = iC, where C is another ob-
servable, then the following inequality is satisfied when the average is taken over any arbitrary
state [4].

AANB > <§> (1.2.9)

This is precisely the mathematical statement of the uncertainty principle and is known as

uncertainty relation.
1.2.5 Tomography

Measurement of a quantum state typically changes the state being measured, due to which
many copies of the probe state are required to gain complete knowledge of the given state.
Quantum state tomography is the process by which a quantum state is reconstructed using
measurements on an ensemble of identical quantum states. The process of quantum state

tomography typically involves the following steps:

1. Preparation: The first step is to prepare multiple identical copies of the quantum system
in the state of interest. This is usually done by applying specific quantum operations or

manipulations to the system.

2. Measurement in different bases: Once the quantum system is prepared, it is measured
multiple times in different bases. A basis is a set of orthogonal quantum states in which
the measurement is performed. For example, in the case of a qubit (a two-level quantum
system), one might choose the computational basis (|0) and |1)) or the Hadamard basis

(|+) and |—)) for measurement.

3. Data collection: The measurement outcomes are recorded for each copy of the quantum
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system on each chosen basis.

4. Reconstruction: Using the collected measurement data, various mathematical algo-
rithms and techniques are employed to reconstruct or estimate the quantum state. The
process involves solving an inverse problem to determine the quantum state that best

fits the measurement results.

The accuracy and reliability of quantum state tomography depend on factors such as the
number of measurements performed, the quality of measurements, and the efficiency of the
reconstruction algorithms used. Due to the complexity of quantum systems and the need for
extensive resources, state tomography can be challenging and time-consuming, especially for
larger quantum systems. Despite its challenges, quantum state tomography plays a vital role
in quantum information processing, quantum computing, and quantum technology. It enables
researchers to characterize and understand quantum systems, which is crucial for developing

and testing quantum algorithms and protocols.
1.2.6 Shadow tomography

Shadow tomography is a systematic framework that can help us benchmark the property of
an unknown quantum system with only partial knowledge [17]. Shadow tomography allows
us to get specific information about a quantum state using fewer copies of the state than
full-scale tomography. Hence, shadow tomography is much more resource-saving than full
tomography and it does not need joint operations among multiple copies to estimate non-
linear functions. Shadow tomography consists of two phases: quantum measurement and
data post-processing. Suppose we are given some copies of an unknown quantum state |y;),
and we are interested in the expectation value of an observable with respect to |y;) within
some error bounds. In particular, if we would like to estimate (y;|A|y;) + € where ¢ is the error,
then this can be done by taking k copies of the state |y;). It turns out that shadow tomography
allows us to estimate observables {A;} where j can assume a large value, using a very small
number of copies k of the unknown state: given some number of copies |y)®* of an unknown
state, we perform shadow tomography on it to extract a piece of data known as a classical
shadow S. This shadow S is going to be a much more efficient representation of |y) that
allows us to estimate (y|A;|y) & € for the observables that we are interested in (but we will not
be able to estimate all observables). The shadow tomography procedure may depend on the

observables A;. The purpose of this procedure is to minimize the following
1. The number of copies of |y) needed.

2. The complexity of producing the classical shadow S from copies of |y).
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3. The complexity of estimating the observables (y|A;|y) given the classical shadow S.

It is interesting and non-trivial to get any one of these items smaller than a polynomial in the di-
mension of |y) (which is exponential in the number of qubits) and the number of observables,
which would be a thrift over standard tomography. Aaronson [18] gave a shadow tomography
procedure where the required number of copies of |y) can be polylogarithmic in the dimension
and in the number of observables. Later, Huang et al. [17] presented another shadow tomog-
raphy procedure that is more time-efficient than Aaronson’s procedure. Shadow tomography
has been found to be useful in entanglement detection. It has been shown that moments can
be estimated by performing local random measurements on the quantum state, followed by

post-processing using the classical shadows framework [19].

1.3 Basics of Quantum Information

In this section, we discuss some basic concepts of quantum information theory such as quan-
tum states, geometry of quantum states, representation of quantum states by density operator
and reduced density operator. These concepts are especially useful in the study of quantum

computation and quantum information.
1.3.1 Quantum state

Quantum state may be defined as the linear combination of classical states. In physics, the
linear combination of states may be viewed as the superposition of states, which is one of the
fundamental laws of quantum mechanics.

Polarization of light: Consider a beam of light moving along the z-direction with a propogation
vector, k. Let é, and é, be two fundamental transverse polarization vectors of light along x and
y direction, respectively. The polarization vector for this beam of light lies in the plane of ¢, and
é,. A physical system, for example, a photon with polarization along é, or é, denotes a state of
a photon. If a photon is in a state of arbitrary polarization, it is partly in a state of polarization
along the vector é, and partly in a state of polarization along the vector é, [4]. Let |¢) describe
the state of a photon with arbitrary polarization making an angle 6 with x-axis. If |¢;) and |¢,)
denote the state of a photon with polarization direction along é, and é,, respectively, then the

principle of superposition of states gives
|§) = cosO|¢1) + sin6|¢2) (1.3.1)

where cos?6 and sin’6 denote the probabilities that the arbitrary state of a photon may appear

along the vector é, and é,, respectively.
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The vector |¢) is called a state vector which is referred to as a ket vector. The quantum

Figure 1.1: Light beam propogating along z-axis with propogation vector k, light polarization vector
|¢) lies in xy plane, photons polarized in an arbitrary direction making an angle 6 with x-axis.

superposition occurs because of the lack of knowledge of the exact state. For example, when
a beam of light consisting of one photon splits into two beams, it is not known in which of the
split beams the photon is, except for the probability of finding it in either beam [4].

Remark. If a ket vector |@) represents a physical system, then c¢|@) also represents the same physical

system, where ¢ is a complex number and may be termed as the global phase factor.

1.3.2 Pure and Mixed Bipartite state

A bipartite quantum system described by the Hilbert space .77 is a composite system of two
individual systems described by vectors in the tensor product of the two Hilbert spaces
and 3, i.e., 7 = ) Q H3.
Pure bipartite state: Let |a;) and |b;) be the basis states of the Hilbert spaces % and J#3
with dimensions d4 and dg, respectively. A pure state |y) € 2 can be written as
da,dp

)= ,-jZ_1 cijlai) ® |bj) € Ha © Hp (13.2)
with a complex matrix C = [c;;] of order dadp.
Mixed bipartite state: A convex mixture of the different pure bipartite states in an ensemble
is known to be a mixed bipartite state.

Remark. Pure and mixed states may be defined in a similar way for multipartite systems also.
1.3.3 Density operator

Quantum mechanics has been formulated alternately using the language of operators or ma-
trices. This alternate formulation is mathematically equivalent to the state vector approach. In

general, the state of a quantum system is not known completely. If a quantum system is in
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one of the states |y;) with probability p;, then {p;,|y;)} is called an ensemble of pure states.

The density operator for a quantum system is described as
p=Y pilvi)(wi| where 0<p;<1and ) p;=1 (1.3.3)

The density operator satisfies the following conditions:
() (Hermitianity condition) p must be Hermitian.
(i) (Trace condition) p has trace equal to one, i.e., Tr[p] = 1.

(i) (Positive semi-definite condition) p must be a positive semi-definite operator, i.e., p > 0.

Remark. : Let p be a density operator. Then Tr[p?] < 1 with equality if and only if p is a pure state.
1.3.4 Reduced system

Let us consider a composite system consisting of two subsystems A and B, respectively. If
we would like to gain some knowledge of the individual system from the composite system,
then we have to perform some operations on the composite system. Partial trace may be
considered as one such operation.

Partial trace: Let A and B be two physical systems. If |a;), |a;) be any two vectors in the state
space of A; and |b;), |b2) be any two vectors in the state space of B; then partial trace over the

system A and partial trace over the system B are defined as

Trallai){a2] @ |b1){ba|]] = |b1){ba2|Tr(|a1)(az]] (1.3.4)
Trpllai){a] @ |b1)(bal] = |ar){aa|Tr[|b1)(b2]] (1.3.5)

Reduced density operator: Suppose a bipartite quantum state is described by the density
operator psp where A and B are subsystems of the composite quantum system. Then the

reduced density operators for the system A and system B are described as

pa=Trplpasl;  ps="Tralpas] (1.3.6)
where Try and Trg denotes the partial trace over the subsystem A and B, respectively.
1.3.5 Geometry of quantum states as Bloch sphere

A single qubit in the state |y) = a|0) +b|1), |a|* + |b|> = 1 can be visualized as a point (6, ¢)
on the unit three-dimensional sphere, where a = cos(8/2),b = ¢sin(6/2). This sphere is

called the Bloch sphere and the vector (cos¢sin6,singsin6,cos0) is called the Bloch vector.



27

Bloch sphere provides a useful means of visualizing a quantum state. Any point on the Bloch

11)

Figure 1.2: Bloch sphere representation of a qubit

sphere, and inside the ball corresponds to a physical state. The pure states lie on the sphere
and the mixed ones lie inside the sphere [1].

In general, a single qubit may be expressed as

— =

I+7.0

5 (1.3.7)

p=
where 7 = (ry,ry,r;) is the Bloch vector which is a real three-dimensional vector such that
|7l <1 and & = (oy,0y,0;). Here, o; are the Pauli matrices defined in (1.1.29). p represents
a pure state if and only if ||F|| = 1. The center of the Bloch sphere is represented by the
maximally mixed state, i.e., at the center, the quantum state described by the density operator
p=1/2.

Remark. For the higher dimensional systems, the geometric character of the Bloch space turns out to

be quite complicated and is still of great interest.

1.4 Quantum Entanglement

In 1935, Einstein, Podolsky, and Rosen (EPR) found that quantum mechanics lacks a very
important property known as the element of reality and locality [20]. Thus, they concluded
that quantum mechanics is an incomplete theory. To support their statement, they considered
the wave function of two physical quantities jointly and then revealed that the knowledge of
one physical quantity is not sufficient to gain knowledge of the other physical quantity. But
interestingly there exists a composite physical system consisting of two particles in which if
we measure one system then instantaneously it affects the other system. Einstein called this

feature, "spooky action at a distance". On the other hand, Schrodinger termed it as entangle-
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ment [21]. Almost thirty years later, experiments were performed by John Bell that invalidated
the EPR argument and proved the existence of the phenomenon known as entanglement [22].
Entanglement is a purely quantum mechanical feature that has no classical analogue. It en-
ables particles to affect each other instantaneously across any distance. As time passed, a
new theory of information evolved, that followed the laws of quantum mechanics. This new
theory is called quantum information theory, which uses entanglement as a resource, enabling
tasks like quantum cryptography [23], quantum teleportation [24], quantum superdense cod-
ing [25] or measurement based quantum computation [26]. The potential offered by quantum
entanglement to computing, security and communication makes it a topic of vital interest to

researchers all across the globe.
1.4.1 Definition

Let pap € B(## ® #5) be a density matrix for a bipartite system 7 @ 5.
Product state: p’, is a product state if there exist states p# € B(H,) and p® € B(Hp) such that

php=p* @p”® (14.1)

Separable state: The state p,} is called separable, if there are convex weights p; and product

states p{ ® p? such that

pg;!’:Zp,-p;*@pF where 0 < p; < I; Zp,:l (1.4.2)
holds. Otherwise the state is entangled.
1.4.2 Bell’s inequality

Einstein together with Podolsky and Rosen recognized that quantum theory allows a particular
type of correlation (later known as entanglement) between two distant parts of a system [20].
They argued that if such correlations allow the prediction of the result of a measurement on
one part of a system by looking at the very distant part, then, in a complete and local theory,
the predicted quantity has to have a definite value even before the measurement. However,
according to them, this value could not be obtained from quantum mechanics. The presence
of entanglement led them in this way to the conclusion that quantum theory is an apparently
incomplete theory. For the following three decades, the debate about the EPR dilemma was
philosophical in nature. This situation, however, changed dramatically in the year 1964, when
John Bell showed that the matter could be decided by an experiment [22]. He derived correla-

tion inequalities, which can be violated in quantum mechanics, but have to be satisfied within
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every model that is local and complete. In a particular sense, the local and complete models
are known as local hidden variable models (LHVM). Experiments showing the first reliable
violations of Bell’s inequalities thereby confirming quantum mechanics and demonstrating the
presence of entanglement in nature were then started in the early eighties [27]. We begin the
discussion of Bell inequalities studying the general assumptions required for their derivation.
(i) Assumption of realism: The assumption that the physical properties have definite values
which exist independent of observation.

(il) Assumption of locality: The assumption that the result of the measurement performed on
one system does not influence the result of the measurement on second system.

These two assumptions together are known as the assumptions of local realism. Bell inequal-
ities showed that at least one of these assumptions is not correct.

Consider a correlation experiment in which the variables A;, A, are measured on one subsys-
tem of the composite system and By, B, on the other subsystem, and that the subsystems are

spatially separated. Then
[(A1B1) + (A1B2) + (A2B1) — (A2B2)| <2 (1.4.3)

where (A4;B;) is the expectation value of the joint random variable A;B;. This is known as
Clauser, Horne, Shimony and Holt (CHSH) inequality which must be obeyed for any quantum
state pp admitting a LHVM [28]. However, it was shown that the above inequality is violated
with maximum violation of 2v/2. The value 2v/2 is achieved for the following two-qubit states

known as Bell states or EPR pairs [29].

00y + 11y o ]00) —|11)
07) = ——F%—" |¢7)=——F—
V2 NG
_ |10y 4oty . |01)—][10)
|w+>—iﬁ ; lw >—iﬁ (1.4.4)

The violation of the inequality (1.4.3) validates the existence of non-locality in the given bipar-
tite state [30-32].

1.4.3 Distillation

Suppose two separated observers, Alice and Bob, would like to perform a quantum information
task but do not share a maximally entangled state. Instead, they are supplied with as many
mixed states psp as they want. Let us assume that Alice and Bob are supplied with k copies

of pag. We now pose a question: Can they use the k copies of the states described by pj@é‘ to
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establish the singlet states between them by LOCC? What is the cost of this transformation?

Locc | 1
Rt =—
PAB®PABE§ ® paB ly™) 7

k copies

(lo1) —[10))? (1.4.5)

The distillable entanglement answers these questions and determines how many singlet pairs
can be extracted (or distilled) out of k pairs of the state p4p using LOCC, in the limit of k — oo.
The idea of entanglement distillation is for Alice and Bob to convert some large number of
copies of a state psp into as many copies of the Bell state as possible using local operations
and classical communication, requiring not that they succeed exactly, but only with high fidelity.
There are two qualitatively two types of entangled states classified on the basis of distillation:
distillable entangled states are called free entangled states and undistillable entangled states
are called bound entangled states (BES). Bound entangled states require entanglement for
their creation, but the entanglement can then not be distilled again. If the density matrix
representing a bipartite state is PPT, then the state is undistillable. Further, there is evidence

for the existence of undistillable NPT entangled states that have been shown in [33].
Bound entangled states or PPT entangled states

The existence of bound entanglement stands among the most intriguing features of the en-
tanglement theory. In fact, it represents a kind of irreversibility of the process of formation of
entangled states [34]. The essential quantum property that led to the observation of bound en-
tanglement was the existence of entanglement with positive partial transposition (PPT) prop-
erty, i.e., the density matrix representing the entangled state has positive partial transpose.
Originally considered useless for quantum information processing, bound entangled states
were later established as a valid resource in the contexts of quantum key distribution [35],
entanglement activation [36], metrology [37], non-locality [38], and their non-distillability has
been linked to irreversibility in thermodynamics [39].

The following two states p, and p, ;. are examples of BES in 3®3 and 2 ®2 ® 2 dimensional
system, respectively.

Example 1.1. Let us consider a family of 3 ® 3 BES described by the density operator p,, which is
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given by [40]

a 00 0 a0 0 0 a
00a 0000 0 0 0
00a000 0 0 0
000a00 0 0 0
pa:Sal—i—l a 00 0 a O 0 0 a (1.4.6)
00000 0 0 0
000000 il+a) 0 3VI-a?
000000 0 a 0
a 000 a0 }Vi-a® 0 j(1+a)

where 0 < a < 1. The state p, is separable when a = 0 and 1.
It is known that the density matrix p, represents a family of BES for 0 < a < 1 [40].

Example 1.2. Let us consider another family of BES p, ;. in 2®2 ®2 dimensional system [41],

1000 0 0 0 1
0a00 0 0 0 0
00bO0O 0O 0 0 0
1loooec 0o o o o

P2<=Nlo 000 1/c 0 0 o0 (147
0000 0 1/b 0 0
0000 0 0 1/a 0
1000 0 0 0 1

witha,b,c>0and N =2+a+b+c+1+1+1
1.4.4 Detection of Entanglement

Although entangled states are used in various quantum information processing tasks, the
practical use of an entangled resource is restricted to the successful experimental realization
of the resource. In real experimental setups, it is always a challenge to create and detect
entangled states. Hence, successful generation, quantification and detection of entanglement
are essential features in any quantum information processing protocol. Many authors con-
tributed to a long list of various separability criteria and detection methods [42, 43]. However,
a completely satisfactory solution to these problems has not been found despite many efforts
in the past decades. To solve the separability problem, researchers have provided several
criteria for the detection of entanglement. While it is relatively easy to detect and quantify the
pure entangled states [44], one of the most important open questions of quantum information

theory is to determine whether a given mixed bipartite or multipartite state is entangled. This
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problem is additionally complicated by the existence of bound entangled states [45], which
are weak entangled states and hard to detect. Since entanglement detection problem is a
NP hard problem so all entangled states cannot be detected by just one criterion and thus

numerous criterion has been developed for the detection of entanglement.

1.4.5 Classification of Entanglement

Let us now start a discussion on the classification of multipartite systems. It may be observed
that either with the increase in the dimension of a quantum system or with the number of qubit-
s, the geometric structure of state space becomes highly complicated. This makes the detec-
tion of entanglement in multipartite quantum systems, a resource-consuming task. Hence, it
is important to find implementable and efficient methods to classify multipartite entanglemen-
t. Acin et al. introduced a classification of the whole space of mixed three-qubit states into
different entanglement classes [41]. Mixed three-qubit states are classified by generalizing
the classification of three-qubit pure states. Two states are called SLOCC (stochastic local
operation and classical communication) equivalent if they can be obtained from each other
under SLOCC, otherwise, they are SLOCC inequivalent [46]. Three-qubit states are classified
into six SLOCC inequivalent classes: fully separable, three biseparable, and two genuinely
entangled (GHZ and W) states [47]. A density matrix pagc on the Hilbert space 74 ® 76 @ 74
(74 denotes the Hilbert space of dimension 2) is fully separable if it can be written as a convex

combination of product states as follows:
pasc =Y pipi @ pf @ pf with p; >0and Y p; =1

If a state is not fully separable then it contains some entanglement. Then it may be classified
as a biseparable or genuinely entangled state. The three classes of biseparable states contain
only bipartite entanglement between any two of the qubits. For example, the states in class
A|BC possess entanglement between the qubits B and C and are separable with respect to
the qubit A. On the other hand, genuine three-qubit entanglement means that there exists
entanglement between all three qubits.

1.4.6 Quantification of Entanglement

Apart from the detection of entanglement, another major issue in quantum information the-
ory is to quantify the amount of entanglement. Various entanglement measures exist in the
literature such as concurrence [48-50], negativity [51], relative entropy of entanglement [52],

geometric measure of entanglement [53] that can quantify the amount of entanglement in a
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two-qubit as well as higher dimensional bipartite pure and mixed state. A "good" measure of
entanglement is any function E : B(#) — [0, 1], such that it satisfies the following postulates
[52]:

(i) The measure of entanglement for any separable state p*“? should be zero, i.e., E(p*?) =
0, where p*? € B(J¢).

(i) The amount of entanglement in any entangled state p” € B(2#) should be unaffected

for any local unitary transformation of the form U ® Us.

(iii) Local operations and classical communication (LOCC) cannot increase the expected

entanglement.

(iv) Forany p; € B(2#) and p =Y, pipi, E(p) satisfies convexity property, i.e.,

E(Y.pipi) = Y, piE(p;) where 0<pi<1; Y pi=1

Concurrence

A very popular measure for the quantification of bipartite quantum entanglement is the concur-
rence. For the two-qubit case, an elegant formula for the concurrence was derived analytically
by Wootters [48].

For pure state |yy5) : C(|yag)) = /2(1 —Tr(py)), where ps = Trg(|wag)(Was|)

For mixed state pp: C(pap) = max(0,v/A — VA — VA3 — VA4),

where 4; are the eigenvalues of pappas arranged in descending order and pag=(0, ® ;) pas(0y®
0,); 0 = —i0) (1] +i1){0].

Due to the extremizations involved in the calculation, only a few explicit analytic formulae of
concurrence for the higher dimensional bipartite systems have been found. The closed formu-
la of concurrence for some special symmetric states has been obtained [54, 55]. In particular,
some progress in the form of practical algorithms to find the lower bounds of the concur-
rence for qubit-qudit systems has been made [56]. Some results related to the lower bound of
concurrence have been obtained using numerical optimization in arbitrary dimensional bipar-
tite systems [57]. An optimized bound generally involves numerical optimization over a large
number of free parameters which becomes computationally unmanageable in higher dimen-
sional systems. Also, concurrence cannot reliably detect arbitrary entangled states even if
one applies all known optimization methods [57]. To improve this situation, an analytic lower
bound on concurrence for any dimensional mixed bipartite quantum states has been present-
ed, which has further been shown to be exact for some special classes of states and detect

many bound entangled states [58]. Witness operator is also used in the quantification of en-
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tanglement [59] and in the estimation of the lower bound of the concurrence of the entangled

states in d| ® d>(d; < d,) dimensional systems [60].

1.5 A Few Method for Detection of Entanglement

In this section, we will present some criteria for the detection of bipartite entanglement and

discuss a few of them in detail.
1.5.1 Using the definition of entanglement

Pure entangled states may be detected using the definition of entanglement given in section
1.4.1. The problem arises when we consider the detection of mixed entangled states. In
this case, it is practically hard to apply the definition. This is because the representation of a
quantum state is not unique. Thus, we have to check for the given quantum state whether it
can be expressed in the form (1.4.2) for every possible basis. It is also known that one basis
can be obtained from the other just by using a unitary transformation. Due to this, it is hard to
conclude whether the given mixed state is entangled or not just by applying the definition of

entanglement given in (1.4.2).
1.5.2 Schmidt decomposition

The Schmidt decomposition is of central importance in the characterization and quantification
of entanglement associated with pure states [61].
Let |y)4p be a bipartite pure state such that |i4) and |ig) form an orthonormal basis of subsys-

tems A and B. By Schmidt decomposition, psp can be expressed as
’W)AB:ZAi|iA>|iB> (1.5.1)

where A; are non-negative real numbers satisfying Y;A? = 1 known as Schmidt coefficients
[1]. The number of non-zero coefficients A, is called Schmidt rank.

Theorem 1.2. A pure state is entangled if and only if Schmidt rank is greater than one.

Schmidt decomposition for any pure or mixed bipartite state: In general, the Schmidt
decomposition of any pure or mixed bipartite state can be expressed in terms of the orthonor-
mal basis of the operator space. To define the decomposition, let us consider a bipartite state
(pure or mixed) described by the density operator psz with {A;} and {B;} forming orthonormal

bases of the operator spaces for subsystems A and B with respect to the Hilbert-Schmidt inner
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product, i.e., Tr[A/A;] = Tr[B!B;] = §;. Then the Schmidt decomposition of ps5 is defined as

A A B; (1.5.2)
1

PAB =

r
=

where the Schmidt coefficients A; are non-negative real numbers and r denotes the Schmidt
rank satisfying 1 < r <min{dim(A),dim(B)} [62].
We will discuss the separability criteria using Schmidt decomposition for mixed states in the

later section.
1.5.3 PPT criteria

Partial transposition of a bipartite state is described as the transpose operation with respect

to one subsystem. Consider a state psp described in the following form:

Pas =Y. Pijutli) (jl & k) (1| (1.5.3)
ijkl

The partial transpose of pap with respect to the subsystem A is described as

prs =Y piwli) il @1k ] (1.5.4)
ijkl

Similarly, we can define p/fg by exchanging k and [ instead of i and ;.

For example, the partial transpose p}% of the 2 ® 2 state pap w.r.t. the subsystem B is given by

P11 P12 | P13 P4 P11 Plr | P13 P23
Pl P2 | P23 Pu T P12 P2 | P14 P2
Pap = |— T PaBT T .
P13z P23 | P33 P34 P13z Pis | P33 P34
i Pis Ps | P3s Pas | i P33 Paa | P34 Pas |

Definition 1.21. (PPT states:) A state represented by the density matrix psp has positive partial trans-
pose if its partial transposition has no negative eigenvalues, i.e., it forms a positive semidefinite matrix.
Such states are called PPT states.

Remark. If a state is not PPT, then it is called an NPT state.

PPT criteria is the most well-known separability criterion based on partial transposition. It is
stated as follows [63].

Theorem 1.3. (PPT criteria) If pap is a bipartite separable state, then it has positive partial transpose,
i.e., it represents a PPT state.

The contrapositive of the above theorem implies that if a state has negative partial trans-

pose, then it is entangled. These states are called negative partial transpose entangled states
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(NPTES). Thus, if we find at least one negative eigenvalue of the partially transposed matrix,
we can conclude that it represents an entangled state. Now the question is whether the above
statement is sufficient to conclude the separability of a state. An answer to this question was
given by Horodecki et al. [64]. It is stated as follows.

Theorem 1.4. pap is a separable state in 2 Q2 or 2® 3 dimensional system if and only if p}% > 0.
Hence, the PPT criterion is necessary and sufficient only for two-qubit and qubit-quitrit system-
s. In higher dimensions, there exist entangled states with positive partial transpose. These
states are called positive partial transpose entangled states (PPTES) or bound entangled s-

tates.
1.5.4 Range Criterion

The range criterion was one of the first criteria for the detection of entangled states for which
the PPT criterion fails [40]. It states that if a bipartite state pap is separable, then there is a
set of product vectors |a;b;) which spans the range of pp as well as the set |a;b}) spans the
range of pATg. This criterion detects many entangled states that are undetected by the PPT
criterion. However, it cannot be used for the detection of states that are affected by noise.
This is because, in such case, the density matrix and its partial transpose will usually have full

rank, hence the condition in the range criterion is automatically fulfilled.
1.5.5 The Computable Cross Norm and Realignment (CCNR) Criterion

Computable Cross Norm (CCN) Criterion: Let psp be a bipartite state with Schmidt decom-
position pap = Y'_; 4 A; ® B;, where r is the Schmidt rank. Computable cross norm (CCN)
criterion states that if psp is separable, then '/, A; < 1 [65].

An alternative formulation of the CCN criterion can be defined in terms of a linear map R called
a realignment map. Let us start with first defining the realignment operation. Interestingly, the
realignment operation can be formulated in different ways that are equivalent to each other
[66].

Consider a quantum state described by a density matrix pap in m® n dimensional system. pap

can be written in block matrix form with m number of blocks in each row and column with each



block Z;; of size n xn, i.e.,

VAN
25

PaB =

Zml

Zm2
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(1.5.5)

Zmn

Then the realigned matrix of psp, denoted by R(pag), is an m? x n> matrix and it is given by

vec(Zi1)
vec(Ziy)
R(pAB) = (156)
vec(Zy1)
vec(Zn)
where for any m x n matrix Z;; = (z}), the vector vec(Z) is defined as
vec(Z;j) = (ziljl,., .,.,z%,zé’i,., " .,z;j;l, '7'7-722{1"7 e Zi) (1.5.7)
For example, consider the following bipartite qubit state p,z defined on C? @ C2.
P11 P12 P13 Pi4
P12, P2 P23 P
Pap = 12 ] (1.5.8)
P13z P23 P33 P34
Pis P Py Pu
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The matrix obtained after applying the realignment operation R defined in (1.5.6) on the state

Pag 1S given as

P11 P12 Py P2

R(pas) = P13 P14 P23 P24 (1.5.9)

Pi3 P33 Pia P
P33 P34 P3y Paa

The action of the realignment map on the tensor product of two matrices A = Y;;a;;|i)(j| and

B =Y bulk)(l| is given as follows

R(A ®B) =R (Zaijbk[’ik><jl’> = Zaijbkl\ij) <kl‘ (1.5.10)

ijkl ijkl

The matrices A and B can be identified as vectors lying in the tensor product ket space as a

consequence of Choi-Jamiolkowski isomorphism [6, 67], i.e., we have
4) = X aijli)])); ngwmm (1.5.11)
ij
and the corresponding dual vectors in tensor product bra space are
<M:§@Wﬂ<ﬁb§%wm (1.5.12)
Hence we have,
R(A®B) =|A)(B"| (1.5.13)

CCN or Realignment criterion provides a necessary condition for the separability of a quantum
state. It is based on the matrix norm. The matrix realignment criterion is stated as follows:
Theorem 1.5. (Realignment criteria) If a bipartite state pap is separable then ||R(pag)||1 < 1 where

||.||1 defines the trace norm. The violation of this inequality indicates that the state pap is entangled.

Proof. Let psp be a separable state given by
pas =Y pipi @ p? with p; >0 and Y pi=1 (1.5.14)
i i
Using the linearity of the realignment operation, we have

R(pag) = ZP:’R(P,-A ®p?) (1.5.15)
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By convexity of trace norm, we have
IR (pas) Il s;piwlR(p?@@piB)lh (1.5.16)
Using (1.5.13), the realignment of a product state p* ® p? is given by

R(p@pf) = p!((pF)"] (1.5.17)

By definition of trace norm (1.19), we have

IR(p1 & pll =7 |/l (0161 < 1 (15.18)

where the inequality follows from the Hilbert Schmidt inner product (X|Y) = Tr[X'Y]. Using (1.5.16)

and (1.5.18), we have ||[R(pag)||1 < 1 for any bipartite separable state p4p. [ |

It has been shown that the PPT criterion and the CCNR criterion are equivalent under per-
mutations of the density matrix’s indices [68]. The generalization of the CCNR criterion was
investigated in [69]. The symmetric function of Schmidt coefficients has been used to im-
prove the CCNR criterion in [70, 71]. Separability criteria based on the realignment of density
matrices and reduced density matrices have been proposed in [72]. In [73], the rank of the
realigned matrix is used to obtain necessary and sufficient product criteria for quantum states.
Recently, methods for detecting bipartite entanglement based on estimating moments of the

realignment matrix have been proposed [74].
1.5.6 Entanglement detection via positive but not completely positive map

Positive and completely positive maps are defined in (1.14) and (1.16). Entanglement de-
tection criteria can be formulated from positive, but not completely positive maps. For any

separable state pap € B(#4 ® .#%) and any positive map A : B() — B(.#3), we have
(IA ®A)(pAB> >0 (1.5.19)

Moreover, it has been shown that a state is separable if and only if for all positive maps A, the
above relation holds. In this sense, the separability problem is equivalent to the classification
of all positive maps. This has led to the construction of many positive, but not completely
positive maps, resulting in strong separability criteria [54, 75, 76].

Example 1.3. (PPT criterion) The PPT criterion discussed in Sec-1.5.3 is an example of a criterion
using a positive, but not completely positive map. Since matrix transpose preserves positivity, taking A

as the matrix transposition in (1.5.19), the map Iy ® A represents the partial transposition operation.
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Example 1.4. (Reduction criteria) Another example of a positive, but not completely positive map is

the reduction map, which is defined as follows [77].
AR(X) = Tr[X]I — X forany X € B(J4) (1.5.20)

If a bipartite state described by a density operator pap is separable then (I4 ® AR (pap) = pa @ Iy —
pag > 0. where py = Trp(pap) is the reduced state defined in (1.3.6).

Remark. The reduction criterion is weaker than the PPT criteria because Iy @ AR¢? can never detect
entanglement unless Iy ® T detects it. It provides a necessary and sufficient condition for separability

in the case of a two-qubit quantum system.
1.5.7 Majorization Criterion

Majorization criterion relates the eigenvalues of a state with its reduced states [78]. For a gen-
eral state represented by the density matrix psz, let P={pi, p2,...} be the set of eigenvalues of
pag arranged in decreasing order; and Q = {q1,¢>, ...} be the set of eigenvalues of the reduced
state ps arranged in decreasing order. The majorization criterion states that if the state p4p is

separable, then the following inequality holds

Ypi<Ya Vi (1.5.21)

The same inequality holds when p,4 is replaced by pg. It was shown that the majorization
criterion follows from the reduction criterion and hence any state which can be detected by
the majorization criterion, can also be detected by the reduction criterion and, consequently,
by the PPT criterion [79].

1.5.8 Covariance matrix criterion

Another separability criterion is based on the covariance matrix (CM). CMs constitute a well-
established and powerful tool for the detection of entanglement in the infinite-dimensional
setting (in particular, for Gaussian states). Strong separability criteria based on covariance
matrix for finite dimensional systems have been proposed in the literature [42, 80].

Definition 1.22. (Covariance matrix [80]:) Let p be a given quantum state and let {M,M,,...,M, } be
some observables. Then the entries of the covariance matrix denoted by Cov(p,{My}) = [cijluxn are

given by
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Remark. The covariance matrix depends on the state p and the observables {M; }.

Let pap be a bipartite state defined on the Hilbert space 7 = 57, ® s where 57, and 3
has dimension d, and d,, respectively. We can choose d; observables {A;} in 2% forming an
orthonormal basis of the observable space. For example, we may choose Pauli matrices along
with identity for a qubit. Similarly, we take {B;} as a basis of observables in J#;. Considering

the total set {M;} = {Ax ® 1,1 ® By}, the block matrix form of the CM is given as

Cov(pap,{M;}) = 4 c (1.5.22)
c! B

where A = Cov(pa,{Ar}), B=Cov(pg,{Bi}) and C = [C;;| with entries C;; = (Ai ®B) p,; — (Ai) ps (Bj) ps-
The separability criteria based on CM is defined as follows.
Covariance matrix criterion (CMC). Let Cov(pas,{Mi}) be a CM as defined in (1.5.22). If
pap is separable, then there exist states |ax)(ax| on s and |b;)(b;| on s# such that for
Ko = Y prCov(|ak)(ax|) and kg = Y pxCov(|bi)(bk|), where Y, pr = 1, the following inequality
holds [80].

COV(pAB, {Mk}) = Ky D Kp (1.5.23)

If no such ku or kg exist then p,p is entangled.

Although the criterion is independent of the choice of the observables, a certification of viola-
tion of the criteria is simplified by choosing the Schmidt basis in operator space or by using
an appropriate local filtering [80]. CMC is strong in the sense that it detects many bound en-
tangled states, and, with the help of filtering operations it can detect all entangled states for
two qubits, just as the PPT criterion [42]. Moreover, the CCNR criterion can be shown to be a
corollary of the CMC [42].

1.5.9 Entanglement detection criteria based on correlation tensor

Definition 1.23. (Correlation matrix :) For a bipartite state pap defined on 7 = J¢; ® F¢3, where J%3

and 7 have dimensions d4 and dp, respectively, the correlation matrix is defined as [81]
Cap = Tr[papGlh @ G5 (1.5.24)

where G4 and G¥ denote arbitrary orthonormal basis in B(.74) and B(#%). In particular, if (G2),z0.

I I
(G%) 40 represent orthonormal traceless operators and Gj = T GE = J then ﬁGﬁ € B(%,) and

L
Vg

A correlation matrix may be used to develop some entanglement detection criteria. A few of

G5 € B(3) forms a canonical basis.
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them are given below.
I. CCNR criterion based on correlation tensor

If pap is separable, then CCNR criterion reduces to the following bound [66]

[Caplli <1 (1.5.25)

where C,;, denote the correlation matrix defined in (1.5.24) and ||.||; denotes the trace norm.
II. de Vicente (dV) Criterion

de Vicente (dV) criterion states that if the state psp in d4s ® dg dimensional system is separable

then the correlation matrix C,;, defined in (1.5.24) for the state p4p satisfies the inequality [82]

\/dadp(da —1)(dp— 1)

[Caplli < 5 (1.5.26)
II1. Correlation Tensor (CT) Criterion
CT criterion [81] states that if p4p is separable, then
IDRC" D1 < AR (x)-A5(y) (1.5.27)

where D} = diag(x,1,1,...,1), D? = diag(y.1,1,...,1), Aa(x) = /42, Ap(y) = /22,
x,y >0, and C“" is the correlation matrix defined by canonical basis.

1.5.10 Detection of entanglement through witness operator

The entanglement detection methods we discussed so far require applying certain opera-
tions to a density matrix, to decide whether the state is entangled or not. However, there is
a necessary and sufficient entanglement detection criterion in terms of directly measurable
observables. These observables are called entanglement witnesses (or simply witnesses).
Mathematically, the entanglement witness operator is defined as a Hermitian operator W that

satisfies the following properties:
(i) Tr[Wp*P] > 0 for all separable states p*?

(i) Tr[Wpe"] < 0 for atleast one entangled state p

Remark. TrilWp] < 0 implies that the state p is entangled and detected by the witness operator W.

The expectation value of an observable depends linearly on the state. Thus, geometrically

the set of states where Tr[Wp] = 0 represents a hyperplane in the set of all states. The hy-
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entangled

separable

Figure 1.3: Schematic diagram of the set of all states; the set of separable states (lying in the light
blue colour region) as a convex subset of the set of all states. The red line represents the hyperplane
described by the witness operator W. The equation of the hyperplane is given by Tr[Wp]| = 0 where
the state described by the density operator p lies on the hyperplane.

perplane divides the set of all states into two parts. A part with 7r[Wp] > 0 indicates the set
of all separable states while the other part with Tr[Wp] < 0 represents the set of all entangled
states detected by W.

The existence of entanglement witnesses is a consequence of the Hahn-Banach theorem [83]
in functional analysis providing a necessary and sufficient condition to detect entanglement.
A special geometric variant of the Hahn-Banach theorem states that if a set is convex and
compact, then a point lying outside the set can be separated from it by a hyperplane. Since
the set of separable states is convex and compact, for each entangled state, there exists an
entanglement witness detecting it. Although this theorem ensures that any entangled state
can in principle be detected with an entanglement witness, the construction of a witness op-
erator is not an easy task.

Let us explore the construction of a withess operator from partial transposition for bipartite
entangled states.

Consider an NPT entangled state denoted by p,. Then by PPT criteria, we have A, (p[#) < 0
where 4,.;,(pI?) denotes the minimum eigenvalue of the partially transposed matrix p/2. De-

fine an operator w*7) as
WP = () ()T (1.5.28)

where |v) denotes the normalized eigenvector corresponding to the eigenvalue A, (p?).

Theorem 1.6. W *T) is an entanglement witness operator detecting the state Pe
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Proof. For any separable state p*?, since (p**?)"® > 0, we have

TrAWTp) = Tr{(lv) (v])rp )

= Tr)(|(p*")®] = (v|(p*P)*|v) > 0 (1.5.29)

where the second equality follows from the identity Tr[X2Y] = Tr[XY 2] for any matrix X and Y. Now

the expectation value of the witness W (*T) for the entangled state p, is given as
Triw" D p.] = Trlv) (v| pe] = Tr{v) (vpl] = (v]pe#|v) = Auin () < O (1.5.30)

Thus, WPT) satisfies all the properties of a witness operator. Hence, W(P7) is a witness detecting

Pe- |

There are two classes of withess operators: Decomposable witness operators and indecom-
posable witness operators. The former detects only NPTES and the latter class of witness
operators detects BES together with NPTES. Terhal [84] first introduced a family of indecom-
posable positive linear maps based on entangled quantum states using the notion of an un-
extendible product basis. Soon after this work, Lewenstein et al. [85] extensively studied the
indecomposable withess operator and provided an algorithm to optimize them. The construc-
tion of witness operators is important in the sense that they can be used in an experimental
setup to detect whether the generated state in an experiment is entangled. There are different
methods of the construction of witness operator in the literature [81, 86—89]. Witness opera-
tors can also be used in the detection of entangled states that act as a resource state in the
teleportation protocol [87, 90]. Witness operator is also used in the quantification of entangle-
ment [59] and in the estimation of the lower bound of the concurrence of the entangled states
in dy ®d,(d, < d,) dimensional systems [58, 60].

1.5.11 Moment based methods for the detection of entangled states

If an experiment aims at producing a specific quantum state with few particles, entanglemen-
t withesses or Bell inequalities provide mature tools for entanglement detection. However,
these methods require a significant number of measurements for larger and noisy systems.
Moreover, some of the standard constructions of withesses are not very powerful. To over-
come this, methods using locally randomized measurements have been put forward. In these
schemes, one performs measurements on the particles in random bases and determines the
moments from the resulting probability distribution. It was noted earlier that this approach
allows one to detect entanglement through the estimation of the moments of the density ma-

trix [91]. Recently, this approach has become the center of attention and found experimental
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applications, for instance, it was shown that, with these methods, entropies can be estimated
[92], different forms of multiparticle entanglement can be characterized [93], and bound entan-
glement can be detected [94]. A few moment based entanglement detection criteria discussed

in the literature are given below.
L. p3-PPT criterion

Elben et al. [19] proposed a method for detecting bipartite entanglement in a many-body
mixed state based on estimating moments of the partially transposed density matrix. Since
partial transposition operation is a positive but not completely positive map, it is not a physically
realizable map and thus it may not be implemented in the experiment. But in spite of the above
difficulty in realizing the partial transposition operation in an experiment, the measurement of
their moments is possible. A condition to detect entanglement called p;-PPT criterion, was
proposed using the first three PT moments. If T denotes the partial transposition operation,
then the &’ moment defined by p;(p®) = Tr[(p®)¥] has the advantage that it can be estimated
using shadow tomography in a more efficient way than if one had to reconstruct the state p
via full quantum state tomography [19]. The p3;-PPT condition states that any PPT state p

satisfies the following inequality

Li = (pa(p%))* = p3(p7)p1(P°) <O (1.5.31)

The violation of above inequality (1.5.31) by any d; ® d, dimensional bipartite state p indicates

that the state is an NPT entangled state.

II. Criteria based on Dgi") inequality

Neven et al. [95] proposed a set of inequalities, known as D,(f”) inequalities to detect bipartite
NPT entangled states. Each D,(f") involves the first k moments of the partially transposed
operator p*. The violation of any single D,(f") inequality implies p is NPT entangled state. The

inequalities Dgi"),Dgi"),Dgi”),Dgi") are given below.

D™ pi(p?) >0 (1.5.32)
D" (pi(p"))? — pa(p®) 20 (1.5.33)
in T 1 T 3 T T

DY ps(pT)+ 5(P1(pT)) = Sp1(p7)pa(p™) 2 0 (1.5.34)
in 1 T T : 1 T 4 T T

D" <2<p1(p )2~ palp )) —3 (PPN + 3P (PTIPs(pT) 20 (1535)

(in

In a similar way, the inequality involves up to kth moment which is also known as D, ) inequality

may be constructed. Since, p;(p®) =1 for any quantum state p, it implies that the inequality
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DY”) is trivially satisfied. Similarly, for any quantum state p, we have p,(p®) = p2(p), where

p2(p) is the purity of p, the inequality Déi”) is also trivially satisfied [95]. Therefore, one can

obtain the first non-trivial condition in the form of Dgi”) inequality, which may be rewritten as

1

Ly=S(p1(p"))(p2(p7)) — 5(}71 (P™)? —pa(p®) <0 (1.5.36)

N W

The inequality (1.5.36) is satisfied by all PPT states and its violation certifies the existence of
NPTES, which may be expressed as
L, > 0. (1.5.37)

Neven et al. [95] showed that knowing only the first three moments p;(p?), p2(p*) and p3(p°),
the above inequality detects more entangled states than the p;-PPT criterion when the purity
of p% is greater than or equal to 1/2, i.e., when 1/2 < p>(p®) < 1. In the other region, i.e., when

0 < p2(p7) < 1/2, the p3-PPT criterion detects more entangled states than the Dgi") criterion.

III. p3-OPPT criterion

Yu et. al. [96] introduced an optimal entanglement detection criteria based on partial moments
called p3;-Optimal Positive Partial Transpose (p3-OPPT) criterion. This optimal separability
criterion can be stated as follows. For any bipartite state psap € B(7% ® 53), the following

inequality holds:

Ly=pux’+ (1 —ux)> —p3 <0 (1.5.38)
\/ 1)—1
where x = % and p =[],

IV. Criteria based on moments of realignment matrix

Zhang et al. [74] proposed another entanglement detection criteria in terms of the quanti-
ties called realignment moments. To derive their entanglement detection criterion, they have

defined the realignment moments for a d ® d dimensional bipartite state p4p as
re[R(pas)] = Tr[R(pag) (R(pag))1¥%, k=1,2,....d° (1.5.39)

where @ is order of the matrix R(pap).
The separability criterion based on realignment moments r, and r; is stated as follows. If a

quantum state p is separable, then

Ly = (l"z[R(pAB)]Z —r3 [R(pAB)] <0 (1540)
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Violation of the inequality (1.5.40), i.e., Ly > 0 implies that the state p is entangled.

A stronger separability criterion based on Hankel matrices and involving higher order r; has
been derived in [74]. For r = (ro,r1,12, ...,r,2), Hankel matrices can be constructed as [Hy(r)];; =
rivj and [By(r)]ij = riyj+1 for i, j=0,1,2,...,k. The criterion may be stated as follows. If pyp is

separable, then for k=1,2,..., L%J and/=1,2,..., {L;lj with ri[R(pag)] = 1, we have

H(r) = [rjR(p)] =0 (1.5.41)

Bi(r) = [ritjs1[R(p)] =0 (1.5.42)

*kkkkkkkkkkkkkkk






Chapter 2

Entanglement Detection via Positive but

not Completely Positive Map

"l cannot seriously believe in [the quantum theory] because it cannot be reconciled with the idea that
physics should represent a reality in time and space, free from spooky actions at a distance."

- Albert Einstein

In this chapter ! we take an analytical approach to construct a family of witness operators
detecting NPTES and BES in arbitrary dimensional bipartite quantum systems. To construct
the family of witnesses, we first construct a linear map using partial transposition and realign-
ment operation. Then we find some conditions on the parameters of the map for which the
map is positive but not completely positive. Finally, we prove its efficiency by detecting several
bipartite bound entangled states that were previously undetected by some well-known sepa-
rability criteria, namely, the dV criterion, CCNR criterion, and the separability criteria based on
correlation tensor (CT) proposed by Sarbicki et al and find that our witness operator detects

bound entangled states undetected by these criteria.

IThis chapter is based on the published research article, “S. Aggarwal, S. Adhikari, Search for an efficient entanglement
witness operator for bound entangled states in bipartite quantum systems, Annals of Physics, 444, 169043, (2022)"
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The entanglement detection problem is one of the important problems in quantum information
theory. Gurvit [97-99] showed that this problem is NP-complete and thus this may be the
possible reason that only one criterion is not sufficient to detect all entangled states. In 1996,
Peres designed the positive partial transpose (PPT) criterion to detect entanglement [63]. Af-
ter a few years, another strong criterion for separability called the computable cross norm or
realignment (CCNR) criterion was found by Rudolph [66, 100] and Chen et al. [101]. The
realignment criterion is independent of the PPT criterion and turns out to be strong enough
to detect bound entanglement, for which the former criterion fails. More criteria discussed
in section 1.5, such as range criterion, majorization criterion, and covariance matrix criterion
have been developed for detecting the PPTES. Although there is a lot of progress in this line of
research, till now there does not exist any necessary and sufficient condition for entanglement
detection in multipartite and higher dimensional bipartite systems. This may be due to the fact
that in higher dimensional systems, the eigenspectrum of partial transposition of entangled
state contains positive eigenvalues. These types of states are PPTES or BES as discussed in
the sections 1.4.3 and 1.5.3. In spite of these criteria, there exist other approaches such as the
construction of a positive but not completely positive map discussed in section 1.5.6, which
may also help in the detection of entangled states. In this chapter, we construct a witness
operator by employing the theoretical method based on the linear maps which are positive but
not completely positive, also referred to as PNnCP maps. Positive linear maps are useful in
entanglement detection [54]. The simplest example of a PNnCP map is the partial transposition
(PT) map. Any positive, but not completely positive map gives rise to a construction of en-
tanglement witnesses via the Choi-Jamiolkowski isomorphism [6]. The entanglement witness
operator discussed in section 1.5.10 plays a significant role in the entanglement detection
problem since if we have some prior partial information about the state that is to be detected
then entanglement can be detected in the experiment by the construction of witness operator
[42]. We also compared the detection power of our witness operator with three well-known
powerful entanglement detection criteria, namely, dV criterion [82], CCNR criterion [66], and
the separability criteria based on correlation tensor (CT) proposed by Sarbicki et. al. [81] and

find that our witness operator detects more entangled states than these criteria.

2.1 Construction of a Linear Map

To start with, let us consider a map @, g : M,(C) — M,(C), n > 2 defined as

Dy 5(A) = aA™ + BR(A) (2.1.1)
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where A € M, (C), o, B € R™. R represents the realignment operation and 73 denote the partial
transposition operation with respect to subsystem B. The parameters o and 8 are chosen in
such a way that the map & represents a positive map and then we fix the parameters a and
B.

Now our prime task is to search for the parameters o and B for which the map @, g will be
positive. Once chosen the parameters a and 8, we then move on to investigate whether the

positive map will be completely positive for such o and .
2.1.1 Positivity of the map P, g

Let A € M,(C) be a positive semi-definite matrix. If &, 3(A) is positive for some «, 8 € R* then
we can say that the map @, 3 represent a positive map. To show the positivity of the map, it
is enough to show A, (P4 p(A)) > 0 for A > 0. Therefore, @, g will become a positive map if

for some fixed o, € R™, we have

Amin(QA™ + BR(A)) >0 (2.12)

Determination of the parameters o and 3

Let us consider d; ® d, dimensional quantum system which can be described by the density
operator, say, pag. Thus, we consider the domain of the map as the set D of all bipartite
density matrices pap € My 4,(C) such that R(pap) is Hermitian. Therefore, the map &, g given

in (2.1.1) can be re-expressed as

Do p(PaB) = 0% + BR(pap) (2.1.3)

The map @, g(pag) can be shown to be positive by considering two different cases. In the first
case, we assume that the state pap € My,4,(C) is PPT and in the second case, we will consider
pas as an NPT entangled state.

Case-l: When p,4p is a PPT state.

Since pap is a PPT state so )Lmin(p/fg) >0, where A,,;,(.) denote the minimum eigenvalue of (.).

Thus, using (2.1.3) and Weyl’s inequality given in (1.1.42), we can write

/lmin (cboc,ﬁ (PAB)) > O‘/lmin (p?é) + ﬁlmin (R(pAB)) (2.1.4)

(i) If Amin(R(pag)) is non-negative then A, {®q p(pas)} > 0 for all o, f > 0. Thus the map @, g
is positive Va, > 0.

(i) If Amin(R(pap)) is negative then we can choose the parameters o and B in such a way
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so that Auin{®qp(pas)} > 0. Therefore, the chosen parameters o and  should satisfy the

inequality A (R(on)
g min PAB
ﬁ )vmin (pATI;a)

Hence, if A,.i,(R(pag)) is negative then the map @, g is positive for some parameter a and 8

> (2.1.5)

that satisfies the inequality (2.1.5).

Case-ll: When p,p is an NPT entangled state.

If pap is an NPT entangled state then )L,,,in(p/fg) < 0. Thus, from (2.1.4), we conclude the
following fact:

(i) If Anin(R(pag)) is non-negative then A,.;,{®, p(pas)} > 0 when the parameter o, 3 satisfy

the inequality b (R(oag)
g min PAB
ﬁ )vmin (PZ%)

therefore, the map @, s is positive if a, B satisfies (2.1.6).

< (2.1.6)

(ii) If Amin(R(paB)) is negative then the map @, g never be a positive map for any «,8 > 0.
Ilustration

Here, we will analyse the positivity of the map &, g : M4(C) — M4(C). For this, we start with a

two-qubit maximally mixed marginals state which is given by [102, 103]

1 3

p:1[12®12+2t,-o,-®a,-] (2.1.7)
j=1

where I, denote the identity matrix of order 2 and o;,i = 1,2,3 denote the Pauli matrices.

The matrix representation of p in the computational basis as

1+t 0 0 n-n

0 1-t t1+6 O
3T (2.1.8)

Bl

0 th+t 1—1 0
Hh—n 0 0 1+13

The eigenvalues of p are non-negative if the following inequalities holds [104]

(1-5)*>(n+n)> and (1+85)*> (1 —n)’ (2.1.9)
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The matrix representation of partial transposed state p’? is given by

1+8 0 0 Hh+t
1 0 1-5 t1—1n 0
4 0 Hh—t 1—18 0

Hh+n 0 0 1+1

Tp

pTs = (2.1.10)

If Ain(.) denote the minimum eigenvalue of (.) then the minimum eigenvalue of p’ is given by

14+t —tp—t3 1—t1+th—t3 1—t1—th+t3 14+H+0+1

)Lmin(pTB) = mln{ 4 ’ 4 ’ 4 ) 4 }

(2.1.11)
The realigned matrix R(p) can be expressed as

141 0 0 1—1;
1 0 n-n n+n 0O
R(P)ZZ (2.1.12)
0 4+t t1—tn 0

1—1; 0 0 1+1;

the minimum eigenvalue of R(p) is given by

hin(R(p)) = min{ 3, %, 2,2 o.L13)
We are now in a position to determine the non-negative parameters o and B for which the
map @, g is positive. To be specific, we discuss here only one parameter family of separable
and entangled state.
Case-l: One parameter family of separable states p; for which A,,;,(R(p1)) < 0.
Letustaket =1, =0and = —1,0 <t < 1. The minimum eigenvalues Amm(plTB) and A (R(p1))

are given by

14+t 14t 1—t 1—¢ 1—t

Amin(PF) = min{ IRyt } = 1 (2.1.14)
1 —t¢ —t

. — i ! _ ! 2.1.1

)Lmln(R(pl)> mln{0707 27 D) } D) ( 5)

Since )L,,,,-n(plTB) > 0 so the state p; represent a family of separable state. Using (2.1.14) and
(2.1.15), we can determine a and 8 for which the map is positive. Therefore, the map @, g

will be positive if

2t

= O0<t<1 (2.1.16)

o
Z >
5=
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Case-ll: One parameter family of separable states p, for which A,,;,(R(p2)) > 0.
In this case, we take t; =7, = 0 and 0 < 73 < 1. In this case, A..(ps?) is found to be same as

given in (2.1.14) and A, (R(p2)) is given by

1 #3

Dain(R(p2)) = min{0,0, 5,5} =0 (2.1.17)

Since A (pZTB) > 0 so the state p, represent another class of separable states. In this case, it
can be easily checked that the map @, g will be positive for all parameters «, 8 > 0. Thus, we
can choose any positive o and 8 to construct a positive map.

Case-lll: One parameter family of entangled states ps for which A,,;,(R(p3)) < 0.

In this case, we can consider ty =1 and 13 = —f, = —t,—1 < < 1. In this case, lm,-n(p;“) and

Amin(R(p3)) are same and are given by

)Lmin(p_gTB) = Amin (R(p3)) = ml‘l’l{* (2.1.18)

Since the parameter ¢ lying in the interval —1 < < 1 so it can be easily seen that both A,;,(p3*)
and A....(R(p3)) are negative. Thus, the state p; represent a family of entangled states for
—1 <t <1 and within this interval of 7, the map &, g can never be positive for any parameters
o, >0.

Case-lV: An entangled state described by the density operator p, for which A4,,;,(R(p4)) > 0.

Let us consider the case whent; =t =13 = —1. lmm(pZB) and A,.i»(R(p4)) are given by

R T R T
A,n,-n(pfl‘):mzn{i,i,i,? =— (2.1.19)

1111 1
A‘mil’l(R(pél)) = mln{g, 57 E, 5} = 5 (2120)
22)

The state p4 represents an entangled state. The map &, 5 can never be positive for any

parameters o, > 0.

2.1.2  Is the map &, g completely positive?

Now, we ask whether the positive map cID(Offﬁ’dZ) : My,4,(C) — Mg, 4,(C) for some positive «, 3

is also completely positive. To investigate this question, we consider the domain set as the

set of all 2® 2 dimensional quantum states. The map for this particular domain will reduce to
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cpfi’g) : My (C) — My (C). From (2.1.1), the explicit form of cpfi’;) (A) is given as
((X—i—ﬁ)an olas +[3a12 oans +[3a21 oars —i—ﬁazz
o2 (4) = aapp+Paiz  aan+Pfas aaa+Pan  (00+B)ax
* (o +B)as oasi +Bazxy  oaxz+Pay aasz+Pagp
aax+Bas  oap+Pazy aaz+ Bass (0 +B)ass

where A = [a;;]} ._;.

We have already shown that for this domain set, there exist « = o’ and = B’ for which

Ef,’j}), is positive. The positive map d)éf,:?, may or may not be completely positive.

We show here the condition under which, the positive map d)f)f,’?, will be completely positive.

the map @

We have considered here 2 ® 2 dimensional quantum states in the domain to reduce the
complexity of the calculation. For the general case, that is, when the domain of the map
odh)ap contain dy @ d, dimensional quantum states, the method of showing the completely
positiveness property of the positive map d)éf{‘édﬁ will be same as we have shown below.

To start our investigation, we construct the Choi matrix using the result given in (1.1.37). The

Choi matrix Cpt2) corresponding to the map d)ff’é) can be constructed as
[} ’
ch C
Coe = e (2.1.21)
=P G Cn

where the 8 x 8 block matrices C;;,i,j = 1,2 can be expressed as

=

Cn= (2.1.22)

S O R © O o o ™

SO O O o o o o +
S O O R oS O o O
S O O ™ o o o o
oSO O o o o o o o
S O O O o o R o
oSO O O o o o o o
o O O ™ o o o o
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00 a 0000 0
BOOOOSPBa O
000 0O0O0T 0 0
cr 000 000U 0 0 0123
000 a0O0O0 0
00pB 000 0 a+p
000 0O0O0TO0 0
0000O0O0OT 0 O
0 0000 O0OO
0 0000 O0O0O
a+B 0 0 0 0 B O O
Gy = 0 000 e 000 (2.1.24)
0 0000 O0O0O
0 0000 O0O0O0
0 o B OO0 O0O0PB
0 0000 a 00
000 000U 0 0
000 0O0O0T 0 0
00 a 0000 0
Cy = pO0 00 p a0 (2.1.25)
0000O0O0OT 0 O
000 0O0O0T 0 0
000 a0O0O0 0
00pB 000 0 a+f

From the Result-1.10, it is known that if the Choi matrix C ., represent a positive semi-
ap

definite matrix then the map cpffﬁ) is completely positive. Thus, we calculate the eigenvalues
Ai,i=1,2,...16 of the Choi matrix Cy22) and they are given by
a.p
M=-2a, lh=2a A=2a+p), =0, i=4,5,..16 (2.1.26)

(i) When a =0 and B > 0, all eigenvalues of C422 comes out to be positive. Thus, Cpl22) will
o,p a.p
(2,2

become a positive semi-definite matrix and hence the map cpaﬁ) will become a completely
positive map.

(if) The Choi matrix C,.» will not represent a positive semi-definite matrix when o > 0 and
a.p
B > 0. Thus, in this case, the map will not be a completely positive map.
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2.2 Construction of witness operator

We now use the Choi matrix C@ﬁ? corresponding to the map d>%) : M4(C) — M4(C) to con-
struct a witness operator. Thus, we show the construction by taking a simple case when the
domain of the map contains only 2®2 density matrices but one may follow the same procedure
to construct the witness operator when the domain of the map contains only d; ® d, density
matrices. The constructed witness operator can detect PPTES as well as NPTES that may
exist in any arbitrary dimension.
To start with the construction of the witness operator, we first define a Hermitian operator
Oqp € My(Ms) as

Oup =Co,,Cq,, = AP (2.2.1)

“ B D

where A, B, D denote the 8 x 8 block matrices.

The 8 x 8 block matrices A, B, D can further be expressed in terms of 4 x 4 block matrices as

a’+ B2+ (o +B)? 0 00 0 2ap 0 0
0 20 +2B% 0 0 0 0 0 0
0 0 00 0 0 00
A 0 0 00 0 0 00 ;
0 0 0 0 2a%+2B2 0 00
20 0 0 0 0 >+ B>+ (a+B)> 0 0
0 0 00 0 0 00
0 0 00 0 0 00
0 0 a’>+B°+(a+pB)? 0 00 0 20
00 0 20242B% 0 0 0 0
00 0 0 00 0 0
5 00 0 0 00 0 0 ;
00 0 0 0 0 20%+2B2 0
00 2ap 0 0 0 0 o+ B2+ (o +B)?
00 0 0 00 0 0
00 0 0 00 0 0
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00 0 0 00 0 0
00 0 0 00 0 0
0 0 o?+p%+(a+p)? 0 00 0 20

b 00 0 2024+2B% 0 0 0 0 '
00 0 0 00 0 0
00 0 0 00 0 0
00 0 0 0 0 202+2p? 0
0 0 208 0 0 0 0 a?+B%+ (a+B)?

Now, we are in a position to use the Hermitian operator O, g defined in (2.2.1) for the con-
struction of a witness operator W, g in 4 ® 4 dimensional space to detect an entangled state

lying in the same space. We define an operator W, 5 as
Wa,ﬁ = Oaﬁ — Y6 2.2.2)

where I denote the identity matrix of order 16.

Our task is to show that W,, g € M>(Mj) is a witness operator for some suitable y. To do this,
we need to prove the following facts:

(i) Tr[Wy go] > 0 for all separable state o € M, (Ms).

(ii) Tr[W gpe] < O for at least one entangled state p, € M»(Ms).

To prove (i), let us consider any arbitrary separable state o lying in 4 ® 4 dimensional space.

The state o is given in the form as
X Y
o= (2.2.3)
Yt z
where X,Z >0, and Y represent a 8 x 8 block matrices and satisfies X > YZ~!'Y". Since o
xr yr
represent a separable state so o7 = T represent a positive semi-definite matrix
xyhHr z
and thus the block matrices X7, Y7, (Y")" and Z" satisfies the following inequalities [105]

xT>o0, zT >0, xT >yT(Zz")y"'(vHT (2.2.4)
The expectation value of the operator W, g with respect to the state o is given by

(Wap)o =Tr[Wep0] =Tr(Ogp0] — (2.2.5)
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Tr[Oq po] given in (2.2.5) can be calculated as

Tr[Oqpo] = Tr[AX+BY'|+Tr[B'Y +DZ]
= Tr[AX]+Tr[DZ] +2Tr|BY"]
> Anin(X)Tr[A] + Apin(Z)Tr[D] + 2Tr[BY ]

= (Amin(X) + Ain(Z))Tr[A] + 2Tr[BY ] (2.2.6)
The third step follows from (1.1.42) given in Result-1.3 and last step holds true since Tr[A] =
Tr[D).
Using (2.2.6) in the expression (2.2.5), we get
Tr[Wa,ﬁG] > (A'min(X) + Amin(z))Tr[A} —|—2T}’[BYT] -y (2-2-7)
Choosing y = 2(Tr[BY '] + Tr[A]||Y||»), the inequality (2.2.7) reduces to

TrWa o] > (Anin(X) + Amin(Z))Tr[A] —2Tr[A]||Y |2 (2.2.8)

Since A, (X) and A,,in(Z) are non-negative so we can apply AM > GM on A, (X) and Ay (Z)
and thus the inequality (2.2.8) further reduces to

TrWepo] > 2Tr{A)((Amin(X)Amin(Z))* —[[Y[]2) (229)

Let us now use the following separability criterion [106] that may be stated as, in particular,

if any separable state in 4 ® 4 dimensional system described by the density operator o =

X Y
, then
Yyt z

Considering (2.2.9), (2.2.10) and the fact that Tr[A] > 0, we can conclude that Tr[W, go] > 0

Y113 < Amin (X) Anin(Z) (2.2.10)

for any separable state ¢ € M, (Msg).

To prove (ii), let us consider a 4 ® 4 dimensional BES p,, , given by [107].

4 6
Prq =0y lo) (o +q) o) ol 2.2.11)
i=1 i=5
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where p and ¢ are non-negative real numbers and 4p +2¢ = 1. The pure states {|w;)}%_, are

defined as follows:

o) = 7(\01>+|23>) @) = —=(110) +32));  |as) =

21).
(!03>+\12>)+ﬁ, [¢

(I11) +122))

5l

L)

7
(100) —[33));  as) = 6) = 5 (=03) +[12)) + 7

|@s) =

S5l

The state p, , becomes invariant under partial transposition when p = \if Therefore, the state
Ppoas 1S @ PPT state, where p = 25! and go = — ¥2-1_Since |R(Ppyq,)l1 = 1.08579, which is
greater than 1, so by matrix realignment criteria explained in Theorem — 1.5, one can say that
Ppo.go 1S @ PPTES.

A simple calculation shows that p,, 4, is detected by our witness operator W, g for all & >0, >

0. To show it explicitly, let us calculate Tr[W, gpp,.q]- It gives
TrWeo gPpo.go) = —1.07107(20* + af +2B%), Va,f >0 (2.2.12)

Since, W, g detects the BES described by the density operator p,, 4,, S0 W, g satisfies both (i)

and (ii) and thus it qualifies to become a witness operator for all o > 0 and > 0.

2.3 Efficiency of the constructed witness operator W, g

Now, we study the detection power of our criteria by comparing them with other powerful
existing entanglement detection criteria in the literature [58, 66, 81, 82]. We take a few exam-
ples of the family of PPTES and then show that our witness operator detect most PPTES in
the family in comparison to other well-known entanglement criterion such as the realignment
or computable cross norm (CCNR) criterion [65], the de Vicente criterion (dV) [82] and the

separability criterion based on correlation tensor (CT) given in [81].
2.3.1 Example-1

Let us illustrate the efficiency of our witness operator W, g using a class of 4 © 4 bound entan-
gled state which cannot be detected by realignment criteria.
Consider the following 4 ® 4 PPTES [108].

A A Az Ay

1 | A}, Axn Ax An
Pzpr= N . (2.3.1)

Ay Ay A Au

Aly Ay Ay Ay
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z+z2 0 0 0 0 —z 0 0 00 —z 0
o L o0 o0 0 0 0 00 0 —rz
where Ay = p s App = s Az =
0 0 p O 0 0 0 —r 00 0 0
0 0 0 Z4r 0 0 0 0 00 0 O
p 0 0 0 00 —rz O ; 0 0 0
0 z+z O 0 00 0 -—z 0 rp+r 0 O
An = A2 = ; Az = ;
0 0 Z+4r 0 00 0 O 0 0 z+z O
0 0 0 [l, 00 0 O 0 0 0 p
0O —r 0 O rp+r 0 0 O
0 0 0 0 0 p o0 0
Azq = ; Agg = A1 = A2z = [0]4x4
0 0 0 -2 0 0 ;7 0
0 0 0 0 0 0 0 z+7

and N = %+4p—|—4r+ %+2pr+8Re z).

pzp.r is PPTES when p >0, 0 <r < 1 and z is a complex number such that |z| =1 and F <
Arg(z) < §. If we take p = z =1 then we find that the state p; ; , is not detected by realignment
criterion, since ||[R(p1,1-)|1 = ﬁ < 1. R(p1,1,) denoting the realigned matrix of py ; ,.

The state p;; » can be expressed in the block matrix form as

X,

Y,
' (2.3.2)
VARV

P11r=

where X,,Y, and Z, are 8 x 8 block matrices given as

200 00 -1 0 0
01 0 00 0 0 0
001 00 0 0 —r
L1 |00 200 00
1648 o 0 0 01 0 0 0
100 00 2 0 0
000 00 0 2r 0
00 00 0 0 1
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00 -1 0 00 0 0
00 0 —r 00 0 0
00 0 0 00 0 0
L1 000 0000 0
16487100 0 0 00 —r 0
00 0 0 00 0 -1
00 0 0 00 0 0
00 0 0 00 0 0
1 0 0 00 —r 0 0
0 22 0 00 0 0 0
0 0 2 00 0 0 —1
1 {0 0 010 000
1648710 0 0 02 0 0 0
50 0 00 1 0 0
0O 0 0 00 0 1 0
0 0 -100 0 0 2

P11~ is a PPT state since eigenvalues of pfﬁ,r are non negative. Now our task is to see whether
the witness operator constructed here is able to detect the state described by the density
operator py 1. To probe this fact, we calculate the expectation value of witness operator W, g
for the state p; 1 ,, which is given by

Tr[Wo gpi1.1,4] (02 +BH(B=2V2+22)+af (1 —\/2+2r2)) (2.3.3)

2+r

After simple calculation, we observed the following:

(i) 1f r € (0,515) then Tr(We gpi 1] < 0 for G#05 > 32220,

(i) Ifre [Z‘W, 1) then Tr[W, gp1.1,] <0 for any o, > 0.

The above facts implies that there exist positive parameters « and 8 so that Tr[W, gp1.,1,,] <0
in the whole range 0 <r < 1. Thus, py 1, is detected by W, g for some positive values of a and
B. Hence, our witness operator W, 3 detects this family of PPTES in the whole range 0 < r < 1.
For comparison, let us examine the separability criteria based on the correlation tensor for the
detection of entanglement of the states belonging to the family p; ;. Since, the other criteria
such as CCNR criteria and the dV criteria are special cases of the CT criteria, their detection
ability depends on CT criteria. Thus, we will discuss CT criteria for the detection of the state

described by the density operator py i .



The correlation matrix C*" for the state p; i, is given by

where

o — [ €12
Gy Cn
Lo 0 00 0 0 0
-1 —r
O sm O 00 0 o O
-1 —r
0 0 529 00 5z O 0
0 0 0 00 0 0 0
Ci = ;
0 0 0O 00 0 0 0
_, —1
00 5395 00 gy O 0
. 1
O szy 0 00 0 g O
1
0 0 0 00 O 0 s
00 00O 0 00O
00 0O 0 000
00 0O 0 0 00
00 00O 0 00O
Cn= :
00 00O 0 000
00 0O 0 000
0000 O 0O0O
0000 gg5 000
1 r
o 00 gfy O 0 0 0
0O 00 0 0 0 0 0
0 00 0 0 0 0 0
. 1
@ 00 gy O 0 0 0
1
0 00 0 gy 0 0 0
1 —142r 1-2r
0 0 0 0 0 8(2+r) 8v3(2+r)  4V6(2+r)
—142r 5—4r 1-2r
0 00 0 0 8V3(247) I8 24r 12v/2(247)
1-2r 1-2r 2—r
0 00 0 0 4/6(2+r)  12V2(2+r)  12024)
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(2.3.4)

and Cy = CIZ. Let us evaluate the expression Ecr = ||DQC§“”D§||1 — M (x)A8(y). If Ecr <0

then CT criteria fails to detect the entangled state. Thus, the expression E¢r for the state p; ;
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is given by
1 8 5 ,
Ecr = Z(—H'TH‘HW— (3+x*)(3+y%))
< 0Vx,y>0andre(0,1) (2.3.5)

Hence, the state p;;, is not detected by CT criterion for any value of the state parameter
r € (0,1) and for any non-negative constant x and y.
Few Particular cases:
For (x,y) = (0,0) and (1,1) we have
4r

can B —
IDACEDI |y~ A4 () A5 (0) = 5 <0

which implies dV criterion and CCNR criterion fail to detect PPT entangled states in the family
p1.1,-- The efficiency of the entanglement detection criteria such as dV criteria, CCNR criteria,

and CT criteria can be summarized as follows (table-2.1):

The state p11,, 0<r<1

Criterion ‘ Detection range
1.dVv Does not detect
2. CCNR Does not detect
3.CT Does not detect
4. Witness operator Wy, g O<r<l1

Table 2.1: Comparing the detection efficiency of different criteria for the detection of PPTES p; 1, in
therange 0 <r <1

2.3.2 Example-2

In this example, we construct a one parameter family of 2 ququart states with positive partial
transpose. These states are obtained by mixing the bound entangled state p,, ,, described in
(2.2.11) with white noise:

1-1
A
Ppo.go = MPpo.ao + let ®lL, 0<A<1 (2.3.6)

We note the following facts:

(i) p;}wo is invariant under partial transposition.

(il) Realignment criteria: By matrix realignment criteria, pl’}wo is entangled when A € (0.897358, 1].
Detection of pﬁo,qo by our witness operator method: We now examine our criteria to detect

entanglement in the family of states pﬁm. The state pl,’}M,0 can be expressed in the block
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X, Y
2 A A
A A

where X, .Y, and Z, are 8 x 8 block matrices given as

matrix form as

(1+(B=2v2)A) (1+(3-2v2)A) 1-24 (1+(=5+4V2)A)

X3, = diag{ 16 ’ 16 16 16 ’
(1+(B—=2v2)A) (1+(3-2v2)A) (1+(-5+4v2)2) 1—1}
16 ’ 16 ’ 16 16
0 0 0 0 0 0 0 F(—2+V2)2
0 0 0 (2-Vv2)A 0 0 0 0
0 0 0 0 0 0 0 0
(=14V2) (=14Vv2)
v, — 0 ATA 0 0 — A0 | 0 0
0 0 0 0 0 0 §2-v2)A 0
0 0 3(2—V2)A 0 0 0 0 0
0 EireE 0 0 e 0 0
0 0 0 0 0 0 0 0
7 — dia {1—1 (14 (=5+4V2)2) (1+(3—-2vV2)A) (1+(3-2V2)A)
A LTI 16 ’ 16 ’ 16 ’
(1+(=54+4vV2)A) 1—4 (1+(3-2V2)A) (1+(3—2\ﬁ)/1)}
16 T 16 16 ’ 16

To apply our criteria, we need to construct witness operator for the detection of entangled
states in the family represented by p;}lm. The witness operator W, g can be constructed

through the prescription given in section 2.2. It is given by

Wap =O0qp—Y (2.3.8)

y = 2(Tr[BY; ]+ Tr{A]||Vil2) = (-6 +7V2)(? + B2 +4(—1+V2)aB)A  (2.3.9)

where

3-2V2

20 i) = 60+ 67+ 2(a+ B Tr[BY;]:%(z—fz)(a%w)z

Y2l =
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The expectation value of W, g with respect to the state p,’}o,qo is given by

TrWgph ] = %(2052 +aB+2B2)(1+ (11— 10V2)2) (23.10)

1
—11+10v2

Therefore, it can be easily shown that Tr[WaﬁpgoﬁqO] <0 for o,p>0and A >
0.318255.

~
~

Detection of p;}M0 by CT criterion: First we calculate the correlation matrix C;*" for the s-
tate pl,’}w0 using generalized Gell-Mann matrix (GGM) basis consisting of six symmetric GGM
{G;}5_,; six antisymmetric GGM {G;}!2, and three diagonal GGM {G3,G14,Gs5} given in sec-
tion (1.1.3).

C5™" is 16 x 16 matrix with entries C,, = (G, ®Gb>P/}O © where

Cop = (Go® GO)P%% = %

Cs = (G® GS)"%#O = %(2 —V2)A

Gs = (G3® G3)p50>qo = %(—2 +V2)A

G4 = (G1@0Ga)p = 3(2 —V2)A
Ci3is4 = <G13®G14>p;0‘q0 = 4\1@(—1—1—\@)1
Cizis = (Gi3® G15>pgo‘qo = 2\1/5(1 —V2)A
Ciaga = <G14<§§>G14>pl§0”0 = é(3—2ﬁ)l
Cia1s = <G14®G15>p1§0.q0 = %(—44-3\@)&

1
Cisis = <G15®G15>p50.q025(3—2\ﬁ)7t

C/clan is symmetric with C275 = C572, C13’14 = C14,13, C13715 = C15713 and C14715 = C15714. The rest of
the entries of C{*" are zero.

The LHS of the inequality (1.5.27) can be calculated as
) 1
IDACS" DY — A4 (x) Ap(y) = 1((9-4&)& +xy—4/(3+x2)(3+)?)) (2.3.11)

Therefore, the inequality (1.5.27) is satisfied V x,y > 0 and when 4 < —W. The
inequality (1.5.27) is violated for (x,y) = (£, 5), and when A > 388 ~ 0.898682. It implies that
p;}MO represent the family of entangled states when A € [0.898682,1].

Also for the case when x =y, the LHS of the inequality (1.5.27) can be re-expressed as

IDACE"D [ — A () A3 () = (O~ 4v2)A~3) 23.12)
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We can now observe that the expression given in (2.3.12) is independent of x and hence for

y also. Therefore, CT separability criterion is violated for any x =y > 0 and when A > 9fjﬁ ~
0.897358. Thus CT criterion detect all entangled states p,’}MO where A € (0.897358,1] and for
any x =y.

Now since Sarbicki et. al [81] have mentioned that (x,y) = (1,1) reproduces CCNR criterion
and (x,y) = (0,0) reproduces dV criterion so using above argument for x =y, we conclude
that these three criteria detect entanglement in the range 0.897358 < A < 1. Thus our witness
operator detects entanglement in the range 0.318255 < A < 1, which is better than dV, CCNR,
and CT criterion. We now summarize the results in Table-2.2. It shows the range in which

p{}wo is detected using different separability criteria.

The family of states pl’}m @

Criterion ‘ Detection range

1.dV 0.897358 < A <1
2. CCNR 0.897358 < A <1
3.CT 0.897358 < A <1
4. Witness operator Wy g | 0.318255 <A <1

Table 2.2: Comparing the efficiency of different criteria for the detection of BES pﬁ),qo in the range
0<A<1

2.4 Conclusion

To summarize, we have constructed a witness operator to detect NPTES and PPTES. We
have constructed a linear map which is shown to be a positive map under certain restrictions
on the parameters involved in the construction of the map. To make our discussion simple, we
have considered 2 ® 2 dimensional system and then find out the condition for which the map
is positive. To investigate the completely positivity of the map, we started with the Choi matrix
associated with the constructed map and showed that the Choi matrix has always at least one
negative eigenvalue for the parameters with respect to which the map is positive. Thus the
Choi matrix is not a positive semi-definite matrix and hence the map is not completely positive.
Furthermore, we find that the Choi matrix is not Hermitian so we use the product of the Choi
matrix and its conjugate transpose. The resulting product now represents a Hermitian matrix.
In the next step, we take the linear combination of the obtained Hermitian matrix and the iden-
tity matrix to construct the witness operator. We have also shown that the constructed witness
operator not only detects NPTES but also may be used to detect PPTES. Since the Choi
matrix is generated from the linear map defined in (2.1.1), if we consider d ® d dimensional
system as the input of the map ¢ then the generated Choi matrix is of order 42. Also since the

construction of our witness operator depends on the Choi matrix so our witness operator may
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detect NPTES and PPTES lying in 4> ® d> dimensional Hilbert space. Interestingly, we found
that our withess operator is efficient in detecting several bipartite bound entangled states that
were previously undetected by some well-known separability criteria. Moreover, we also com-
pared the detection power of our witness operator with three well-known separability criteria,
namely, the dV criterion, CCNR criterion, and the separability criteria based on correlation
tensor (CT) proposed by Sarbicki et al. [81] and found that our witness operator detects more

PPTES than the criteria mentioned above.

*kkkkkkkkkkkhkkkkk



Chapter 3

Entanglement Detection via Partial

Realigned Moments

"Quantum information is more like the information in a dream.”

- Charles Bennett

In this chapter,', firstly, we propose a separability criterion for detecting bipartite entanglement
inm®n (mn # 4) dimensional quantum states using partial moments of the realigned density
matrix. Our approach enables the detection of both distillable and bound entangled states
through a common framework. We illustrate the significance of our method through exam-
ples of states belonging to both the above categories, which are not detectable using other
schemes relying on partial state information. Secondly, the formalism of employing partial
realigned moments proposed here is further adopted to give an effective separability criterion

for two-qubit systems too.

IThis chapter is based on the published research article, “S. Aggarwal, S Adhikari, A. S. Majumdar, Entanglement de-
tection in arbitrary dimensional bipartite quantum systems through partial realigned moments, Phys. Rev. A 109, 012404
(2024)"

69
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3.1 Introduction

Entanglement [43] is a remarkable feature of quantum systems that has no classical ana-
logue. The criteria to decide whether or not a given quantum state is entangled are of high
theoretical and practical interest. Even though numerous entanglement criteria have been pro-
posed in the past years, nevertheless there exists no universally applicable method to verify
whether a given quantum state is entangled or not. Historically, Bell-type inequalities were the
first operational criterion to distinguish between entangled and separable states [22]. Due to
the importance of entanglement in quantum information processing, there has been a steady
quest for devising more and more efficient methods for detecting entanglement in quantum
states [42, 43].

For bipartite systems, there exist two famous separability criteria: the positive partial trans-
pose (PPT) criterion [63] and the matrix realignment criterion [65, 101]. The former criterion is
able to detect the entanglement of all non-positive partial transpose (NPT) states but cannot
detect any PPTES. The latter criterion is weaker than the former one over NPTES; howev-
er, it is able to detect some PPTES. Although PPT criterion detects all NPTES, it cannot be
implementable physically. There exist operational tools to detect entanglement in practice.
Entanglement witness based on measurement of observables provides a method to detect
and characterize entanglement [109, 110]. There exist different schemes for the construction
of witness operators in the literature [85, 111], though all such schemes rely on certain prior
information about the quantum state. Besides, entanglement can also be detected using mea-
surement statistics in a device independent manner through an approach called self-testing
[112—115] which again relies on certain additional assumptions.

In practical situations, complete information about the quantum state may not be always avail-
able, and entanglement detection based on the partial knowledge of the density matrix may
be easier to implement in experiments [116]. Recently, Elben et al. [19] proposed a method
for detecting bipartite entanglement based on estimating moments of the partially transposed
density matrix. Nevel et al. [95] proposed an ordered set of experimentally accessible condi-
tions for detecting entanglement in mixed states. Moments have the advantage that they can
be estimated using shadow tomography in a more efficient way than if one had to reconstruct
the state via full quantum state tomography. Such works discussed in section 1.5.11 are fo-
cussed on the detection of NPTES only [19, 95, 96]. Detection of BES using moments needs
a deeper investigation. In the present chapter, we provide a separability criterion based on
moments of the Hermitian matrix obtained after applying the realignment operation on quan-
tum states in arbitrary dimensional bipartite systems.

The motivation of this chapter is to construct computable entanglement conditions that can
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detect NPTES as well as BES through partial knowledge of the density matrix. Recently, de-
tection of BES using a moment based criterion has been studied in [74, 117]. Our criterion
based on moments is stronger in the sense that not all but only a few realigned moments are
sufficient to detect entanglement. Importantly, this approach is not only conceptually sound
but also tractable from an experimental perspective. The classical shadows formalism allows
for reliably estimating moments from randomized single-qubit measurements [118, 119]. If
we make multiple copies of a state represented by an m x m density matrix p, the moments
Tr[p?], ..., Tr[p™] can be measured using cyclic shift operators [120, 121]. It has been
shown that measuring partial moments is technically possible using m copies of the state and
controlled swap operations [122—124]. A method based on machine learning for measuring
moments of any order has also been proposed [125].

In this chapter, we introduce a novel entanglement criterion for bipartite systems based on
the moments of the Hermitian matrix [R(paz)] R(pas). Here R(pap) may be obtained after ap-
plying realignment operation on a quantum state p4s. The moments of the Hermitian matrix
[R(pag)]"R(pag) are known as realigned moments (or R-moments). First, we show that our cri-
terion effectively detects BES in higher dimensional bipartite systems. Further, we show that
it performs better than the other existing criteria based on partial moments in some cases for
the detection of NPTES in higher dimensional systems. The R-moment criterion is formulated
as a simple inequality which must be fulfilled by separable states of bipartite systems, and
hence, its violation by a state reveals that the state is entangled. We illustrate the significance
of R-moment criterion for the detection of NPT and bound entanglement by examining some
examples. Finally, we devise another separability criterion for 2-qubit systems and probe some
examples of 2-qubit NPTES that are undetected by other partial moments based criteria and

realignment criteria.

3.2 Realigned Moments or R—moments

Before presenting our separability criterion based on realigned moments, let us first define the

idea of realigned moments or R-moments in m ® n dimensional systems. To make the task

simpler, consider first a 2 ® 3 system described by the density operator oy, which is given by
VATRRVAD)

O = (3.2.1)
2o 2
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I htiz2 113 ha N5 116 Iag 145 lae

T
where Z;; = l‘ikz thr 13| VAVES ha s 1ty | 2o = les Zy = l‘f{s ts5 156
ty by 133 B4 135 136 tie 136 166

The normalization condition of o, is given by Z?:ltii = 1. The realigned matrix of oy, is

denoted by R(oj,) and it is given by

(vecZiy)T i tio t3 tf, ty B3y ty By 133
T

(vecZia) ha tis tie tha hs he 1 Bs B
R(Glz) - T - * * * * * * * * * (322)

(vecZat) ly by Iy 4s bLs B35 lig b I3

(vecZn)" i s lae tjs 155 Ise lig 15g les

where for any n x n matrix X;; with entries x;;, vecX;; is defined as
T

vecX,-j = [xn, ey X1y X219 eee 93 X205 ooy Xl Xnn] (323)

Note that (R(c12))'R(o12) is a matrix of order 9 x 9. Also, the number of non-zero singular
values of R(oj,) is equal to the rank of R(o2) and hence it will be at most four. We can now
generalize this fact for m @ n systems. Let p4p be a density matrix representing a m @ n dimen-
sional state and it can be written as a block matrix with m number of blocks in each row and
column with each block being a n x n matrix. The realigned matrix R(psp) obtained after ap-
plying the realignment operation has dimension m? x n%. The first step to obtain the R-moment
criterion is to find the characteristic equation of the n? x n> Hermitian operator (R(pas)) R(pas)-

It is given by
det ([R(pag))"R(pag) — AI) =0
I12
= [ (A([R(pan)"R(par)) = 1) =0
i=1
— A"+ DA DA 4 4D, =0 (3.2.4)
where A;([R(pag)]"R(pag)) given in the second step denotes the roots of the characteristic
polynomial (3.2.4). Using well-known results related to Newton polynomials and the Faddeev-

LeVerrier algorithm for the characteristic polynomial and traces of powers of a matrix [126—

128], the coefficients {D;}", given in the third step can be described in terms of moments of
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[R(pag)]"R(pag), i-

n n» . . . .. T,
1 71 7& 7% 7h71
0 2 T, T T T
1 0 0 3 h L, b .. T,
D; = (—1)1,7 3.2.5)
L.
0O 0 0 0 0 0 .. T
fori=1to n2, where Dnz = det([R(pAB)]TR(pAB)). T, = [([ (pAB)]'R(pAB)) ] denotes the k[h

realigned moment of [R(pag)]"R(pas)-

Let us arrange the singular values of R(pag) in descending order, i.e., o1(R(pag)) > ... >
o,(R(pas)) > 0, where r denotes the total number of singular values of R(psg). Thus fori =1

to r, we have
Ai([R(pag)]"R(pas)) = o7 (R(pas))

Therefore, the relation between the coefficients D; and the singular values o;(R(pag)) is given
by

Zcﬁ (pag)) = —Di (3.2.6)
Y 67 (R(pas))o; (R(pa)) = D: (3.2.7)
i<j
Y. 7 (R(pa))o; (R(pas))of (R(pas)) = —Ds (3.2.8)
i<j<k
[10°(R(pas)) = D (3.2.9)

i=1

Using (3.2.5), the coefficients D;,D, and Ds in terms of first moment 71, second moment 7,

and third moment 73 of [R(pag)]"R(pag) can be expressed as

D1 =-T (3.2.10)

1

D, = E(le—Tz) (3.2.11)
1

D; = _8(T13 — 3T\ T +27T3) (3.2.12)
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In general, the coefficient D, may be expressed as D,. = det([R(pag)|'R(paz))-

3.3 Separability Criterion Based on R-moments in m ® n Systems

Although, the separability criteria based on partial moments (discussed in section 1.5.11) in-
volves upto 3’ order moments [19, 95], it fails to detect several NPTES in higher dimensional
systems, and is also not applicable for the detection of BES. This gives us a strong moti-
vation to investigate the concept of realigned moments in entanglement detection in higher

dimensional systems.
3.3.1 Separability criterion

We are now ready to present our separability criterion based on realigned moments for m®n
(mn # 4) dimensional systems. It is formulated in the form of an inequality that involves the "
order moments where k is the rank of the matrix R(pag).

Theorem 3.1. Let pap be any m ® n (mn # 4) dimensional bipartite state. Consider the k non-zero
singular values of the realigned matrix R(pap) that may be denoted as ©1,0y,...0r with 1 <k <

min{m?,n*}. If pap is separable then the following inequality holds:
R =k(k—1)D'/*+T,—1<0 (3.3.1)

where Dy =11, 67 (R(pag)) and Ty = Tr[[R(pas)]'R(pa)).

Proof. Let pap be any separable state in m @ n system and assume that the number of non-zero eigen-
values of [R(pap)]"R(pag) are k. That is, there exist a number k (1 < k < min{m?,n*}) depending
upon the number of non-zero singular values of R(pap) for which Dy = [T, 6?(R(pag)) # 0. The

degenerated characteristic equation of [R(pap)]"R(pag) is given by
k .
A+ Y DA =0 (3.3.2)

where D; is defined in (3.2.5) for i = 1 to k and D; = 0 for i > k. Using (3.2.6) and (3.2.10), the first

realigned moment 7} can be expressed in terms of the singular values of R(p4p) as

2

i = ) o7 (R(pag))

N

1

Il
~— |

. 2
ZGz (paB)) ) —2201 (paB))oj(R(pag)) (3.3.3)

i= i<j

—_
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(3.3.3) can be re-expressed as

2
1
Y 6i(R(pag))o;(R(pas)) = 3 (Z@ (Pag)) ) -1 (3.34)

i<j

It is elementary to note that the arithmetic mean of a list of non-negative real numbers is greater than
or equal to their geometric mean. Since o;’s for i = 1 to k are non-negative real numbers, using Result

1.1, we have

B P 2/k
Y 6i(R(pas))0;(R(pag)) > k(kz D (Hm(k(m))> (3.3.5)

i<j

Using (3.3.4) and (3.3.5), we get

| k(k—1
SR —11) > Sl (3.36)
where HR(pAB)Hl = Z{'(:I G,‘(R(pAB)) and Dy, = H ( (pAB)) Thus, we obtain
IR(pag)|[} > k(k—1)D/* + T3 (3.3.7)

Since p4p is any arbitrary separable state, so using the realignment criterion in the above inequality

(3.3.7), we have k(k — 1) l/k + T < 1, which proves (3.3.1). |

Corollary 3.1. Let psp be any bipartite state in m ® n (mn # 4) dimensional system. Let 0}, 03,... 0k
with 1 < k < min{m? ,n*} be k non-zero singular values of the realigned matrix R(p4z). If any state
pap violates (3.3.1), then it is an entangled state.

It is to be noted that the R-moment based separability criterion we have developed here is
more fruitful for those density matrices pap in m®n (mn # 4) system for which det ([R(pag)]'R(pag)) =
0. Therefore, the R-moment criterion works well when R(p4p) is non-full rank. To test the
separability criteria based on R-moments, consideration of the non-full rank state is advanta-
geous in the sense that it does not require all the R-moments, and hence, our criterion holds
good even when we do not have full information of the state. In m®n (mn # 4) system, the
condition det([R(pag)]'R(pag)) = 0 is valid when (i) the number of non-zero eigenvalues of the
matrix[R(pas)]"R(pas) are less than n> where m > n, or when (ii) the number of non-zero eigen-
values of the matrix [R(pap)]"R(pag) are less than m?> where m < n.

It may be noted that there is no universal entanglement detection criterion that could outper-
form all other criteria. Any chosen criterion could work better for a given class of states, and
vice-versa [129]. We now discuss examples of PPTES and NPTES in 3® 3 and 4 ® 4 systems
which are detected by our R-moment criterion, but not by certain other criteria discussed in

the literature.
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3.3.2 Examples

We have now considered few examples of bipartite two-qutrit, two-ququart and a 2-parameter

family of 2 ® n quantum system to verify the criteria given in Theorem —3.1.
I. A family of NPTES and BES in 4 ® 4 dimensional system

Let us consider the family of entangled states in 4 ® 4 dimensional system described by the
density operator p,,, which is defined in (2.2.11).

A few important properties of the state p,, ,:

P1. For this state, det([R(p,4)]"R(p,4)) = 0, which implies that the matrix R(p, ) is not of full

rank.

P2. p,,.4, is @ PPT state for go = Y2-! and py = =2,

P3. It may be noted that ||R(pp,.q,)||1 = 1.08579, which is greater than one. Thus, by the matrix
realignment criterion, one can say that p,, 4, is a PPTES.

Moreover, we find that R(p,, 4,) has 8 non-zero singular values. Therefore, we have k =8. The
degenerated characteristic equation is A% + Y2, D;A%~" = 0 where Ds are defined in (3.2.5)
and Dg = [T}, 6 (R(ppy.q))- Thus, we find that in this example, the left hand side of the
inequality (3.3.1) is given by R, = 56Dg'/8 + 71 — 1 = 0.02082 > 0. So inequality (3.3.1) is vi-
olated and Corollary — 3.1 implies that the state p,, ,, is @ PPTES. We further observe that
the criterion [74] given in (1.5.40) does not detect the BES described by the density operator
Ppo.qo 0ElONGING to the p, , family. On the other hand, when (p,q) # (po,q0), Py represents
an NPTES for which the detection range by employing our R-moment criterion is given by
(0.00659601 < g < 0.153105) and (0.26477 < g < 1/2), which is comparatively larger than the
range (0.425035 < ¢ < 1/2) detected by employing the Dgi”) criterion (1.5.36).
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I1. A family of NPTES in 3 ® 3-dimensional system

Next, consider the class of NPT entangled states in 3®3 dimensional system, which is defined
as [130]
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Since R(p,) forms a matrix of rank 5, so we have k = 5. Thus, to detect whether p, is entangled
or not, we need only 5 moments of [R(p,)]"R(p.). Further we note that 7, = 7 — 3a | 5¢
By calculating all the five moments, we find that the inequality in (3.3.1) is violated in the
whole range of a. Thus, applying Corollary — 3.1, we can say that p, is entangled for 5‘—0(25 —
V141) < a < {55(254+/141). Figure-3.1(i) shows the violation of the inequality (3.3.1), i.e., R =
20D5'/5 +Ty —1 > 0 for all 0.262513 < a < 0.368743. Fig-3.1(i) and (ii) shows the comparison of
R-moment criterion with the p;-PPT, Dgi”) and p3;-OPPT criteria defined in (1.5.31), (1.5.36),
and (1.5.38), respectively. Since L; <0, L, < 0 and L; < 0, we find that the state p, is not
detected by any of the above partial moment based criteria for any value of the parameter a
in the given range. This is illustrated in Fig-3.1(ii).

0.720¢

Ri(a)

0.715F -0.245

0.710} ~0.250

— Lq(a)
~0.255 Loa
Ls(a

0.705f
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Figure 3.1: (i) The red curve represents our R-moments criterion for the state p, given by Eq.(3.3.8).
R;(a) > O certifies the detection of entanglement in p,. Here, x-axis represents the state parameter a.
(ii) For the state p, (3.3.8), the blue curve represents the p3-PPT criterion (1.5.31), the green curve
represents the ng) citerion (1.5.36), and the pink curve represents the p3-OPPT criterion (1.5.38).
The graph is plotted with respect to the state parameter a. Lj,L;,L3 < 0 show that p3-PPT, Dé’m and
p3-OPPT criteria fail to detect this state in the whole range.
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I11. Two-parameter class of states in 2 ® n quantum systems

Consider the two parameter class of state defined in 2®n quantum systems [131]:

1 n—1

Pty =a X, T )1+ 0 1+ 00 L+ WO D+ v v ) (339)

where 0 < a < ( s ;0<y<I1;and |ij);i=0,1;=0,1,...,n—1 forms an orthonormal basis

for 2@ n quantum systems,

L(!01>ﬂ:\10>) (3.3.10)

S 001 ) =

|0%) = 7

The normalization condition of p&")y connect the parameters a,  and y as follows

1-2(n—2)oc—7y
3

B = (3.3.11)

Now we compare the detection power of R-moment criterion with the moment based crite-
rion given in section 1.5.11. Let us consider the realignment moment based criterion given
by Zhang et al [74] mentioned in (1.5.40), (1.5.41), and (1.5.42). Since in 2®n systems,
rank(pgf)y) <4, the criterion given in (1.5.40) is equivalent to the separability criterion based on
Hankel matrices given in (1.5.41) and (1.5.42).

In 2® 3 systems, pé%, is entangled when 0 < o < ; and -3¢ 2“ <7y <1-2a. The inequality
in (1.5.40) is violated, i.e., Ly(a,y) > 0 for (o, y) Iylng in the blue shaded region in Fig-3.2(i).
Hence the entanglement is detected in this region by Zhang’s criteria. Now, applying the R-
moment criterion on pé?%, the inequality in (3.3.1) is violated for the states lying in the blue
as well as yellow shaded regions. It can be thus seen that the R-moment criterion performs
better for such systems. Similarly, it is also possible to show (see Fig-3.2(ii)) that for n = 4,
again a larger set of states is detected by the R-moment criterion compared to the Zhang’s

realignment moment criterion.

3.4 Non-existence of Non-full Rank Realigned Matrix of Two-qubit En-
tangled States

We now show that the coefficient D, will not take value zero for any entangled two-qubit state.
Let us consider an arbitrary two-qubit state that can be transformed by local filtering operation
into either the Bell-diagonal state p(®?) = Y1 | pi|¢;)(¢;], where ¥, p; = 1; |@;)’s denote the Bell
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Figure 3.2: The above region plot in (i) and (ii), respectively, shows the detection region of the state

pgf%,, for n =3 and n = 4 by R-moment criteria and the Zhang’s realignment moment based criteria

given in (1.5.40). The blue region represents the entangled states detected by both the above mentioned
criteria. The yellow region shows the state detected by R-moment criteria but undetected by Zhang’s
criteria. Here, x-axis represents the state parameter & and y-axis represents the state parameter 7.

states, or the states described by the density operator p(!) which is of the form [132]

I+¢c 0 O d

0 0 0 0
p _! (3.4.1)
21 0 0 b—c 0

d 0 0 1-b
where the state parameters b, ¢, d satisfies any one of the following:
(C1) —1<b<1, c=-1,d=0
(C2) b=1, —1<c<—-1,d=0

(C3) —1<b<l, —1<c<bh, d<|/(I-b)(1+0)

Case-l: Let us consider the case when after the application of filtering operation on any two

qubit state, the state is transformed as an entangled state p(!) if the following condition holds:
(E1) bydeR, ¢<b, d#£0

The realigned matrix of p(!) is denoted by R(p(")) and it is given by

14¢c 0 O 0
1{ o 40 o
R(pW) == (3.4.2)
21 0 04 0
b—c 0 0 1—b
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The determinant of R(p(!) is given by

(1—b)(1+c)d?

det(R(p\")) = =

(3.4.3)

Using the conditions (C1), (C2), (C3), and (E1) in the determinant det(R(p(!)), it follows that
the determinant must not be equal to zero. Thus, the Hermitian matrix [R(p())]'R(p(1)) is a
full rank matrix. Therefore, D4 # 0 for any two-qubit entangled state p(1).

Case-ll: If the state is transformed as a Bell diagonal state p(2?), then also it can be shown
that the entanglement condition and det(R(p(®P))) = 0 does not hold simultaneously. This
implies that in this case too D4 # 0 for any two-qubit entangled state p8?). Thus, combining

the above two cases, we can say that D, # 0 for any two-qubit entangled state.

3.5 Separability Criterion based on Realigned Moments (R-moments) in

2 ® 2 systems

For 2 ® 2 dimensional systems, the necessary and sufficient condition for entanglement is
provided by the Peres-Horodecki PPT criterion [63, 64]. It may be noted though that partial
transposition is positive but not completely positive, and hence, it is difficult to be realized
directly in an experiment. On the other hand, quantitative measures of entanglement such
as the entanglement of formation (EoF) have been proposed [48, 50], which have important
applications in using entanglement as a resource for implementing tasks such as teleporta-
tion and dense coding [133]. Bounds on the EoF have further been proposed [134, 135],
which are in principle, measurable, though precise measurement schemes for EoF are yet to
be developed. Note further, that certain other ingenious measurement schemes for detecting
two-qubit entanglement have been proposed, such as those based on employing weak mea-
surements [116]. However, only pure states can be detected by local operations based on the
weak measurement scheme.

Since we have already shown that D, is non-zero for all 2-qubit entangled states (see section
3.4), we have to use full information of the state to show the violation of the inequality (3.3.1)
for 2-qubit states. This motivates us to develop a criterion that detects entanglement using
less number of moments in 2 ®2 systems.

Now, we introduce a different separability criterion based on R-moments for 2 ® 2 systems.
The criterion is formulated in the form of an inequality that involves up to 3" order moments
for detecting entanglement in a 2-qubit system. In general, any separability criterion for 2 ®2
system requires up to 4”* order moments, except for a few separability criteria [19, 95, 96, 136]
that require up to 3" order moments.

Lemma 3.1. If 0;’s denote the singular values of the realigned matrix R(p) arranged in the descending
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order as 61(R(p)) > 62(R(p)) > 03(R(p)) > 04(R(p)), then the following inequality holds:

4

[1(01(R(p)) +0;(R(P))) = ApaelIR(P)II1 +/IDs] (3.5.1)

J=2

where AP = )b

max — “"max

.., Anax([R(P)'R(P)) = M-

([R(P)]'R(p)) denotes the lower bound of the maximal eigenvalue of [R(p)]'R(p),

Proof. The LHS of inequality (3.5.1) can be expressed as

4
H2(01(R(P))+Gj(R(P))) = Gpau(R(P)IIR(P)1 + chr, cj(R(p))ok(R(p))
Jj= i<j<
> A IR+ chz o} (R(p))o; (R(p))
i<j<
= il [R(P)Il ++/1Ds] (3.5.2)

where the inequality (3.5.2) follows from the fact that (Y7, x;)> > ¥ , x? holds for positive integers
xi,i=1,2,...,n. |

Lemma 3.2. If p describes a 2® 2 dimensional quantum state and R(p) denotes the realigned matrix

of p, then we have

IRP)IF > 2vDa+Th (3.5.3)

Proof. The equation (3.3.3) can be re-written as

IR(P)IF = 2 ai(R( R(p))+Th (3.5.4)

i<j

Applying the inequality (szzlx,]) > Y 1x for i < jin (3.5.4) where x;; = 0;(R(p))oj(R(p)), we

have

Y Gi(R(p)o;(R(p)) >  [Y. 62 (R(p))G(R(p)) (3.55)

i<j i<j

Using the inequality (3.5.5), the equation (3.5.4) reduces to

IRP)IIT > 2 [} 6 (R(p)c}(R(p)) +Ti

i<j

= 2vDy+Th (3.5.6)
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Lemma 3.3. If 0;’s denote the singular values of the realigned matrix R(p) arranged in the descending
order as 61(R(p)) > 02(R(p)) > 03(R(p)) > 04(R(p)) and if Dy and T| have their usual meaning,

then we have the following:

Y. o’ (R(p))o;(R(p)) = D2~ o} (R(p))(Ti — 6 (R(p))) (3.5.7)

1<i<j

Proof. The LHS of (3.5.7) can be expressed as

), o (R(p))o;(R(p)) = o7 (R(p))o3(R(p))+03(R(p))oz(R(p)) + 03 (R(p))oi (R(p))

1<i<j
4
— Dz_af(mp))(;c?(R(p)))

= D=0} (R(p))(Ti — o7 (R(p))) (3.5.8)
Hence proved. |

Now we are ready to discuss our separability criteria based on realigned moments for 2 ® 2
systems. Let p be a density matrix representing a 2 ® 2 dimensional state and R(p) de-
note the realigned matrix obtained after applying the realignment operation. Let 6,,..(R(p))
be the maximum singular value of R(p), and A2 ([R(p)]"R(p)) and 2“2 ([R(p)]'R(p)) denote
respectively, the lower and upper bound of the maximal eigenvalue of [R(p)]'R(p), where

Dnax([R(P)]'R(p)) < Ay ([R(P)]TR(p)).
Using (1.1.48) and (1.1.49) and since A;([R(p)]'R(p)) = 6?(R(p)), we have

e (R(P)R(P)) < 0pa(R(P)) < Ay ([R(P)I'R(P)) (3.5.9)

where A2, (R()]"R(p)) = £(Ti, T2, T3) and A2 ([R(p)]'R(p)) = g(T1, T2, ).

We are now in a position to state the following theorem on the separability condition based on
R-moments.

Theorem 3.2. Let p be a positive trace class linear operator acting on the Hilbert space :%’f & %2.
The realigned matrix R(p) has singular values arranged in the order as o1(R(p)) > 02(R(p)) >

03(R(p)) > o4(R(p)). If ps denotes a separable state, then the following inequality holds true:

Ry=+/3X2/3+2Y —2T1—1<0 (3.5.10)

where X and Y are the functions of the first three realigned moments, given by

X =A% \[2Dy+Ti+/|Ds| and Y =T — A;;Zﬁ\/sz)L;;ngl + (AL )2 (3.5.11)



83

Proof. Let us start with the first realigned moment 77. Using (3.3.3), it can be expressed as

4
T = () ol 2—2Y) ai(R( R(ps)) (3.5.12)
i=1 i<j
The second term of (3.5.12) can be expressed as
2Y cilR( R(ps)) = Z(G,-(R(ps))+G,-(R(ps)))2—2(612(R(ps))+6}(R(ps)))
i<j i<j 1<J
— Y (6(R(p)+0;(R(p.)))* ~3T;
1<j
4
= Z:Z(GI(R(pS))"i_G] 2+ Y (6i(R(py)) +05(R(py))* = 3T
j= 1<i<j
(3.5.13)

Since, arithmetic mean of a list of non-negative real numbers is greater than or equal to their geometric

mean and o;’s for i = 1 to 4 are non-negative real numbers, we have

4

4 2/3
Z_: )+0;(R(ps)))* =3 (H(Gl (R(py)) + cj(R(px)))> (3.5.14)

j=2

Using Lemma-3.1, the RHS of the inequality (3.5.14) may be simplified to

. 2/3
3 (_H(ol (R(p) + G,.(RW))) >3 (AL IR+ VD) (35.15)

Using (3.5.15) and (3.5.3) in (3.5.14), we obtain

4 2/3
Y (61(R(p) + 65 (R(p)) > 3 (A,;zx\/zm Tt \/|Ds)

j=2
— 3x?%/3 (3.5.16)

The second term of (3.5.13) can be expanded using Lemma-3.3 as

L (@R +o(RP)) = 2gof<R<ps>>+212 ."f<R<Ps>>"f<R<Ps>>
<i<j i= <i<j
> 2(T - r%lax( 2 ( s )
1—06, \/1<le<16 Ps)
= 21 -A%) +2¢Dz—o,%m<1e<pv>><n—onzmxm(ps)))
> 2Ty~ A% +24/Da— AT+ (AL,)?

= 2Y (3.5.17)
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Using (3.5.16) and (3.5.17) in (3.5.13), we get

IR(p)Ili > V/3X23 42y —21y (35.18)

Now we will use ||R(ps)||1 < 1 in (3.5.18) to obtain the desired result, i.e., if p; is separable, then

V3X23 1oy —2T < 1 (3.5.19)

Hence proved. |

Corollary 3.2. If any two-qubit state p violates the inequality (3.5.10), i.e., if R, > 0, then the state is

an entangled state.
3.5.1 Examples
Example 3.1. The two-qubit isotropic state is given by [137]

1-f
pr= 3 LRIL+

4f—1
7f3 W N yr0<f<1 (3.5.20)
with |y T) = %2(|00) +|11)) and I, denotes the 2 x 2 identity matrix. One can use the PPT and matrix
realignment criteria to verify that the isotropic state py is entangled for % < f<1. The Dgi") criterion
given in (1.5.36) ensures that the state py is entangled in the range 0.625 < f < 1. In order to apply
R-moment criterion on py, our task is to probe whether the inequality in (3.5.10) holds for p;. After

simple calculations, we get

T = TrR(pp) R(ps)] = 5 (1 2f +47)

Thus, for the 2 ® 2 isotropic state, the inequality (3.5.10) reads

Ro=\/3x2" 12y, o1 —1 <0 (3.5.21)

where Xy and Yy are the functions of 7, T>, and T3 for the state pr, defined in (3.5.11). The above
inequality R, < 0 is violated for 0.608594 < f < 1 and this implies that the state ps is entangled in this
range which is better than that provided by the Dgi") criterion.

Example 3.2. Consider the two-parameter family of 2 ® 2 states represented by the density matrix [66]

5
Y 0 3
00 0 0 1
Pss = o H#0, 7 <s<1 (3.5.22)
0 0 5(s—3) O
Lo o0
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The state ps, has non-positive partial transpose for all values of the state parameters ¢ and s for which
the state is defined. Therefore, by the PPT criterion, it is entangled for any non-zero value of the pa-
rameter ¢ and }L <s<1.

Let us now apply the R-moment criterion for the detection of the entangled state belonging to the fam-
ily of the states described by the density operator py,. The first moment of the Hermitian operator
[R(ps)]"R(ps) can be calculated as Ty = Tr{[R(ps,)] R(pss)] = 25 (21 —20s+ 16(s> + |¢[*)). Simi-
larly, calculating 7> and 73 and putting these values in (3.5.10), we find that the state p,, satisfies the
inequality R, > O for different ranges of the state parameter s and ¢ as shown in Fig-3.3. This implies
that the state py, is entangled in this region and detected by R-moment criteria.

Further, to show the significance of R-moment criteria, we compare our criterion with partial transpose
moments based criteria such as p3-PPT and ng) criterion given in (1.5.31) and (1.5.36). It can be
shown that the ng) criterion performs better than the p3-PPT criterion for detecting entangled states in

Ps,: family. Dgi") criterion gives the following inequality for the family of states described by p;;

2052 — 25545

L 0, for |t
2 >0, for ¢| > 165 —26

(3.5.23)

20s2—255+5

This shows that ng) inequality is violated in the region |¢| > TS

states are detected by Dgi") inequality.

and hence the entangled

Also, it is important to note that the R-moment criterion detects those entangled states in p;; family
which are neither detected by partial transpose moments based criteria, such as Dgi") and p3-PPT criteria
nor by the realignment criterion. This is illustrated in Fig-3.3. Similarly, we can get identical region
S ={r|—0.25 <t < —0.2} of entangled states detected by R-moment criterion but not by partial

moment based criteria.

3.6 Conclusion

In this chapter, we have introduced a separability criterion for detecting the entanglement
of arbitrary dimensional bipartite states based on partial information of the density matrix by
employing realigned moments. Our proposed approach enables the detection of both PPT and
NPT entangled states within the same framework using a few moments of the realigned matrix.
The formalism presented here is thus advantageous compared to the recently formulated
entanglement detection schemes using partial transpose moments [19, 95, 96] which fails to
detect BES.

We have demonstrated the significance of our separability criterion with the help of several

examples of higher dimensional states. We have studied the effectiveness of our criterion by
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3
PT - moment
0.90+
R - moment
0.85}
0.80}
Realignment
&
0.75(] R - moment
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0.20 0.21 0.22 0.23 0.24 0.25

Figure 3.3: This figure shows the detection region of entangled states belonging to p,, family of states.
Here x-axis and y-axis denote the state parameters ¢ and s, respectively. The states lying in the blue
region are detected by the R-moment criterion, but not by either the criterion using partial transpose

moments or by the realignment criterion. The states lying in the pink region are detected by R-moment

as well as realignment criterion. Yellow region depicts the states detected by p3-PPT as well as ng)

criterion.

comparing it with other partial transpose moment based criteria. Our R-moment criterion for
m®n systems is further significant since it is able to detect certain NPTES that are undetected
by the criteria based on partial transpose moments. Moreover, our separability criterion is able
to detect certain BES that are not detected by another recently proposed criterion [74] using
realigned moments.

Additionally, for two-qubit systems, we have shown that our approach can be slightly modified
to yield another separability criterion that can detect entanglement in 2 ® 2 systems without
requiring complete information about the quantum state. Interestingly, we have found that our
realigned moment based criterion detects some two-qubit entangled states that are neither
detected by partial moments based criteria [19, 95], nor by the matrix realignment criteria
[65, 101]. In [138], authors have proposed a method based on permutation moments for
the detection of multipartite entangled state. They have shown that their criterion reduces to
partial transposition and realignment criterion in particular cases. In their criterion, odd order
moments are inaccessible and their proposed criterion needs 2n copies of the entangled states
to calculate nth order moment. On the other hand, odd and even moments are accessible in

our criterion and it needs only n copies of the state to calculate nth order moment.

*kkkkkkkkkkkkkkk



Chapter 4

Physical Realization of Realignment
Criteria Using Structural Physical

Approximation

"Those who are not shocked when they first come across quantum theory cannot possibly have under-
stood it."

- Niels Bohr

In this chapter', we propose the method of structural physical approximation (SPA) of re-
alignment map. Firstly, we have approximated the realignment map to a positive map using
the method of SPA and then we have shown that the structural physical approximation of
the realignment map (SPA-R) is completely positive. The positivity of the constructed map is
characterized using moments that can be physically measured. Next, we develop a separa-
bility criterion based on our SPA-R map in the form of an inequality and have shown that the
developed criterion not only detects NPTES but also PPTES. Further, we have shown that
for a special class of states called Schmidt symmetric states, the SPA-R separability criteria
reduce to the original form of realignment criteria. We have provided some examples to sup-
port the results obtained. Moreover, we have analyzed the error that may occur because of

approximating the realignment map.

I'This chapter is based on the published research paper “S. Aggarwal, A. Kumari, S. Adhikari, Physical realization of
realignment criteria using structural physical approximation, Physical Review A 108, 012422, (2023)"
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4.1 Introduction

Positive maps are strong detectors of entanglement but they may not be realized in an experi-
ment. Thus, in the case of describing a quantum channel or the reduced dynamics of an open
system, a stronger positivity condition is required [139]. On the other hand, completely posi-
tive maps play an important role in quantum information theory as they make a positive map
physical. Completely positive maps were introduced by Stinespring in the study of dilation
problems for operators [140]. Positive and completely positive maps are defined in section
1.1.4. Choi described the operator sum representation of completely positive maps in [67].
In [13], Kwong and Poon studied the necessary and sufficient conditions for the existence of
completely positive maps.

A physical way by which a positive map can be approximated by a completely positive map
is called structural physical approximation (SPA) [121, 141-145]. The idea of SPA is to mix a
positive map ¢ with a maximally mixed state, making the mixture completely positive [121]. If
a d ® d dimensional system described by the density operator p then the SPA to the positive

map ¢ may be defined as

- p*

Q(p) = EIdZ‘F(l—P*)CD(P) (4.1.1)

where I, denotes the identity matrix of order 4> and p* is the minimum value of the probability
p for which the approximated map ® is completely positive [147].

The resulting map ® can then be physically realized in a laboratory and its action characterizes
entanglement of the states detected by ®. Geometrically, the map @ retains the direction of
the generalized Bloch vector of the output state described by ®(p) and it only changes the
length of the vector by some factor [146].

Although PPT criteria is one of the most important and widely used criteria, it suffers from
a few serious drawbacks. One of the major drawbacks is that it is based on the negative
eigenvalues of the partially transposed matrix and is thus used to detect NPTES only. Another
drawback is that the partial transposition map is positive but not a completely positive map
and hence, may not be implementable in an experiment. In order to make it experimentally
implementable, partial transposition maps have been approximated to a completely positive
map using the method of SPA [121]. A lot of work has been done on the structural physical
approximation of partial transposition (SPA-PT) [121, 147-151]. The SPA-PT has been used
to detect and quantify entanglement [121, 152] but till now it can only be used to detect and
quantify NPTES.

Realignment criteria is a powerful criterion in the sense that it may be used to detect NPTES
as well as PPTES. Although it is one of the best for the detection of PPTES the problem with

this criteria is that it may not be used to detect entanglement practically. It is due to the fact
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that the realignment map corresponds to a non-positive map and it is known that the non-
positive maps are not experimentally implementable. The defect that the realignment map
may not be realized in an experiment may be overcome by approximating the non-positive
realignment map to a completely positive map [153]. The work included in this chapter is
significant because although there has been considerable progress in entanglement detection
using the SPA of partial transposition map, the idea of SPA of realignment operation is still
unexplored.

In this chapter, we approximate the non-positive realignment map to a completely positive
map. To achieve this goal, we first approximate the non-positive realignment map with a
positive map and then we show that the obtained positive map is also completely positive.
We estimate the eigenvalues of the realignment matrix using moments that may be used
physically in an experiment [96, 125, 154, 155]. Further, we formulate a separability criterion
that we call SPA-R criteria, using our approximated map that not only detects NPTES but also
PPTES. Next, we have shown that the SPA-R criteria reduces to the original formulation of

realignment criteria for a class of states called Schmidt-symmetric states.

4.2 Structural Physical Approximation of Realignment Map: Positivity
and Completely positivity

We employ the method of structural physical approximation to approximate the realignment
map. To proceed toward our aim, let us first recall the depolarizing map which may be defined

in the following way: A map ¥ : M, — M, is said to be depolarizing if

P(A) = I, 4.2.1)

In the method of structural physical approximation of the realignment map, we mix an ap-
propriate proportion of the realignment map with a depolarizing map in such a way that the
resulting map will be positive. This may happen because the lowest negative eigenvalues
generated by the realignment map can be offset by the eigenvalues of the maximally mixed
state generated by the depolarizing map.

Consider any quantum state p € ¥ C B(74 ® 3), where the Hilbert spaces .7, and J# have
dimension 4 and Z denote the set of all states p whose realignment matrix R(p) have real
eigenvalues and positive trace. The structural physical approximation of the realignment map
may be defined as R : M;»(C) —s M, (C) such that

R(p), 0<p<1 (4.2.2)
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4.2.1 Positivity of structural physical approximation of realignment map

It is known that R(p) forms an indefinite matrix, its eigenvalues may be negative or positive.
Let us first consider the case when all the eigenvalues of R(p) are non-negative. So, by the
definition of R given in (4.2.2), R(p) is positive for all p € [0,1] and hence R defines a positive
map. On the other hand, if R(p) has negative eigenvalues, then R(p) may be positive under
some conditions. However, since the realignment operation is not physically realizable, it is
not feasible to compute the eigenvalues of R(p). To overcome this challenge, we use the
[R(p)]. We find that
the map R(p) is positive for some range of p that can be expressed in terms of A2 [R(p)]
defined in (1.1.47). Further, it can be observed that 1/

‘min

lower bound of the minimum eigenvalue of R(p) which is denoted by A2
[R(p)] can be expressed in terms of
Tr[R(p)] and Tr[(R(p))?], which may be measured experimentally that is shown in the later
section. We can analyze the positivity of R(p) when we know the nature of the eigenvalues of
R(p). Therefore, the question reduces to the following: how to determine the sign of the real
eigenvalues of R(p) experimentally without directly computing its eigenvalues? To investigate
the asked question, we adopt a method to determine the sign of real eigenvalues of R(p) that

may be implemented in the experiment.
Method for determining the sign of real eigenvalues of R(p)

Let p € Z be a d ®d dimensional state such that R(p) has real eigenvalues 1,,4,,...,A,.. The

characteristic polynomial of R(p) is given as

d2 dZ
F@) =TJx=A) = ¥ (~Dfaud™* (4.2.3)
i=1 k=0

where ap =1 and {ak}ﬁ; are the functions of eigenvalues of R(p).

Let us now consider the polynomial f(—x), which effectively replaces the positive eigenvalues
of R(p) with negative ones and vice versa. For a polynomial with real roots, Descartes’ rule of
sign states that the maximum number of positive roots is given by the number of sign changes
between consecutive elements in the ordered list of its nonzero coefficients [156]. The matrix
R(p) is positive semi-definite if and only if the number of sign changes in the ordered list of
non-zero coefficients of f(x) is equal to the degree of the polynomial f(x). These non-zero
coefficients can be determined in terms of moments of the matrix R(p). The coefficients a;’s

are related to the moments of R(p) by the recursive formula [128].

a =2 ) (=1 a_mi(R(p)) (4.2.4)
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where m;(R(p)) = Tr[(R(p))’] denotes the ith order moment of the matrix R(p). For conve-

nience, we write m;(R(p)) as m;. The ith order moment can be explicitly expressed as

i—1
mi=(—1)"ig;+ Y (=1)"a;_omy 4.2.5)
k=1
Using (4.2.4), we get
a = m (4.2.6)
1
a = E(m%—mz) (4.2.7)
1
a3 = 6(mi—3mlmz+2mg) (4.2.8)

and so on.

Therefore, the matrix R(p) is positive semi-definite iff ¢; > 0 for all i = 1,...,d>.
Positivity of R(p):

We now derive the condition for which the approximated map R(p) will be positive when (i)
R(p) is positive; and when (ii) R(p) is indefinite. The obtained conditions are stated in the

following theorem.

Theorem 4.1. Let p be a d ®@d dimensional state such that its realignment matrix R(p) has real eigen-
values. The structural physical approximation of realignment map ﬁ(p) is a positive operator for

p € [l,1], where | is given by

I 0 when  Amin[R(p)] >0 4.2.9)

2

where k = max[0, — A"

‘min

R(p) defined in (1.1.47).

[R(p)]] and A% [R(p)]) denotes the lower bound of the minimum eigenvalue of

Proof. Recalling the definition (4.2.2) of the SPA of the realignment map, the minimum eigenvalue of
R(p) is given by

oninR(P)) = i 5 s + R(P) (4.2.10)

TrR(p)

where A, (.) denote the minimum eigenvalue of [.]. Using Weyl’s inequality given in (1.1.42) on RHS



92

of (4.2.10), it reduces to

DminlR(p) 1-p)

i 5 )+ Bl 7 SR (P)
p . (1-p)

e Eerlmm[R(P)] (4.2.1D)

A\

Now our task is to find the range of p for which R defines a positive map. Based on the sign of
Amin|R(p)], we consider the following two cases.

Case-I: When A,,;s[R(p)] > 0, the RHS of the inequality in (4.2.11) is positive for every 0 < p < I and
hence R(p) represent a positive map for all p € [0, 1].

Case-II: If 4,,;,[R(p)] < 0, then (4.2.11) may be rewritten as

= p  (1-p)
Amin[R(p)] > ﬁ+m%[1€(m] (4.2.12)

where A8

wm R(P)] is given in (1.1.47) and may be re-expressed in terms of moments as

MatalR(P)] = 75— \/ @-n(5-(3)) @2.13)

where m; = Tr[R(p)] and my = Tr[(R(p))?].

Taking A% [R(p)] = —k, k(>0) € R, (4.2.12) reduces to
~ p , (1-p)
Aomin|R > = —k—" 4.2.14
Rp) = f—kpl @2.14)
Now, if we impose the condition on the parameter p as p > W = [ then Ay [ﬁ(p)] > (0. Thus

combining the above discussed two cases, we can say that the approximated map ﬁ(p) represent a

positive map when (4.2.9) holds. Hence the theorem is proved. |
4.2.2 Completely positivity of structural physical approximation of realignment map

In order to show that the approximated map R(p) defined in (4.2.2) may be realized in an
experiment, it is not enough to show that ﬁ(p) is positive but also we need to show that it is
completely positive.

When [ < p <1 there exist non-negative real numbers y; and y such that the following condi-

tions hold

Amin[R(P)] Y1 Amin [P (4.2.15)

Amax [R(P)] < ’}/2Amax [P] (4216)

Vv

Hence, using Result 1.11, §(p) is a completely positive operator for p € [1,1].
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4.3 Realization of Moments of the Realigned Matrix

Now we formulate a procedure to show how the moments of the realigned matrix may be
realized in an experiment. Recently, it has been shown that the measurement of the moments
of partially transposed density matrices is practically possible [122—125]. We consider here
the moments of the realigned matrix for its possible realization in an experiment. To achieve
our aim, we adopt the idea presented in [124, 125], where it has been shown that the kth partial
moment can be measured using SWAP operators [157] on k copies of the state. The technique
involved is to express the matrix power as the expectation of the permutation operator. We
adopt this approach applied to the realigned matrix in order to show how the measurement of
realigned moments could be accomplished.

For a d ® d dimensional state p, the k copies are given by ®*_,p.. Let m; denote the kth

moment of the realigned matrix R(p), i.e.,
my = Tr[(R(p))"] (4.3.1)

The kth moment of R(p) can be expressed in terms of expectation value of the permutation

operator as

m = Tr{(®fR(pc))P'] (4.32)

d—1

where P is the normalized permutation operator defined as P = %ZM:O

as the SWAP operator.

lij) (ji|. Itis also known

Since the separability criteria presented in Theorem — 3.1 and Theorem — 3.2 are based on the
moments of the realigned matrix, we need to estimate the moments of the matrix [R(p)]"R(p).
In particular, we show here the procedure of determining the first and second moments of
[R(p)]"R(p), which are denoted by T} and 7>, respectively. The first moment of the realigned

matrix is given by
my =Tr[R(p)] (4.3.3)

Applying the results 1.2 and 1.5, we get

k
mi = Tr[R(p)] < VK|IR(p)||2 = |k Y GZ(R(p)) = VKT
i=1

4.3.4)
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Hence, we have

—o

m

g 4.3.5)

As the derived separability criterion in Theorem — 3.1 depends on the singular values of the
realigned matrix, we further need to estimate the singular values of R(p). Here we use the
result [158]

m d*—j m?
G;(R(P))Sdzlﬂ/ ; (Tl—dzl> (4.3.6)

where 1 < j < k. The above inequality (4.3.6) holds when

m2

< — 4.3.7)
J

Now, combining (4.3.5) and (4.3.7), the first moment of [R(p)]'R(p) is bounded from above
and below by

m? m?

L<n<—h 1<j<k (4.3.8)
k J

It may be observed that the optimal value of T; may be obtained by substituting j =k in (4.3.8),

which turns out to be

2
ToPt — ny

= (4.3.9)

Next, we obtain the estimate of 7, using the Result-1.6, where we have used A =B = [R(p)]'R(p)

and g = 1. Hence, the inequality (1.1.45) reduces to

T, = Tr{([R(p)I'R(p))’] < Tr{[R(p)'R(p) = (T1)? (4.3.10)

On the other hand, the lower bound turns out to be [158]
T, > L (4.3.11)
Combining (4.3.10) and (4.3.11), the bounds on 7> expressed in terms of m, is given by

4 4
m; <T (m)

2}2 - j2 ’

1<j<k (4.3.12)

The optimal range of 7>, may be obtained by putting j = k, which is given by

m? < opt< (m1)4

2= =T (4.3.13)
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Therefore, 77" and T,”" may be experimentally determined by measuring the first moment
of R(p).

Since R(p) is not physically realizable, we need to first express it in terms of a physically
realizable operator using the approximated map R defined in (4.2.2).

It may be observed from (4.2.2) that the realigned matrix described by the density operator

R(p) is proportional to its SPA operator R(p), i. e.,

R(p) < R(p) = L1y (4.3.14)

Hence, the kth moment of R(p) may be estimated as

mp Tr[(@@’;:l (E(pc)—ézmd))zak} (4.3.15)
:Tﬂ@@ﬁmﬁﬂ—%#} 4.3.16)
:Tﬂ@gmmﬁﬂ—%wW] 4.3.17)

where p € -1 1] and I = max[0, — A%, [R(pas)]]-
Since R(p.) is a Hermitian, positive semi-definite operator with unit trace, we introduce a
quantity s, which is given by s, :=Tr [(@’;zlﬁ(pc)> P"] . The quantity s, can be measured
using controlled swap operations [121, 157].

In particular, we show how the first moment m; may be determined. Equation (4.3.17) may be

re-expressed for k=1 as

m o~ Tr[ﬁ(p)P]—ETr[P] (4.3.18)
- Tr[ﬁ(p)P]—% (4.3.19)

~ !
< TR(P)P - (4.3.20)

i 42 _ Ib
In the last line, we have used p > - and [ = max[0,—A4,,;,

[R(pas)]], which is defined in
Theorem —4.1. We have used (4.2.9) in the last step. Therefore, the inequality (4.3.20) may

be re-written as
Tr[R(p)P] := s, (4.3.21)
Simplifying (4.3.21), we get

m? +my(d*l—s))+1(1—d?s;) <0 (4.3.22)
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Solving the above quadratic equation for m;, we have

—(d?l —s1) — /(a2 —51)? — 4 (1 — d2s)) o —(d?l —s51) + /(%] —51)> — 4 (1 — d2s))

m

2 - = 2
For m; to be real, we have
(d*1—s51)> —4I(1 —d*s)) >0 = d*I>+20(d*1—2)+s57>0 (4.3.23)

Inequality (4.3.23) holds when either / > % V1= oy < % V1=ds

Case 1: When 2 — d?%s; +2+/1 —d%s; < d*l < d*

fils1) <my < fulsy) (4.3.24)
Case 2: When 0 < d*l <2 —d?s; —2/1 —d?s,

gi(s1) <my < gu(st) (4.3.25)

where f}, f., &1, g« are functions of d and s; given as follows:

1 1

fils1) = 5(—d2+s1)—ﬁ\/d8+2d6s1+4d2s1+d4s%—8(1+\/})
-1 1

fuls1) = dz(x+\/§c)+2d2<\/d8+2d6s1+4d2s1+d4s%—8(1+\/?c)>
1

gi(s1) = dz(—x—l—\/;c— 1+x—2\/;c>

1
guls1) = %+ﬁ\/1+x—2\/§ (4.3.26)

where x := 1 —d?s;. Hence, the first moment m; of R(p) may be estimated in terms of s,
using the relations (4.3.24) and (4.3.25). Since these relations are expressed in terms of
s1 = Tr[R(p)P], the first moment of realigned matrix R(p) can be estimated experimentally.
Similarly, it can be shown that the second moment of the realigned matrix can also be practi-
cally estimated. Hence, the kth realigment moment may measured using (4.3.17). Thus, this
scheme can be generalized to higher dimensional systems as well. Hence, the measurement

of the moments m;, of the realigned matrix may be practically possible.

4.4 Detection using the Experimental Implementable Form of Realign-

ment Criteria

Now, we derive a separability condition for the detection of NPTES and PPTES that may be

implemented in the laboratory. The separability condition obtained depends on the structural
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physical approximation of the realignment map and thus the condition may be termed as SPA-
R criterion. We further identify a class of states known as Schmidt-symmetric state for which
the SPA-R criterion is equivalent to the original form of realignment criterion [68, 69] and weak

form of realignment criterion [159].

4.4.1 SPA-R Criterion

We are now in a position to derive the laboratory-friendly (for clarification, see section 4.3)
separability criterion that may detect the NPTES and PPTES. The proposed entanglement
detection criterion is based on the structural physical approximation of realignment criterion
and it may be stated in the following theorem.

Theorem 4.2. If any quantum system described by a density operator Py, in d @ d system is separable

then

pITT[R(Psep)] — 1]+ 1
Tr[R(Psep)]

Hﬁ(pseﬂ)“‘ S = [ﬁ(psep)]UB 4.4.1)

Proof. Let us consider a two-qudit bipartite separable state described by the density matrix pgep, then

after the application of the approximated realignment map (4.2.2) on p,,,, we have

l—p

mR (Psep) (4.4.2)

ﬁ(psep) - %Id®d +

Taking trace norm on both sides of (4.4.2) and using triangular inequality on the norm, it reduces to

l—p

R(pse 443
TF[R(psep)]H (p P)Hl ( )

IR(psep)ll1 < p+

Since pye, denote a separable state, using realignment criteria, we have |[R(psep)|[1 < 1 [65, 101].

Therefore, (4.4.3) further reduces to

~ 1—p
||R(psep)||l < p+m
P el — Ripaplon (444)
Hence proved. |

Corollary 4.1. If for any two-qudit bipartite state p, the inequality

IR(P)I[1 > [R(p)]us (4.4.5)
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holds then the state p is an entangled state.

We should note an important fact that [R(ps.,)|us given in (4.4.1) depends on Tr[R(p)], which

may be measured in an experiment (See section 4.3).
4.4.2 Schmidt-symmetric states

Let us consider a class of states known as Schmidt-symmetric states which may be defined
as [159]

Psc = ZkiAi ®A} (4.4.6)

where A; represent the orthonormal bases of the operator space and A; denote non-negative
real numbers known as Schmidt coefficients.

We are considering this particular class of states to show that the separability criteria using
the SPA-R map become equivalent to the original form of realignment criteria for such a class
of states. Hertz et al. [159] studied the Schmidt-symmetric states and proved that a bipartite

state p,. is Schmidt-symmetric if and only if

[[R(psc) |1 = Tr[R(psc)] 4.4.7)

For any Schmidt-symmetric state described by the density operator py., the realignment matrix
R(p,.) defines a positive semi-definite matrix. Hence, using Theorem —4.1, R(p.) is positive
V p € [0,1]. Also, using (4.2.15) and (4.2.16), R(p,.) can be shown as a completely positive. To
achieve the motivation, let us start with the following lemma.

Lemma 4.1. For any Schmidt-symmetric state Py,

IR(psc) |1 = 1 (4.4.8)

Proof. Letusrecall (4.2.2), which may provide the structural physical approximation of the realignment

of the Schmidt-symmetric state. Therefore, R(py.) is given by

- 1—
R(psc> = %Id®d + T( p)

mR(Pm) (4.4.9)

Taking trace norm on both sides and using triangle inequality we have,

~ 1—
IR(ps)ll < pt =0—P) IR 4410

Tr[R(psc)
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Using (4.4.7), the inequality (4.4.10) reduces to
IR(pse) |l <1 4.4.11)

Again, using (4.2.2), Tr[R(ps)] is given by

500\ — 7o P (1-p) _
TriR(psc)] = Trl plasa + mﬂpsc)] =1 (4.4.12)
Applying Result-1.2 on R(py.), we get
TriR(pse)] < [1R(pse) |1 (4.4.13)

Using (4.4.12), the inequality (4.4.13) reduces to

IR(psc)|[1 > 1 (4.4.14)
Both (4.4.11) and (4.4.14) holds only when

IR(pse)||1 = 1 (4.4.15)

Hence proved. u

We are now in a position to show that SPA-R criteria may reduce to the original form of re-
alignment criteria for Schmidt-symmetric states. It may be expressed in the following theorem.
Theorem 4.3. For Schmidt-symmetric state, SPA-R separability criterion reduces to the original form

of realignment criterion.

Proof. Let p;.” be any separable Schmidt-symmetric state. The SPA-R separability criterion for pye”
is given by
IR()| 1 < [R(p3e)]us (4.4.16)

sc

Using (2?), the inequality (4.4.16) reduces to

S se ~ plTrR(pe”)] - 1]+1
[R( scp)]UB - Tr[R(pﬁfp)} >1

pITrR(psc”)] = 1]+ 1 = Tr[R(psc")]

TriR(ps")l(p—1) = (p—1)

Tr{R(ps”)] <1

U

[R(pseP)| <1 (4.4.17)
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The last step follows from (4.4.7). Hence proved. |

4.5 Illustrations

Let us illustrate the SPA-R separability criteria with the help of a few examples and show that
our criteria not only detect NPTES but also PPTES.

bl

l—

Example 4.1. Consider the family of two-qubit states p(r,s,¢) discussed in [66]. For r = % and s =

the family is represented by

5
7 00 ¢
1o o o0 o0 V5
pr=>5 , < == (4.5.1)
0010 2V2
t 00 3

By PPT criterion, p; is entangled when 7 € [— %, 7\/;2] —{0}. Realignment criteria detect the entangled
states for |t| > 0.116117.
Using the prescription given in (4.2.2), we construct the SPA-R map R My(C) — M4(C) as

E@J=Zu+£§%&R@¢ 0<p<1 (4.5.2)

Our task is now to calculate the eigenvalues of R(p;) and thus we find the characteristic polynomial of

the matrix R(p;). It can be expressed as

fi(x) =x* —a1 (1) + ax(1)x* — a3 (t)x + aq(t) (4.5.3)
Using (4.2.4), we get
7

al(t) =m :t+§ “4.54)
1 2 1 2

ax(t) = E(ml —my) = 3—2(8t +28r+5) (4.5.5)
1 1

as(t) = 6(m? —3muma +2m3) = = (7¢* 4 5¢) (4.5.6)
1 5

as(t) = ﬂ(m? — 6m3my + 8mym3 + 3m3 — 6my) = @tz (4.5.7)

where my, = Tr[(R(p;))], k= 1,2,3,4.

The nature of the sign of the eigenvalues of R(p,) may be determined by Descarte’s rule of sign. To
investigate, we divide the whole range of the state parameter ¢ into two parts (i) ¢ € [0,0.790569] and
(i) t € [—0.790569,0].

Case 1: If t € [0,0.790569] then a; > 0, i = 1,2,3,4, i.e. all the coefficients of the characteristic
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polynomial fj(—x) are positive. Therefore, there is no sign change in the ordered list of coefficients
of fi(—x). Thus, R(p;) has no negative eigenvalue for # > 0. Hence R(p;) is a positive semi-definite
operator for ¢ € [0,0.790569].

Case 2: In this case, we find that (i) if 7 € [-0.790569, —0.188751] then a»(r) < 0 and (ii) if 7 €
[—0.714286,0] then a3(r) < 0. Thus, for every ¢t € [—0.790569,0], atleast one coefficient of fj(x) is
negative. Hence R(p;) has at least one negative eigenvalue, i.e., R(p;) is not positive semi-definite
(PSD) for ¢t < 0.

From the above analysis, it may be concluded that

(i) if £ > 0, then the SPA-R map R(p;) defines a positive map Vp € [0,1] and

(ii) if # < O then according to the Theorem — 4.1, SPA-R map E(p,) will be positive when the lower

bound / of the proportion p is given by

4k 2(13— 241 +812) — \/3(67 — 112t + 6412)

I= Tr[R(p,)] +4k (=5+41)2

Applying Theorem — 4.1, it can be shown that the approximated map R (p;) is positive as well as com-

pletely positive for p; < p < 1.

Thus, the SPA-R map ﬁ(pt), which is a completely positive map may be suitable for detecting the
entanglement in the family of states described by the density operator p;. Now we apply our separability
criterion discussed in Theorem — 4.2 which involves the comparison of ||R(p;)||; and the upper bound

[R(p;)|us. After a few steps of the calculation, we obtain

t € (—0.790569, —0.665506] when p; <p<p,
IR(p:)||1 > [R(p:)]uss for ¢ (0.116117,0.125] when 0<p<ps 4.5.9)
t € (0.125,0.790569] when 0<p<1

where

(=91 — 48t — 641%) — /8673 + 96321 — 883212 — 614413 + 40961
P2 = (4.5.10)
2(—7+48)?

(14 — 128t + 6412)
_ 45.11
ps (7—80f + 12872) 4511

Thus, the inequality (4.4.1) is violated for 7 € [—0.790569, —0.665506) U (0.116117,0.790569] which
implies that in this range of ¢, the state p; is entangled.

The comparison of ||R(p;)||; and [R(p;)]us for the two-qubit state p, has been studied in Fig-4.1 for
different range of ¢ given in (4.5.9).

Example 4.2. Consider a two-qutrit state defined in [160], which is described by the density operator

1 3 1
- Yywwl, ——<u<l 4.5.12
Pu 5+2H2;|W><W| S SH (4.5.12)
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, W (IR
7| o B R(p)us

4.1()

2’ . W IR,
W Rious

4.1(ii)

----_:_7-‘:1.0 W IR,
- W Ripus

7us
S A

os 4.1(iii)

Figure 4.1: The comparison between the ||[R(p;)||; and [R(p,)]us for the two-qubit state p, has been
displayed. In Fig 4.1(i), one can observe that the inequality (4.4.1) obtained in T heorem —4.2 is violated
when —0.790569 <1 < —0.665506 for p € [p;, p2| whereas in Fig 4.1(ii) the inequality is violated when
0.116117 < ¢ <0.125 and p lies in the interval [0, p3). Fig. 4.1(iii) shows the violation of inequality
(4.4.1) whent >0.125and 0 < p < 1.

where |y;) = |0i) — u]i0), for i = {1,2} and |y3) = Y2 Jii).
The state described by the density operator p,, is NPTES [160]. Using the prescription given in (4.2.2),
we construct the SPA-R map R : My(C) — Mo(C) as

Ripw) =Lty )

— 2 _R(py), 0< p<1 4.5.13

The eigenvalues of R(p, ) can be calculated by finding the characteristic equation of the matrix R(py ).
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The characteristic polynomial can be expressed as

Frx) =2 —ar (W +ax ()x" — a3 (W) + as ()2 — as(w)x* + ag (L)x° — a7 (1) +ag(u)x — ag (1)

where the coefficients a;(u), i = 1,2,...,9 are given by

B 9 o 4(-9+u?) . 28(—3+pu?)
ai(n) = St1ou?’ ar () = mv az(n) = m,
126 — 84u2 4+ 5u* 126 — 1400 +25u* 2(—42+70u% —25u* + ub
as(U) = “24H, as(u) = #25 'u,as(l»l):—( " 26lu “)’
(5+2u?) (5+2u?) (5+2p%)
2(—18+42u% —25u* 4 3u") —94+28u”—25u*+6u°
a7(au) = - (5+2“2)7 ) QS(H):_ (5—|—2[J2)8
(—1+p?)>(=1+2p%)
ag(u) = — 5120 (4.5.14)

From the coefficients of f(x), it can be observed that atleast one coefficient of f,(x) is negative. This
means R(py) has atleast one negative eigenvalue. Using Descarte’s rule of sign, we find that R(py) is
not a positive semi-definite operator.

Using T heorem — 4.1, the approximated map R (pu) is positive as well as completely positive when the

lower bound / of the proportion p is given as

—1+15V2 202 1
| = ZLH15Vow+ 6v2utw w:\/ (4.5.15)

3V2(5+2u?)w 56 +9u2(5+ u?)

Since the SPA-R map ﬁ(p“) is positive as well as completely positive for p € [I, 1] where [ is given in
(4.5.15), so it is suitable for detecting the entanglement in the state p, experimentally.
Now we apply our separability criterion discussed in T heorem — 4.2 which involves the comparison of

||R(py)||1 and the upper bound [R(p, )]y defined in (4.4.1). For % < u <1, we find that

IR(pu)I1 > [R(pu)]us (4.5.16)

The comparison of ||R(py)||1 and [R(p,)]us for the two-qutrit state p, has been studied in Fig-4.2.
From Fig-4.2, it is evident that the inequality (4.4.1) obtained in T heorem — 4.2 is violated. Thus, the

state described by the density operator py, is an entangled state.

Example 4.3. Let us consider a two-qutrit isotropic state described by the density operator pg [3]

1— 1
9319, — - <B<1 (4.5.17)

pg = Blo+) (0| + g =

where Iy denotes the identity matrix of order 9 and the state |¢; ) represents a Bell state in a two-qutrit
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1o Il IR(ow)]us

0.9

1.0

Figure 4.2: The comparison between the ||R(p,)||; and [R(p,)]us for the two-qutrit state p, has been
displayed. It has been observed that the inequality (4.4.1) is violated for p, in the whole range of y and
for p € [1,1]

system and may be expressed as

R

(1) +122) +33)) (4.5.18)

‘¢+> =

Using realignment criteria, the state pg is an entangled state for % <B<I1.

Let us calculate the eigenvalues of R(pg). The characteristic polynomial of R(pg) is given by

f(x) =" —ar(B)a® +ax(B)x" —az(B)x® +aa(B)x’ — as(B)x* +as(B)x’ — a7 (B)x* +as(B)x—as(B)

where the coefficients a;(8), i = 1,2,...,9, may be expressed as

a(B) =3 (1+8B), @x(B) = 4B(2+7B), as(B) = > B*(1+2P)
as(B) = 51 B (4+B), as(B) = 5.2B*(5+4B), as(B) = - B2+ B)
8
() = 3150 +2B), as(B) = o B8 +B). ()= 1Lor  @519)

Since all the coefficients a;(8), i=11t0 9, of f3(—x) are positive, realignment matrix R(pg) is posi-
tive semi-definite. Using Descarte’s rule of sign, we find that the realignment matrix R(pg) is positive
semi-definite for 0 < p < 1.

The comparison between Hﬁ(pﬁ )||1 and [ﬁ(pﬁ)] us has been studied in Fig-4.3. From Fig-4.3, it can be
observed that the inequality (4.4.1) is violated for % < B <1landp€[0,1]. Thus, using Theorem —4.2,

the state described by the density operator pg is an entangled state.

Example 4.4. Consider the state described by the density operator p,, for 0 < a < 1 defined in (1.4.6).
It has been shown that this state is PPTES for 0 < a < 1 [40].
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B IRl

o W R(og)us

1000

Figure 4.3: The comparison between the ||§(pﬁ)| |1 and [ﬁ(pﬁ)]yg for the two-qutrit state pg has been
displayed. It has been observed that the inequality (4.4.1) is violated for all values of 8 € (1/3,1] and
for any p € [0, 1].

The eigenvalues of R(p,) can be calculated by finding the characteristic equation of the matrix R(p,).

The characteristic polynomial can be expressed as

fa(x) =% —a1(a)x® + ax(a)x” — a3 (a)x® + as(a)x® — as(a)x* + ag(a)x® — a7(a)x® + ag(a)x — ag(a)

where the coefficients a;(a), i = 1 to 9 are given as

a(a) = I+17a (@) = a(7+59a) as(a) = a*(21+109a) aa(a) = 5a%(7 +23a)
N8 Y T 214802 YT 21 +48a)® 0 MY T 2(14+8a)%
_ a*(35+67a) @’ (21+17a) ab(7—a) a(l—a)

as(a)—ma 06(0)—W’ a7(a)zm, ag(a)zm,

Now since a;(a) > 0 for i = 1 to 9, using Descarte’s rule of sign, R(p,) is PSD. Hence, by T heorem —
4.1, ﬁ(pa) defines a positive map for 0 < p < 1 and for all a € (0, 1). Further, using the section 4.2.2,
it can be easily shown that the SPA-R map R(p,) is completely positive for any p € [0, 1].

It has been observed that the inequality (4.4.1) is violated for different ranges of p and for some values

of a, which is shown in table 4.1. Thus, the inequality given in Theorem — 4.2 is violated by p,, and

a Range of p Theorem —4.2
0.1 0<p<0.019383 Violated
0.2 0<p<0.022143 Violated
0.3 0<p<0.021903 Violated
04 0< p<0.020444 Violated
0.5 0<p<0.018284 Violated
0.6 0< p<0.015611 Violated
0.7 0<p<0.012488 Violated
0.8 0 < p <0.008904 Violated
0.9 0<p<0.004791 Violated

Table 4.1: The table shows the range of the probability p for which the inequality (4.4.1) is violated for
different values of the state parameter a
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hence our criterion detects the bound entangled state given by (1.4.6).

4.6 Efficiency of SPA-R Criterion

We now show how the SPA-R criterion is efficient in comparison to other entanglement detection cri-
teria. In particular, we are considering three entanglement detection criteria such as (a) Zhang’s sepa-
rability criterion based on realigned moment [74] and (b) R-moment criterion discussed in section 3.3

for comparing the efficiency of SPA-R criterion.
4.6.1 Comparing SPA-R and Zhang’s realignment moment based criterion

We employ Example-4.1 and Example-4.4 to compare the SPA-R criterion with Zhang’s realignment
moment based criterion.

(i) Let us recall Example-4.1, where the family of states is described by the density operator p;. In-
terestingly, for this family of states when ¢ > 0, our SPA-R criteria detects entanglement in the region
t € (0.116117,0.790569]. But Zhang’s realignment moment based criteria given in (1.5.40) detect the
entangled state in the range ¢ € (0.370992,0.790569]. Clearly, SPA-R criteria detects the NPTES p, for
t > 0 in a better range than Zhang’s criteria.

(ii) Let us consider the BES studied in Example-4.4, which is described by the density operator p,,
0 <a < 1. As shown in table 4.1, the state p, is detected by SPA-R criteria.

Using (1.5.39), Zhang’s realignment moment for a bipartite state p, may be defined as
re(R(pa)) = TrR(pa) (R(pa)) 1/, k=1,2,3,....9 (4.6.1)

As given in (1.5.40), the separability criterion based on realignment moments r» and r3 may be stated

as: If a quantum state p, is separable, then

Q1 = (n(R(Pa))* = r3(R(Pa) <O (4.6.2)

Q1 > 0 certifies that the given state is entangled.
Fig-4.4 shows that the inequality (4.6.2) is not violated for the BES p, in the whole range 0 < a < 1.

Hence the BES p, is undetected by Zhang’s realignment moment based criteria.
4.6.2 Comparing SPA-R and R-moment criterion

Let us again recall Example-4.1 and Example-4.4 to compare the SPA-R criterion with the
R-moment criterion.

(i) In the Example-4.1, the family of states described by the density operator p, and it is
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Figure 4.4: The blue curve represents Q; for the state p, and x-axis depicts the state parameter a.

detected by SPA-R criteria in the range (0.116117,0.790569]. By R-moment criterion given
in section 3.3, p, is detected when ¢ € (0.214312,0.790569] C (0.116117,0.790569]. Therefore,
SPA-R criteria detect’ more entangled states than the R-moment criterion.

(ii) Let us now consider the BES studied in Example-4.4 and find that the state is detected by
SPA-R criteria. Applying R-moment criterion on the BES described by the density operator p,,

0<a<1,weget

0,=56Dy+T1—1<0Vae(0,1) (4.6.3)
where Dg = [}, 67(p.) and Ty = Tr[R(p,)]. Here oi(p,) represents the ith singular value of
pq. Since the above inequality is not violated for any a € (0,1), the BES p, is undetected by

R-moment based criteria. This is shown in Fig-4.5.

0.2 0.4 0.6 0.8 1.0

Figure 4.5: The red curve represents O, for the state p, and x-axis depicts the state parameter a.
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4.7 Error in the Approximated Map

We now study and analyze the error generated when R(p) is approximated by its SPA. In the
approximated map, we have added an appropriate proportion of maximally mixed state such
that the approximated map has no negative eigenvalue. The error between the approximated

map R(p) and the realignment map R(p) may be calculated as:

IR(E) ROl = [Pk + T(j[;é))]mm Rl
= phacat [ O~ RGP @)
Using triangular inequality for trace norm, (4.7.1) reduces to
IR(p) ~Rp)r < prt =2 S o @72

The inequality (4.7.2) may be termed as error inequality. The error inequality holds for any
two-qudit bipartite state.
Remark. The error inequality (4.7.2) is not defined for Schmidt symmetric entangled states.

Proposition 1: The equality relation

(1 _p)(l - Tr[R(psep)])
Tr[R(psep)]

IR(Psep) — R(Psep) i = (4.7.3)

holds for separable state described by the density operator ps., such that ||R(psp)||1 = 1.

Proof. Equality in (4.7.2) holds if and only if

Blisa = [r(:[;d;))] —1]R(p) (4.7.4)

i.e. equality in (4.7.2) holds when the realigned matrix takes the form

R(p) = PTRRI 1 ooy (4.7.5)

~ 1=p=Tr[R(p)] d*’

Taking trace norm, (4.7.5) reduces to

pTr[R(p)]
R = , 0<p<i 4.7.6
IR = = sy 0<P (4.7.6)
For separable state g, (4.7.6) reduces to

T 1-p-TrR(psp))



109

Simplifying (4.7.7), the value of p and 1 — p may be expressed as

1-— Tr[R(pseP)] 1 —p= M (478)

P TR (b)) T 14 TrR(prep)]

Substituting values of p and 1 — p in (4.7.5), the realigned matrix for separable state, R(py.,) takes the

form

1
R(psep) = El 4.7.9)
Therefore, (4.7.9) holds only for separable states. This means that there exists a separable state Py,

such that ||psp||1 = 1 for which the equality condition in the error inequality (4.7.2) holds. [ |

Result 4.1. If any quantum system described by a density operator p in d ® d system is separable then

the error inequality is given by

(1=p)[1 =Tr[R(p)]]

IR(p) —R(p)|li < Tr[R(p)]

(4.7.10)

Proof. Letus consider ad ®d dimensional separable state py,,. Using realignment criteria in T heorem —

1.5, we have ||R(pyep)||1 < 1. Therefore, error inequality (4.7.2) reduces to

1 —P— TF[R(psep)]

Hﬁ(Psep) _R(psep)Hl < p+

Tr[R(psep)]
_ (=p)[1 = Tr[R(psep)]]
T TR(wy) i
Hence proved. |

Corollary 4.2. If inequality (4.7.10) is violated by any bipartite d ® d dimensional quantum state, then

the state under investigation is entangled.

4.8 Conclusion

To summarize, we have developed a separability criterion by approximating realignment op-
eration via structural physical approximation (SPA). Since the partial transposition (PT) op-
eration is limited to detecting only NPTES, we have studied here the realignment operation,
which may detect both NPTES and PPTES. However, since realignment map is not a positive
map and thus it does not represent a completely positive map, it is difficult to implement it in
a laboratory. Therefore, in order to make the realignment map completely positive, firstly, we

have approximated it to a positive map using the method of SPA and then we have shown that



110

this approximated map is also completely positive. We have shown that the positivity of the
SPA-R map can be verified in an experiment because the lower bound of the fraction p can
be expressed in terms of the first and second moments of the realignment matrix. Interest-
ingly, we have shown that the derived separability criterion using the approximated (SPA-R)
map detects bipartite NPTES and PPTES. Some examples are cited to support our obtained
results. Although there are other PPT criteria that may detect NPTES and PPTES, our result
is interesting in the sense that it may be realized in an experiment. Our obtained results may
be realized in an experiment but to achieve this aim, we pay a price in terms of the short range
detection. This fact can be observed in Example-4.1 where the range of the state parameter
for the detection of entangled state is smaller than the range obtained by usual realignment
operation (without approximation). We also have analyzed the error that occurred during the
structural physical approximation of the realignment map and it is described by an inequality
known as error inequality. Continuing with the error inequality, we have obtained another in-
equality that is satisfied by all bipartite d ® d dimensional separable states, and the violation
of this inequality guarantees the fact that the state under probe is entangled. Interestingly, the
SPA-R criteria coincide with the original realignment criteria for Schmidt-symmetric states.
Moreover, we have presented a scheme for the measurement of the moments of the realign-
ment matrix in order for our entanglement detection criterion to be realized in practice. We
conclude by noting that our proposed entanglement detection approach should be experimen-
tally implementable through the combination of techniques associated with structural physical
approximation for realignment [121], and SWAP operations for measuring density matrix mo-
ments [124, 125].

kkkkkkkkkkkkkkkk



Chapter 5

Detection and Quantification of

Entanglement Through Witness Operator

If you think you understand quantum mechanics, you don’t understand quantum mechanics.

-Richard P. Feynman

In this chapter ! we take an analytical approach to construct a family of witness operators de-
tecting NPTES and BES in arbitrary dimensional bipartite quantum systems. The introduced
family of witness operators is then used to estimate the lower bound of concurrence of the
detected mixed bipartite entangled states. Next, we show that our lower bound estimate con-
currence is better as compared to the lower bound of the concurrence given by Chen et al.
(Phys. Rev. Lett. 95, 040504, 2005).

IThis chapter is based on the published research article, “S. Aggarwal, S. Adhikari, Witness operator provides better
estimate of the lower bound of concurrence of bipartite bound entangled states in di @ dy dimensional system, Quantum
Information Processing 20, 83, (2021)"
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5.1 Introduction

Since bound entangled states (BES) are very weak entangled states, they behave like separa-
ble states and thus it is very difficult to separate BES from the set of separable states. Hence,
in particular, the detection of BES is an important problem to consider. Also, researchers have
found many applications of bipartite BES in quantum cryptography [161], metrology [37], and
non-locality [38]. There are some powerful entanglement detection criteria such as the par-
tial transposition criterion, and realignment criterion but it may not be possible to implement
them successfully in the experiment. This situation can be avoided if the entanglement is de-
tected through the construction of a witness operator. Entanglement witness operator plays
a significant role in the entanglement detection problem since if we have some prior partial
information about the state which is to be detected then entanglement can be detected in the
experiment by the construction of witness operator [42]. Thus, by realizing its importance, we
have constructed a family of witness operators, denoted by W,,,), for the detection of entangled
states, particularly, BES.

Secondly, it is known that for higher dimensional systems, we do not have any closed formula
for concurrence, just like we have for a two-qubit system. Thus, the quantification of entangle-
ment by estimating the exact value of the concurrence is a formidable task. Despite these, few
attempts have been made to obtain a lower bound of the concurrence for a qubit-qudit system
[162, 163] and to derive a purely algebraic lower bound of the concurrence [164]. Later, Chen
et.al. [58] derived the lower bound of the concurrence for arbitrary d, ® d; (d; < d,) dimensional

system and it is given by

2
C(pag) = ddi—1) (maX(IIPX%IIh IR(pas) 1) — 1) (5.1.1)

where C(pagp) denotes the concurrence of a mixed bipartite quantum state psp and other no-
tations were defined earlier. We have modified the above lower bound of concurrence and
obtained the modified lower bound by using the constructed witness operator. We take a
few steps forward in this direction of research by obtaining a new improved lower bound of

concurrence using the constructed witness operator Win)-
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5.2 Preliminary Results

Result 5.1. If a state described by the density operator psp in d; ® d» dimensional system represents a

PPT state then the following inequalities hold [165, 166]

det(]dz +Tru (pAB)) < det(ldldz + pAB) (5.2.1)

det(ly, +Trp(pas)) < det (14,4, + PaB) (5.2.2)

where Tra(pag) and Trp(pap) represent the partial traces of the state psp with respect to the subsystems
A and B, respectively, while I; denotes the d x d identity matrix and det denotes the matrix determinant
operation.

Result 5.2. If W represents the witness operator that detects the entangled quantum state described by
the density operator psp and C(pap) denotes the concurrence of the state psp then the lower bound of

concurrence is given by [60]

C(PAB) > —TI’[WPAB] (5.2.3)

5.2.1 New Theorems and Results

Let us define an operator A of the form

A R(pag) (5.2.4)

1
~ /rank(R(pap)) IR (pas)|l2

Using Result 1.5, it can be shown that ||A||; < 1.
Theorem 5.1. If the bipartite state described by the density operator pap in dy @ dy dimensional system,
is separable then

[ZYES

(5.2.5)

1
rank(R(pag)) [|R(Pas) |2

Proof. Using the fact that if the state psp is separable then ||[R(pagp)|[1 < 1, one can prove that the

Theorem — 5.1 is indeed true. |

Corollary 5.1. If the inequality (5.2.5) is violated by a quantum state p4p then the state p4p must be
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entangled, i.e., if the state psp satisfies

<Al (5.2.6)

1
rank(R(pag)) ||R(Pas) |2

then the state p4p is entangled.
Theorem 5.2. Let R(pap) be the realigned matrix of the bipartite state described by the density operator

pap in dy @ dr dimensional system. If the state pap is separable then,

1pAER(PaB) 1} < Omar(PA3) (5.2.7)

where Tg denotes the partial transposition with respect to the system B and Gmax(Pg%) denotes the

maximum singular value of p}%.

Proof. Letus consider the product of two matrices pf{% and R(pp) and further suppose that Gl-(p}%R(pAB))

denoting the i’ singular value of the product p}%R(pA ). Therefore, the upper bound of trace norm of

PALR(pap) is given by

Ip 2R (pas) Il = Y 0i(p ER(pas)) < Y. Gi(p2) oi(R(pas))
Gmax(pf{BB) Z Gi(R<pAB))
= Gmw(p/{%) IR(paB)ll1 (5.2.8)

IN

where the first inequality follows from [2].
If the state pap is separable, then by Theorem — 1.5, we have ||R(pap)||i < 1. Thus, the inequality

(5.2.8) for the separable state reduces to

1PA5R(PaB) |1 < Omax(PAL) (5.2.9)

Hence proved. |

Corollary 5.2. If the state psp is separable then,

I Tr[(R(pag)) ™ pas]| < Omax(p1%) (5.2.10)

Proof. Let us start with |Tr[(R(pap))™pag]|. It is given by

ITr[(R(pas)) ™ pasl] = |TrR(Pan)p 3] < I 5R(pan), < Ouan(pll) (5:2.11)

The second last inequality follows from (1.1.41) and the last inequality follows from T heorem —5.2.
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5.3 Construction of Witness Operator

We now construct different types of witness operators that can detect (i) only NPTES and (ii)
Both NPTES and PPTES.

5.3.1 Witness operator detecting only NPTES

It is well known that partial transposition operation can detect NPTES but the problem lies
in the fact that it is not a physical operation and thus not possible to implement it in real
experiments. To resolve this issue, we take the approach of constructing a witness operator
that does not contain the partial transposition map for the detection of NPTES.

Let us consider a d; @ d, dimensional quantum state described by the density operator p4s.
Our task is to determine whether the state described by the density operator psz is NPTES.
Theorem 5.3. A d| ® d, dimensional quantum state pap is NPTES if there exist a witness operator W

such that
Tr[Wpag] <0 (5.3.1)

where W is given by

~ det(lgq + (.

W= (162())|l//><l//| — (det(Igy + Tra(.)))1a,a, (5.3.2)
(.) means a dy ® dy dimensional bipartite state which is under investigation, Tra(.) represents the
partial trace with respect to the subsystem A of the state under investigation, 1; 4, denoting the identity

matrix in d\ ® dy dimensional Hilbert space and |y) be the normalized eigenvector corresponding to

any non-zero eigenvalue A of pap.

Proof. Let us consider any separable state p, 7 in d; ® d, dimensional system. The trace of the operator

W over a separable state p}°/ is given by

17 ~5€ det(l +psep se se,
1) = 1ol 1 der(1, + a0} 03

= det(Iyg, +pa7) —det(ly, + Tra(psd)) >0 (5.3.3)

The last step follows from (5.2.1). Therefore, Tr[W ;] > 0 for any separable state p°r .
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Next, let us consider a state described by the density operator pi, defined as

0 00 3
0 &£ 0 0

pi2 = | (5.3.4)
0 0 i O
11 13
x 0 0 3
It can be easily shown that the state p;; is indeed entangled.
The trace value of W with respect to the state py, is given by

~ 491
TrW =—— 535
rWpi] = ——o05 < (5.3.5)
Thus, the operator W is a witness operator. |

We note that if pap denotes the PPTES in d; ® d> (d;,d>» > 3) dimensional system, then it can

be easily shown that Tr[Wpas] > 0. This happens because (5.2.1) holds for any PPTES also.

Thus, it is not possible to detect any PPTES using the witness operator W. Therefore, the

witness operator W detect only NPTES.

Let us now consider a family of 3 ® 3 dimensional isotropic state [137], which is defined by
1-f

9f —1
piso(f): 3 I9+ f8

vt (yt,0< F<1 (5.3.6)

where [y ") = —=(/00) +[11) +[22)) and f = (y*|piso ()W)
The state p;,(f) is separable when f < 1 and NPTES when f > 1.
We now calculate Tr[Wpj,,(f)] to determine how efficiently W detects NPTES. Tr[W pi(f)] is

given by
= (9N +S) 64
TriWpiso(f)] = 16777216 27
< 0, 0591634<f<1 (5.3.7)

Thus, the witness operator W fails to detect a few members in the family of isotropic NPTES.
If the parameter f lies in the region % < f <0.591634, then the family of entangled states are
not detected by W. Hence, we can say that the witness operator W is not as efficient in com-
parison to the other witnesses in the literature.

Here one may argue about the utility of constructing W to detect NPTES for which we already
have PPT criterion. It is known that the partial transposition is not a completely positive map
and thus it would be very difficult to implement it in the laboratory. One approach to overcome
this complication is given in [151] where the method of structural physical approximation of a

partial transposition (SPA-PT) is adopted to detect NPTES. We provide a complementary ap-
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proach to address this problem by constructing the witness operator W, which is independent
of the PT operation. Our criterion is constructive and applicable to detect NPTES even in the
higher dimensional bipartite systems where the SPA method can be strenuous to implement.
Now, our task is to construct another witness operator that can be as efficient as W. To
achieve this, let us start with R(pag), which denotes the realigned matrix of the state under

investigation. Then the operator W° can be defined as

0 1 —[[R(pag)ll1 (R(pag))™
=11 ) — 5.3.8
v ( k(R pas)) |R (pas) |2> e (PT8) ©-39)

where Tp is the partial transpose with respect to the second subsystem B and omax(p}‘g) de-

notes the maximum singular value of p}5.

Theorem 5.4. The operator W° is an entanglement witness operator.

sep

Proof. Let us consider any d; ®d, dimensional bipartite separable state p,5 . Therefore, Tr[W°py7 ] is

given by

(P3P R(Pag) 1= Rl

Triwep dl=1- SePY Ty
Omax((Pag )'®) rank(R(py3 ) IR(PAR )2

(5.3.9)
From (5.2.5) and (5.2.10), it follows that 7r[W°p,¥] > 0 for all separable states py .

Now it remains to show that there exists at least one entangled state psp for which Tr[W°p,g| < 0. For

this, let us consider a state of the form

—
—_

x 0 0 5
0 2 0 0
P12 = , (5.3.10)
0 0 5 O
7 1l
v 0 0 3
It can be easily verified that the state p;; is an entangled state.
The quantity 7r[W°p;] is given by
TrlW°py2] = —0.0585731 < 0 (5.3.11)
Thus, the operator W° is indeed an entanglement witness operator. |

Let us now recall again the family of 3 ® 3 isotropic states defined in (5.3.6) and investigate
whether the witness operator W° detect more members of the family of isotropic states than

Ww. To probe this, let us calculate the following:
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1
Tripgo R(Piso ()] = ge(—1+42f =9f%)
1-3f ()<f<l
Ty . 6 =>J >3
Gmax(piso(f)) - {1—!—3]‘ l<f<1
12 9 —J —
1 f=1
rank(R(piso(f))) = ’
9 f#5
$-3f 0<f<jy
IR(piso(N1 = {° ’
3f g<f<1

— 2
HR(piso(f))Hz = W

Using (5.3.9), we get

17-90f+9f% | 2V2(149f) < 1
16—48f 9\/1*2,f+9f2, 0 — f < 9
TriWepiso(f)] = g’ f= % (5.3.12)
1 [ 27(=14£)%  2V/2(—143)) 1
3 < S e )’ 9 f=1

Here, TriW°p;s(f)] < 0 for 0.413285 < f < 1, which improves the detection range obtained in
(5.3.7). Thus, the witness operator W° can be considered as more efficient than the witness
operator W. We can now observe the following facts:

(i) w° may detect bound entangled states also.

(ii) R(pag) and (R(pap))™ are both non-Hermitian matrices. But the real eigenvalues of (R(paz))’®
makes our witness operator CPT symmetric [167—169] and capable of detecting entanglemen-

t. In most of the cases, we find that the eigenvalues of (R(paz))™ are real.
5.3.2 Witness operator detecting both NPTES and PPTES

Now our task is to construct a witness operator that is efficient in detecting both NPTES and
PPTES.

Let us now start with the operator W, defined in d; ® d, (d) < d») dimensional space as follows:

_ 4 n ~ (R(pag))™ 1 —[[R(pas)ll1
Wi = 75 [(kpAB) (Lm Py ) +< T ||R(PAB)||2>Id]d2] (5.3.13)
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where n € N, the set of natural numbers; and k,,, = det (14,4, + pag) — det (14, + Tra(pag))-

Theorem S5.5. The operator W, is a witness operator that can detect PPTES.

Proof. Let us consider a bipartite d; ® d; (d) < d,) dimensional separable state pj&p. Using (5.2.1), we

sep

find that knga > 0 for any separable state p, .

sep\Ty sep o sep
TrWipag | = D (kpger )" <1 _ Il ) Sf,(’;AB )]> + L IRas )l 5.3.14)
di—1 Omax((Paz)™") rank(R(p3) [R(p3D) 12

Using (5.3.9), it follows that Tr[W,,yp,4 | > 0 for all bipartite d; ® d, dimensional separable state ;.

Let us now consider the BES given in [170].

a 00 05b 0 O0O0 D

0O c OOO0OO0O0OO0DO

00a 0O00O0O0O0CDO

000 aO0OO0OO0O0OO0 |43 5 |48
pege=1b 0 0 0 a O 0 O O ;Wherea=3+9\@,b=3+9\@,c=3+9\6

00 0O0O0T cO0UDbDO

000O0O0OTCO0O 0

00 0O0O0OUDdDO0a6o

b 000 0O0O0O0 a

(5.3.15)
The values of the parameters involved in the witness operator W, to detect the state ppg are given

below.

1 1
Kpge = 0.149 > 0;  Tr[pfER(ppe)] = 36321 8V5);  Gmax(Pph) = §\/29+ 12V/5,
rank(R(pse)) =9;  ||R(pse)|1 = 1.025;  ||R(pge)|2 = 0.413 (5.3.16)

The expectation value of W, with respect to the state pgg is given by

TriWupss] = 1.5(0.0203459 —0.962145 x 0.149599")

< 0 for n>3 (5.3.17)

Since the operator W,y detects the PPTES described by the density operator pgg for each n > 3 so W,

is a witness operator. Hence proved. |
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5.4 Estimating the Concurrence for any Arbitrary Dimensional Bipar-

tite System

We now derive a new lower bound of concurrence of a bipartite quantum state pp in d ® d>
dimensional system and show that our bound is better in most cases when it is compared
to the lower bound of the concurrence given by [58]. We note that the lower bound given in
(5.1.1) is not normalized but can be normalized to unity. If C,;»(pas) denotes the normalized

value of this bound for the state p4p, then we have

C(pAB) > Cmin (PAB)

1
= (dl _1)(max(”pflq?”hHR(pAB>H1)—1) (541)

We are now in a position to use the witness operator W, defined in (5.3.13) in the Result
5.2 by Mintert [60] for getting the improvement of the lower bound of the concurrence of an
arbitrary bipartite d; ® d» dimensional system. It may be noted that not all withess operators
improve the lower bound of the concurrence given by (5.1.1).

Theorem 5.6. Let pap be an entangled state in dy @ dy (di < dy) dimensional system detected by
the witness operator W, defined in (5.3.13). Then there exist ny € N such that the lower bound of

concurrence of the state pup is given by

C(pas) = Pw,, (Pa), Vn=n (5.4.2)
where
D, (Pas) = —Tr[Wy)pas]
Ty B
- [(Wﬂ (T[PR@H . 1) B B PN
! Omax(Pp) rank(R(pag))||R(pas) |2

Proof. Let us first recall the witness operator W(,,) defined in (5.3.13). Then the theorem follows by

using the witness operator W, in the result given in (5.2.3). Hence proved. |

Lemma 5.1. For any bipartite state pap in di ® dy dimensional system, we have
|kpyp| <1 (5.4.4)

where kp,, = det(I4,4, + pap) — det (g, + Tra(pag)).
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Proof. Let us start with the expression of Tr[ly,4, + pag] which is given by

Trllya, + Pagl = Trlla,a,) + Tripas) = didr + 1 (5.4.5)

1+didy

dvd> )
can be derived as
did>

Moreover, the inequality det (I, 4, + pap) < (

l+didy = Trllga,+ pas)
dydy

= Y Ai(laa, + pas)

i=1

didy ﬁ
> didy | []Ai(laya, + Pas)
i=1
1

= didy (det(1d1d2 + pAB)) ad (5.4.6)
ie.,
1+dydy \ M
fm@m+mw§<d;2> (5.4.7)
142
It can be seen that R.H.S of (5.4.7) tends toward Euler’s number e as d,d; tends to oo.
Therefore, for arbitrary large value of d; and d», we have
del‘(]dldz +pag) <e (5.4.8)

Let us first calculate the bound of det(Iy, + Tra[pag]) for d» = 2 and then generalize the result to
arbitrary dimension d>. The quantum state in a 2-dimensional system, i.e., a qubit is described by the

density operator
L+7.6
Tralpig) = = (5.4.9)

where 7 € R? with |#|? < 1 is the Bloch vector for the state Tra [pf(\zs)]; I is 2 x 2 identity matrix; and

6 = (0y, 0y, 0;) Where oy, 0, and o, are Pauli matrices defined in (1.1.29).

After carrying out a simple calculations, we arrive at the result given by
det(L+Tra[p3]) > 2 (5.4.10)

The equality holds in (5.4.10) for pure states.

Since pure states are rank one projectors, we have det (I, +Tra [pf(fg) |) = 2 for any pure state Trs [plg‘;z)]

in d> dimensional system. Thus, we can generalize (5.4.10) to an arbitrary qudit described by the

(da)

density operator 774[p,5 |, we obtain the following

det(ly, + Tra[p\®)) > 2 (5.4.11)
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Using the results (5.4.7) and (5.4.11) in kp,,,, we get

kows = det(lua, +pan) —det(la, +Tralpas])
< e—-2<1 (5.4.12)
Similarly, we can show that k,,, > —1. Thus, we have |k,,,| < 1. Hence proved. n

Remark. For PPT states, we have 0 < k,,, < 1.

Corollary 5.3. For large value of n, i.e., as n — oo, the lower bound of concurrence is given by

C(pag) > ¢(pap) where ¢ (pag) = dldll ( mnl!(RR(ng))H)lH;(lpAB)’) (5.4.13)

Proof. Since |kp,,| < 150 (kp,,)" — 0, as n — co. Thus, we have

lim @y, (pa5) = 0 (pas) (5.4.14)

n—yoo

Hence proved. |

Remark. The lower bound of concurrence given in (5.4.13) is better than that given in (5.4.1), when

n — oo,

5.5 Efficiency of the Witness Operator

Now we discuss some examples to illustrate the utility of the witness operator W, in the
estimation of concurrence of NPTES and PPTES. By using the witness operator W,, we
notice an improvement in the lower bound of the concurrence of the given NPTES and PPTES.

Moreover, we find examples of the state psp to demonstrate the following relations S; and S,:

S1: C(pag) = Pw,, (PaB) = Cumin(Par), ¥n=>n (5.5.1)

S2: C(pag) > 0(Pa) > Cin(Pan) (5.5.2)

5.5.1 Examples of Estimation of Lower Bound of Concurrence of NPTES

Example 5.1. Let us again recall the 3 ® 3 isotropic states described by the density operator pjs,(f)
defined in (5.3.6). The witness operator W(,,) detects 3 ® 3 isotropic states for some range of the param-
eters which has been shown in Table-5.1 given below.

We now use the witness operator W(,,) to estimate the lower bound of the concurrence of pjs, (f). With
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3 ® 3 Isotropic States described by pjs, (f)
n The range of the parameter f for which | pj,(f) detected/not detected by the wit-
Tr[Winpiso(f)] <0 ness operator W,
1 035<f<1 Detected by Wy,
2 0336 < f<1 Detected by Wy,
3 03338 < <1 Detected by W3,
4 03334 < f<1 Detected by Wy,
5 033334 < f <1 Detected by W(s)

Table 5.1: Detection of isotropic state (NPTES) using W, in the range % <f<1

an increase in n, one can easily find the improvement in the lower bound of concurrence estimated by
the witness operator W(,,), V' n € N, when compared to the lower bound of the concurrence given in

(5.4.1). If we take sufficiently large value of n then from Corollary — 5.3, we have

Clpnl) = olpuls) =2 S

where C(piso(f)) denotes the concurrence of the isotropic state.

<f<1 (5.5.3)

In Fig.-5.1, we have compared the lower bound ¢(pis,(f)) given in (5.5.3) with the lower bound
Coin(Piso(f)) given in (5.4.1).

Lower bound of concurrence in the state piso

1.0

. P ’,

’
’f
b

L e
0.8 IR

F ”

b
’¢
4

I ’
0.6 R

F '

P 4
.
L
L .
4

04+ L g

[ ’,¢ d(piso(f))

'l

r .’ e Crin(piso(f))

0.2 P
L
r ’,
/’
d
.
.
AP L L L L L Lf
0.4 0.5 0.6 0.7 0.8 0.9 1.0

Figure 5.1: Isotropic states pjs,(f): The dotted curve represents Cyin(Piso(f)) and the solid red curve
represents the limiting value of our bound, i.e., ¢ (piso(f)). Clearly, in the entangled region % <f<I1,
0 (piso(f)) gives a better estimate of the lower bound of concurrence as compared to Cpin (Piso (f))-

Example 5.2. Let us consider a class of bipartite quantum state in 3 ® 3 dimensional system, which is

defined as [36]

pa= 21wy |+ 2o+ 2% 2<ass (5.54)
where |yt) = %(|00> +|11) +[22)) and
1 1
o = 3 (101){01] + [12){12] +|20)(20]); o= = 2 (|10)(10] +[21)(21] +]02)(02]) (5.5.5)
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The state py can be characterized with respect to the parameter ¢ in the interval [2,5] as:

(1) pq is a separable state when 2 < o0 < 3.

(i) pg represents PPTES when 3 < @ < 4.

(iiil) py is NPTES when 4 < o0 <5.

In this example, we will consider the state py for4 < o < 5.

It can be easily seen that for each n, the witness operator W, detects all the NPTES belonging to the
family of states described by the density operator py, 4 < o < 5. Further, we can use the witness
operator W(,,) to improve the estimation of the lower bound of concurrence of the state py, 4 <o <5.
In this case, we find that except for n = 1, the witness operator W(,,) improves the lower bound of the
concurrence compared to the lower bound given in (5.4.1) in the whole range of the parameter a, i.e.,
4 < o0 <5. For n =1, the witness operator W(l) improves the lower bound in the interval 4.15 < a < 5.

Figure-5.2 describes a comparison between the limiting value of our bound, i.e., ¢ (pg) With Cpin(po)-

Lower bound of concurrence in the NPTES p,

04r

— ¢(pa)

""" Chin(Pa)
0.3}
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Figure 5.2: Horodecki alpha states (p): The dotted curve represents Cpin(po) and the solid red curve
represents the limiting value of our bound, i.e., ¢ (py ). Clearly, in the NPT entangled region 4 < o < 5,
0 (po) gives a better estimate of the lower bound of concurrence as compared to Cyin(Pg)-

5.5.2 Examples of Estimation of Lower Bound of Concurrence of PPTES

We will now consider a few examples of PPTES detected by the witness operator W,,).

Example 5.3. A 3® 3 PPTES constructed from the unextendible product basis (UPB) is given by [171]
1 5
purs = 7o~ Y v (wil] (5.5.6)
i=1

where the states {|y;)}_, form the UPB and are given by

|wl>=\g\o>®<ro>—rl>>; wz>=\g<|o>—|1>>®rz>; Vi) = —=2) @ (1)~ [2)
|W4>=\2(|1>—!2>)®\0>; [y5) = 310) +11)+[2) © (0) +11) +12) (5.5.7)
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To start with, let us calculate the following quantities for the state pypp:

71 1 1
kpyps = ﬁaTr[Pz%BR(PUPB)] =16 Omax (Ppp) = T
rank(R(pupg)) =6, HR(pUPB) Hl = 1.08741, HR(pUPB)”Z =0.5 (5.5.8)

Using the data given in (5.5.8), we can construct the witness operator W(,,) and calculate its expectation

value with respect to the state pypp as

3 Trlpl2, R 1—|R
TrWaypursl = 5 | (koups)" | 1= Pes (TEUPB)} + /—H Purs) s
Gmax(pUpB) rank(R(pUPB>)||R(pUPB)H2
3/3/771\"
= 2(4 (768) —0.071372> <0 VneN (5.5.9)

Thus, W, detect the PPTES described by the density operator pypp for all n € N.

The lower bound of the concurrence of the state pypp is given by

C(pUpB) > (I)W(,,) (pUPB) = —Tr[W(,,)pUpB], VneN (5.5.10)

In Table-5.2, we compare the lower bound of concurrence Py, (pup) wWith Cyin(pups). It shows that
for n > 1, the function @y, gives a better estimate of the lower bound of concurrence as compared to

the one given in (5.4.1), i.e.,
CI)W(H) (pUPB) > Cmin(pUPB) =004 Vn>1 (5.5.11)

Also, it can be observed that as we increase the value of n, the value of the lower bound of concurrence

Lower bound of concurrence for the state pypp
n Pw,, (Purs) Chin(PuPB)
1 0.00305406 0.04
2 0.097443 0.04
3 0.106169 0.04
4 0.106976 0.04
5 0.10705 0.04

Table 5.2: Lower bound is compared with Cy;,(pups)

is also improved. So, it would be interesting to find out the value of the lower bound of concurrence
for indefinite large n. We calculate the lower bound of concurrence of pypp for large n and using

Corollary — 5.3, it can be estimated as

C(purs) = ¢(purs) = 0.107058 (5.5.12)
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Example 5.4. Let us consider the two qutrit, non-full rank PPTES given by [172]

pi(Y) = yIvi) (Wil + (1 —y)pups, 1<i<5 (5.5.13)

where pypg, |W;) are defined in (5.5.6) and (5.5.7) and y € [0, 1]. The state p;() satisfy the range cri-
teria. For any i(1 <i <5), the PPT states p;(y) are entangled if and only if 0 < y < % pi(7y) represent
separable states for % <y<l1.

After simple calculations, we find that our witness operator W, identify the states p;(y), 1 <i <5
given in (5.5.13) as PPTES in the region 0 < y < 0.0635994, for any n € N. Furthermore, for a suffi-
ciently large value of n, but in the same range of ¥, the witness operator W,,,) detects the state described
by the density operator p;(y), 1 <i <5 as the matrix realignment criteria.

When 0 < 7 < 0.0635994, our derived lower bound of the concurrence of the state p;(y), 1 <i<5
gives a better lower bound in comparison to the lower bound of concurrence given by Albeverio et.al.

This has been shown in Figure-5.3.

Lower bound of concurrence in the state p;(y)
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Figure 5.3: The lower bound @y, (pi(7)), is represented by the solid curves, in blue (n = 2), green(n =
3). One must observe that for n > 3, the bound is slightly less than ¢(p;(y)) and finally converges to
it, i.e., to the red curve, as n is increased. The dotted curve represents Cpin(Pi(7)), i.e., the normalized
lower bound of concurrence of the state p;(y) given by (5.4.1).

Example 5.5. Let us again recall a class of bipartite quantum state p, for 3 < o < 4, which is given
by [36]

2 5-
pa=7!w+><w+|+%c++7aa, 3<ac<4 (5.5.14)

The state py, represents PPTES when 3 < o¢ < 4. One can check that the marginals of py are maximally
mixed and kp, > 0 for 3 < o < 4. We note that the PPTES of this family is not detected by the witness
operators W, which is defined in (5.3.8).
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To detect the state pq, let us construct the witness operator W(,,) with the data given by

2
2777 21 21 o Tk(R(pa)) =

1 /33 5
Omar (P = \/—5a+5a2+\/41—20a+4a2; (5.5.15)
HR(pa)Hl__ 19—%2\/19——15a—k3a2 IR(p)l2 = \/—+76 60a + 120?)

441 © 882

koo =~ 42 (1 +5_a>3 (1 +g>3; Trlpg'R(pa)] =

The range of the parameter & for which Tr[W,)pe] <0, n=1 to 5 is given in Table 5.3. It shows

that as the value of n increases, more and more PPTES are detected by the witness operator W,).

The state described by py for 3 < o < 4
n The range of ¢ for which T'r [W(n) Pa] < | pa detected/not detected by the witness
0 operator W,
1 37<a<4 PPTES detected by Wy,
2 3ll<a<4 PPTES detected by W5
3 30l<a<4 PPTES detected by W(3)
4 30025 < <4 PPTES detected by Wy,
5 3.0004 <x <4 PPTES detected by W(s)

Table 5.3: Detection of PPTES with the witness operator W, for different n and in the range 3 < ot <4

The witness operator W(,,) not only detect the PPTES p, but also estimate the lower bound D, (pg) of
the concurrence of pg when 3 < a < 4. It can be easily shown that the value of ®,(p,) improves as

we increase the value of n. Thus, for large n, the lower bound of the concurrence ¢ (pg) is given by

—14+vV19—150+302

9(Pa) = V111 =300 + 602

(5.5.16)

Again, the normalized lower bound C,,;,(pg) of the concurrence of py can be calculated by the pre-

scription given in [58]

Cmin(pa>:%(\/ 302 —150+19—1) (5.5.17)

We then compare the value of ¢(py) given in (5.5.16) with the lower bound given in (5.5.17). The
comparison is shown in the Figure-5.4 and it can be concluded that C(py) > ¢ (pPa) > Cpin(Pa) Where
3<a<4.

Example 5.6. Let us consider another family of PPTES described by the density operator p,, given in
(1.4.6). The state p, is separable when a = 0 and 1. It is known that the density matrix p, represents
a family of PPTES for 0 < a < 1 [40]. Further, it may be noted that the eigenvalues of the realigned
matrix R(p,) and that of the partial transpose of the realigned matrix of p,, i.e.,(R(p,))™®, are real and
non-negative.

In Table-5.4, we have shown that there exist different witness operators from the family of witness
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Lower bound of concurrence in the BE state pq
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Figure 5.4: The dotted curve represents Cpin(pq ) and the solid red curve represents the limiting value
of our bound, i.e., ¢(py) in the PPT entangled region 3 < a < 4. Our bound varies from 0 (at o0 = 3)
to 0.176 (at ox = 4) which gives a better estimate of the lower bound of concurrence as compared to
Conin(Pe) which varies from 0 (at o = 3) to 0.078 (at o = 4).

operators W, that can detect PPTES from the family of states described by the density operator p, for

different ranges of the parameter a.

The state p,;, 0 <a <1
n The range of the parameter a for | p, detected/not detected by the witness op-
which T7[W(,)pa] <0 erator W,

1 Does not exist Pa 18 not detected by Wy
2 0<a<0.016 PPTES detected by W5
3 0<a<0.62 PPTES detected by W(3)
4 0<a<0.951 PPTES detected by Wy,
5 0<a<0.9932 PPTES detected by W(s)
6 0<a<0.999 PPTES detected by W(g)
7 0 <a<0.99987 PPTES detected by W7
8 0 < a<0.99998 PPTES detected by W(g)

Table 5.4: Detection of PPTES in the range 0 <a < 1

Next, our task is to estimate the lower bound of the concurrence of the state p,, 0 <a < 1. We first cal-
culate the lower bound @y, (p,) of the concurrence and then compare it with the lower bound Cin(pa)
given in (5.4.1). The comparison is shown in Figure-5.5 and we find that there exist a critical value of
n, say n such that for n > ny, the quantity oy, (pa) gives better lower bound of the concurrence than
Cunin(pa)- Also, from Corollary — 5.3, we know that Dy, (pa) = 0(pa), as n — oo, so we obtained

the inequality for the state p,, 0 <a <1

C(pa) = 9(Pa) = Cuin(pa) (5.5.18)

Example 5.7. Let us consider a 4 ® 4 dimensional PPTES p,, , defined in (2.2.11). The state p,, , is

a PPT state for g = @ =gqo and p = I%M = po. Since ||[R(Ppy.q)|[1 = 1.08579, which is greater
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Lower bound of concurrence in the state p,
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Figure 5.5: The lower bound Py, (pa), is represented by different solid curves for different values of n.
The solid curve is given in blue for n = 3, green for n = 4, and brown for n = 5. One may note here that
for n > 5, the bound converges to the red curve which represents ¢ (p,). The dotted curve represents
Cumin(Pa), i.e., the normalized lower bound concurrence of p, given by (5.4.1).

than one, by matrix realignment criteria one can say that p,, ,, is a PPTES. Note that for this PPTES,
the realigned matrix R(p,, 4,) is Hermitian and so is (R(pp,.4,))". The witness operator W defined
in (5.3.8) fails to detect this state. A simple calculation shows that p,, ,, is detected by our witness

operator W(,,) for all n, i.e.,

V2

4 3 1 7 "
< 0, Vn (5.5.19)

Let us see now how efficiently, we estimate the lower bound of concurrence through the witness operator

Wy The lower bound @, (pp,,q,) 0f the concurrence of the state pj, 4, is estimated in Table-5.5.

4 ® 4 bound entangled state p,, 4,
n Py, (Ppo.g0) Conin(Ppo.g0)
1 0.01757 0.0285955
2 0.0915681 0.0285955
3 0.0971719 0.0285955
4 0.0975963 0.0285955
5 0.0976284 0.0285955

Table 5.5: Comparison of C,,;, with our lower bound of concurrence CI)W(H) ,forn=11to5.

We then verified the following relation, for n > 1

C(Ppo.ao) = Pw,) (Ppo.go) = Comin(Ppo.go)

(5.5.20)

For sufficiently large value of n, the lower bound of the concurrence of the state p, 4, is 0.0976311,

which is again much better than Ciin(Pp.¢)-
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5.6 Conclusion

To summarize, firstly we have constructed different witness operators to detect NPTES and
PPTES. Our main contribution in this chapter is that the constructed witness operator is
used to improve the lower bound of the concurrence for any arbitrary entangled state in
d) ® d»(d; < dy) dimensional system. In particular, our result will be useful to estimate the
lower bound of the concurrence of the BES in higher dimensional systems. This study is im-
portant because the exact expression of the concurrence for higher dimensional entangled
states is not known and thus one has to depend on the lower bound of it. Also, the witness
operator W, defined in (5.3.13) is proved to be very useful in detecting not only the NPTES
but also in the detection of many BES. Here we have illustrated the above facts with a few
examples but one may use W, to detect other BES and their lower bound of the concurrence

can also be estimated.

*kkkkkkkkkkkkkkk



Chapter 6

Detection of Bipartite and Genuine
Three-qubit Entanglement Through

Realignment Operation

In an honest search for knowledge, you quite often have to abide by ignorance for an indefinite period.

-Erwin Schrodinger

In this chapter ', we have developed techniques in the detection of bipartite and tripartite gen-
uine entangled states that may be realized in the current technology. We address the problem
of experimental realization of realignment operation and to achieve this aim, we propose a
theoretical proposal for the same. We first show that realignment operation on a bipartite
state can be expressed in terms of the partial transposition operation along with column inter-
change operations. We observed that these column interchange operations form a permuta-
tion matrix which can be implemented via SWAP operator acting on the density matrix. This
mathematical framework is used to exactly determine the first moment of the realignment ma-
trix experimentally. This has been done by showing that the first moment of the realignment
matrix can be expressed as the expectation value of a SWAP operator which indicates the
possibility of its measurement. Further, we have provided an estimation of the higher order
realigned moments in terms of the first realigned moment and thus pave the way to estimate
the higher order moments experimentally. Next, we develop moments based entanglement
detection criteria that detect PPTES as well as NPTES. Moreover, we define a new matrix re-
alignment operation for three-qubit states and have devised entanglement criteria that detect

three-qubit genuine entangled states.

IThis chapter is based on the published research article, “S. Aggarwal, S. Adhikari, Theoretical proposal for the experi-
mental realization of realignment operation, arXiv:2307.07952 (2023)"

131
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6.1 Introduction

Entanglement is a fundamental property of quantum systems, promising to power the near
future of quantum information processing and quantum computing [1, 42, 43]. Entangled s-
tates reveal some peculiar properties of the quantum world that may be used to do many
interesting quantum information processing tasks which may be done better than that with
the separable states alone [173? , 174]. Hence, it is important to devise implementable and
efficient methods to detect bipartite as well as multipartite entanglement. PPT criterion and
realignment criterion can be considered as the most important entanglement detection crite-
rion [175]. However, realignment criteria is a more powerful and operational criterion in the
sense that it can detect BES as well as NPTES [65, 68, 176], while PPT criterion detects only
NPTES. Both the operations viz. partial transposition and realignment operation are unphys-
ical and are based on the permutation of the elements of density matrix [177]. On one hand,
the explicit form of partial transposition has been studied extensively due to which this opera-
tion has been exploited to a great extent for detection, quantification, and characterization of
entanglement but on the other hand, the physical interpretation of the realignment operation
is still not known which makes the study of this matrix operation more intriguing. Thus, this
may be the possible reason that the permutation involved in the realignment operation has
not been studied much. Some investigation shows that the realignment operation is a global
operation acting on a bipartite state, unlike the partial transposition that acts on a subsystem.
This makes the physical implementation of realignment operation challenging and could be
another possible reason for it to be a comparatively less explored density matrix operation.

In the past decades, it has been shown that the moments of the density matrix contain much
information about the state and measurement of these moments is relatively easy [91, 106].
To avoid state tomography, several moment based methods have been proposed in the liter-
ature [19, 95, 96, 138]. Moments act as practical tools in estimating some crucial properties
of quantum systems. A method for experimentally measuring the moments by measuring the
purity of state is given in [92, 178]. A scheme based on the random unitary evolution and local
measurements on single-copy quantum states given in [179] is shown to be more practical
compared with former methods based on collective measurements on many copies of the i-
dentical state. A method to measure the k partial moments using k copies of the state and
SWAP operators has been discussed in [122, 123, 125, 157]. However, the measurement of
moments of the realignment matrix may be considered an open problem. This has provided
a strong motivation to develop an experimentally feasible method to estimate the moments of
the realigned matrix.

In this chapter, our aim is to study the following: (i) the physical nature of permutations in-
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volved in the realignment operation and (ii) to devise physically implementable entanglement
detection criteria based on realignment operation.

Researchers have shown that the moments of the realigned matrix can be used to detect
bound entangled states and hence estimation of these moments is an important task [74, 138].
However, it is not known yet how to estimate the realigned moments so we have considered
this problem and shown that these are expressible in terms of the expectation value of partial
transposition of a permutation operator concerning any d ® d dimensional bipartite quantum
state. We have made an effort to explore a method that enables the experimental realization
of the realignment operator. We have achieved this by constructing the realignment matrix
with the help of SWAP operator and partial transposition operation. We have shown that the
first moment of the realigned matrix may be determined exactly in an experiment. Also, it
may be used in an experiment to detect and estimate the amount of entanglement in a d ® d
dimensional system. We also provided a method that estimates the kth moment of the her-
mitian matrix [R(pagp)]"R(pag) using its first moment. This helps in deriving the entanglement
detection criterion in d; ® d, dimensional system that may be experimentally feasible. More-
over, we have generalized the matrix realignment operation in a three-qubit system. We will
show that the newly defined realignment operator along with the SPA-PT map may be used to
develop an entanglement detection criteria that has the potential to detect three-qubit genuine
entangled states.

6.2 Estimation of First Moment of Realigned Matrix

It is known that measuring the moments of the density matrix is practically possible using
m copies of the state and controlled swap operations [122]. Exploiting the similar approach,
Gray et al. have shown that the moments of the partially transposed density matrix can also
be measured using swap operators [125]. For a state pg4s, it has been shown that the kth order
moment of the partial transposed matrix p/ can be measured using the individual constituents
of the k copies of the state, i.e., pj%f = ®*_,pa.p, [125]. The idea is to write the matrix power
as an expectation of a partial transposition of a permutation operator for the state pag. This
may be considered as an important step since partial transposition operation is not a physical
operation but its kth order moment has been shown to be physically realizable. However, no
such protocol has been discussed in the literature till now for measurement of the moments of
the realignment matrix.

We adopted the approach of Gray et al [125] to show that the first moment of R(pas), i.€.,
Tr[R(pag)] can be expressed as the expectation value of the partial transposition of a per-
mutation operator with respect to the state psp and thus can be experimentally measurable.

Later, we derive a few results based on the first moment of R(p4p). Finally, we present sepa-
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rability criteria and show that it is equivalent to the original realignment criteria for the class of

Schmidt-symmetric states.

6.2.1 Realigned matrix as the product of swap operator and partial transposition oper-

ation

In the literature, it has been found that realignment operation may be defined as a way of
arranging the elements of the matrix in block matrix form, which is different from the partial
transposition operation. We will show here that the realigned matrix of any d ® d dimension-
al bipartite state psp may be obtained by the following two actions: (i) interchange the two
columns of the density matrix pap and (ii) apply the partial transposition operation on a sub-

system. This may be illustrated by the following figure (Fig.1). To understand these actions (i)

PAB@ pasP T (pasP)™ P b R(pan)

Figure 6.1: Schematic diagram representing the realignment operation in terms of partial transposition
and permutation operator

and (ii), let us recall a two-qubit bipartite state described by the density operator p4s given in
(1.5.8). After performing the first action (i), i.e., interchanging the second and third columns of

pas, it reduces to

P11 P13 P12 P4
p&z) _ | Pz P23 P22 P 62.0)
Pis P33 Py P34

Pis P Py Paa

Applying the second action (ii) on plgf), i.e., performing the partial transposition operation on

qubit B, gives

P11 Piy P12 P22
P13 P23 P14 P24
(g o= [0 72 T (6.2.2)
P13z Pia P P
P33 P3y P34 Pas

Again applying the first action (interchanging 2nd and 3rd columns) on (pf‘f))TB, it can be ver-

ified that the resulting transformed matrix is nothing but the realigned matrix R(pas) given in
(1.5.9). Therefore, we have shown that realignment operation, which is a non-physical oper-

ation may be expressed in terms of another non-physical operation (i.e., partial transposition
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operation) together with the permutation operation. It may be observed that the interchange
of two columns may be realized in an experiment using a swap operator. Thus, if psp denote
a d ® d dimensional state and R(psp) denotes the matrix obtained after applying realignment

operation to pag, then the realigned matrix R(pap) can be expressed as
R(pag) = (pasP)™®P (6.2.3)

where Ty denotes the partial transposition operation with respect to the subsystem B and P

denotes the SWAP operator in the computational basis, which is given by

d—1
P="Y" |ij){jil (6.2.4)
i,j=0

The SWAP operator P has the following properties:

1. P is a unitary operator with P> = I, where I, denotes the identity operator in d ® d

dimensional system.
2. Tr[P] =Tr[P"] =d

3. PP™s = PTz where P'» = ):l‘.fj;lo |ii)(j j| denote the partial transposition of the SWAP oper-

ator.
6.2.2 Estimation of the first moment of R(psp)

We are now in a position to estimate the first moment of the realigned matrix R(paz), where
pap denote the d ® d dimensional bipartite system.
Theorem 6.1. Let pap be a d ® d dimensional bipartite state. If R(pag) denote its realigned matrix

then the first moment of R(pag) is given by
t1 := Tr[R(pas)] = TrlpasP™] (6.2.5)

where P is the SWAP operator defined in (6.2.4).

Proof. The first moment of R(psp) may be defined as

= TI"[R(pAB)] (626)
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Using (6.2.6) and the expression of R(p4ap) given in (6.2.3), we get

t1:=Tr[R(pag)] = Tr[(pasP)"™P]
= Tr{(paP)P™]
= Trlpas(PP™)]

= TrlpasP™] (6.2.7)

The equality in the second line follows from the relation Tr[XY 78] = Tr[X"#Y] and the last step follows
from the fact that PP’s = PT5, [ ]

Therefore, we may conclude that the first moment of R(pag), i.e., t; = Tr[R(pag)] can be mea-
sured experimentally since it can be expressed as the expectation value of the partial trans-

position of the permutation operator with respect to any d ® d dimensional bipartite state pas.

6.3 Usefulness of the First Moment of Realigned Matrix

We now show that the first moment of the realigned matrix may be used in the detection and

quantification of entanglement.
6.3.1 Detection of d ® d dimensional entangled state

The realignment criterion can be considered as a strong criterion as it detects both PPTES
and NPTES. However, it is not known whether this criterion may be implemented in the lab-
oratory or not. To address this question, we show that the realignment criterion may be re-
expressed in terms of the first moment of the realigned matrix and thus it may be realized in
an experiment.

Theorem 6.2. If a bipartite state pap is separable, then
1 :=Tr[papP™] < 1 (6.3.1)

where the SWAP operator P is given in (6.2.4).

Proof. Let us start with the statement of the realignment criterion. It state that if a bipartite state pyp is

separable then

[IR(pag)|1 <1 6.3.2)

where ||.||; defines the trace norm.



137

Using Result 1.2 and (6.3.2), we get

Tr[R(pas)) < ||R(pag)|1 <1 (6.3.3)

From Theorem 6.1, we have Tr[pP’] = Tr[R(pap)]. Therefore, the theorem is proved using (6.3.3) M

Remark. For the class of Schmidt-symmetric states described by the density operator o4p defined in
[159], we have Tr[R(0ap)] = ||R(0ap)||1. Therefore, the criteria given in Theorem — 6.2 will become
equivalent to the original realignment criteria. Thus, the result given in 7 heorem — 6.2 will be strong

when considering the class of Schmidt-symmetric states.

6.3.2 Quantification of d ® d dimensional entangled state

In the case of a bipartite system, concurrence is a well-known measure of entanglement. An
elegant formula of concurrence for two-qubit states has been given by Wootters [48]. However,
the closed formula of concurrence in a higher dimensional quantum system is not known yet.
To overcome this situation, researchers have proposed several analytical lower bounds of
concurrence for mixed bipartite states in higher dimensions [58, 60]. Also, the lower bound of
the concurrence has been studied through the withess operator in the literature [60]. Withess
operator may be implementable in the experiment but it is not known that the lower bound of
the concurrence obtained through witness operator always gives better results than the bound
obtained by Chen et al. [58]. Thus, there may exist a d ® d dimensional bipartite entangled
state for which the Chen et al. bound is better than the bound obtained through the witness
operator. Hence it is important to review the lower bound of the concurrence and express it in
terms of the first moment of the realigned matrix. If we are able to do this then the lower bound
of the concurrence given by Chen et al. [58] may be realized in the experiment. To achieve our
aim, let us rewrite the lower bound of the concurrence for arbitrary d ® d-dimensional system
as [58]

C(pap) >

2 Ty
a1 (malippl IR eas)l1) ~1) (6.34)
Using the property of trace norm, we have the following inequality

TrlpspP] < 1px3PlI < P51 1Pl = d?|lp 511 (6.3.5)

The inequality (6.3.5) may be re-expressed in the simplified form as

Trp™P]  TrlpapP™
[l [dgﬂz [25 | (63.6)
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Thus, we have max(||p™ |1, [|R(pas)||1) > max(TE2)L 7r(p,sPTa]) = Tr[pasP™]. Hence, the
d

lower bound of concurrence can be derived as

C(pas) > (TrlpagP™]—1) (6.3.7)

dd—1)

From (6.3.7), it is clear that the lower bound of the concurrence of any d ® d dimensional
entangled system psp may be estimated through the first moment of the realigned matrix of
pag- Since the value of Tr[R(pag)] = Tr[pasP™] may be estimated practically so the estimation

of the lower bound of the concurrence may be possible in an experiment.

6.4 Estimation of the Moments of the Hermitian Matrix [R(ps3)]"R(pap)

We may observe that the results obtained in the previous section may be used to detect
d ® d dimensional entangled states. But to deal with the more general case, i.e., for d| @ d>
dimensional system, let us first define the kth moment of Hermitian positive semi-definite

operator [R(pap)]"R(pag), which may be defined as

T = Trl([R(pas)]'R(pa))" (6.4.1)

T

As R(pagp) is not Hermitian, so the moments of the operator [R(pag)]'R(pas) has been con-
sidered. Furthermore, since the physical implementation of the moments of the realign-
ment matrix is not known, we have studied the representation of the moments of the matrix
[R(pas)]"R(pag) that may be implementable in the experiment.

To achieve the above task, we derive a lower bound of the first moment of [R(pag)]"R(pas)
in terms of the first moment of R(psp) that has been shown to be experimentally measur-
able. Then we estimate the kth moment of [R(pas)]"R(pap) that may also be expressed as
the product of the maximum singular value of R(p4z) and the first moment of [R(pas)]"R(pas)-
Finally, we present entanglement detection criteria based on these moments and provide a

few examples to illustrate that the derived criteria can detect BES as well as NPTES.
6.4.1 Estimation of the first moment and kth moment of [R(paz)]"R(pap)

Let us consider a d; ® d, dimensional quantum state described by the density operator p4s
and the realigned matrix of it is denoted by R(pap). Assume that R(psp) has k non-zero
singular values that may be arranged in an ascending order as o; > o, > ... > o}, Where
1 <k <min{d},d3}.
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Lemma 6.1. The first moment T of the Hermitian positive semi-definite matrix [R(pap)| R(pap) may

be bounded below by the following bound:

(TrlpasP™])?

T > . (6.4.2)
where k denotes the number of non-zero singular values of R(pap)-
Proof. Applying Result-1.2 and using Tr[R(pag)] = Tr[p,5P], we have
Tr[p™P) = Tr[R(pan)] < ||R(pas)]l1 (6.4.3)
Further, using Result-1.5 with R(p4p), we have
IR(pag)|1 < VK|[R(pas)| |2 = \/kz 02 (R(pas)) = VKT (6.4.4)
where o; denotes the ith singular value of R(pag) and T; = YX_, 6?(R(p)).
From (6.4.3) and (6.4.4), we have
Tr[p™P] < \/kT} (6.4.5)
Simplifying (6.4.5), we prove the required lemma. |

Now, we are in the position to derive the lower and upper bound of the kth moment of the her-
mitian matrix [R(pap)]'R(pag) in terms of 7; and it may be expressed by the following theorem.

Theorem 6.3. The lower and upper bound of the kth moment of [R(pag)] R(pag) may be given by

(Omin(R(Pa)))* ' T1 < T < (Opax(R(pa5))) ' Th (6.4.6)

Proof. Since [R(pag)]"R(pap) is Hermitian so we can apply Result-1.4 on [R(pap)]"R(pag). Therefore,
using (1.1.43), the lower and upper bound of the second moment of the matrix [R(pap)]"R(pap) may

be obtained as follows.

Anin([R(048)]"R(pas)) Tr{[R(pag)] ' R(pas)] < Trl([R(pas)]'R(pas))’]
< Amax([R(p48)] "R(paB))Tr([R(pas)] ' R(pas)] (6.4.7)

Since, A;([R(pas)]'R(pag)) = 6 (R(pas)), the above inequalities can be re-expressed as

Oin(R(P48))T1 < Ty < 0,4 (R(pag))Th (6.4.8)
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where T; = Tr[[R(pas)] R(pag)]-
Following the same procedure for the kth moment, we deduce that the following inequality holds for

alll <k<n.
Grin(R(PaR)) Tt < Ti < G (R(PAB)) Ti1 (6.4.9)
By the principle of mathematical induction, we have

Gr%lin (R(paB)) i1 < Tx

0 (R(PaB)) Ti1 < (020 (R(pag)))*'Th (6.4.10)

(Grgu'n(R<pAB)))k71 T]

IN

IN

Hence proved. u
6.4.2 Entanglement detection criteria for d; ® d, dimensional bipartite system

We now derive an entanglement detection criterion for d; @ d, dimensional bipartite system.
The required entanglement detection criterion is derived in terms of the inequality that involves
the kth moment 7. The kth moment 7, may be estimated in terms of the function of the
first moment ¢, of the realigned matrix. Since t; = Tr[papP'] is an experimentally realizable
quantity, the d; ® d, dimensional entangled state may be detected in an experiment.

Theorem 6.4. Let pap be any bipartite state in dy @ dy dimensional Hilbert space. Consider the k
non-zero singular values of the realigned matrix R(pap) that may be denoted as 0,03, ...0; with

1<k< min{dz,d%}. If pap is separable then the following inequality holds:

2
%gl—km—nby” (6.4.11)

where Dy = [1+_, 6?(R(pag))-

Proof. Let psp be any arbitrary separable state in dj ® d» dimensional system. Using the R-moment

criterion given in T heorem — 3.1, we have

kk— 1D/ 41 <1 (6.4.12)

where the quantity Dy can be estimated in terms of moments using the bounds given in Lemma — 6.1

and T heorem — 6.3. The inequality given in (6.4.12) can be rewritten as
1/k
Ty <1—k(k—1)D, (6.4.13)

Thus, the inequality in (6.4.11) follows using Lemma — 6.1. |
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6.4.3 Examples

Now we illustrate the efficiency of the criteria given in Theorem — 6.4 using the following exam-
ples.
Example 6.1. Let us consider the following class of 3® 3 PPTES [143].

1 0 0 0 1 0 0 0 1
0 1/¢2 0 1 0 0 0 0 0
0 0 € 0 0 0 1 0 0
0 1 0 €& 0 0 0 0 0
pe:% 1 0 0 0 1 0 0 0 1 (6.4.14)
0O 0 0 0 0 1/e2 0 1 0
0 0 1 00 0 1/e&2 0 0
0 0 0 0 0 1 0 € 0
1 0 0 0 1 0 0 0 1

where € >0, € # 1 and N = 3(1 + &+ 81—2) is the normalization constant.

Matrix rank of R(p) is 8. Inequality in (6.4.11) is violated for € € [0.622496,0.780349] U[1.281481, 1.606435]
and hence the PPTES lying in this region are detected by the criteria given in T heorem — 6.4.

Example 6.2. Consider the class of NPTES in 3 ® 3 dimensional system, which is defined in (3.3.8)
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The inequality in (6.4.11) is violated for all a € [55(25 — v/141), 155(25 + v/141)]. Hence, the above

state is detected by the entanglement detection criteria given in T heorem — 6.4.
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6.5 Three-qubit System

Let us start with any three-qubit state described by the density operator papc, which may be
expressed as

o

pasc =g I1QIQI+1.6RII+IQm.GRI+IRIR7A.6+i.6 V.61

+il.6RIQW.E+IRV.6QW.G+ Y  1;jx0i0;0(] (6.5.1)
ivjﬂk:x:y~,Z

with

li=Trlpapc(0; RIRI)], mj=Tripapc(IQ@0;RI)]; nj=Tr[papc(I R 0;)]
ujv; = Tr[pAgc(Gi X O; ®1)], Viw; = Tr[pAgc(I(X) 0; ® Gl')]; uw; = Tl”[pAgc(G,’ ®RIR G,’)] fori= X,¥,Z

tijk = Trlpasc(0i @ 0 ® oy)] for (i, j,k = x,y,2) (6.5.2)

A density matrix papc on the Hilbert space 77 ® 53 ® ¢ (74,i = A,B,C, denotes the Hilbert

spaces of dimension 2) is fully separable if it can be written as
pasc =Y pipi @ pf @ p{ with p; > 0and ) pi =1

If a state is not fully separable then the state either belongs to biseparable class or the class
of genuine entangled states. A three-qubit mixed state is said to be a PPTES or BES if it
is genuinely entangled and its partial transposition on any qubit is positive. As we know the
partial transposition operation is not completely positive so the SPA-PT map for the three-qubit
system has been studied to classify its different SLOCC inequivalent classes [180]. Here, we
apply the SPA-PT map on the three-qubit system for the detection of genuine entangled states.
Let pasc be a three-qubit state and pi4., pf% ., pic . denote the partial transposition of papc
with respect to the subsystem A, B and C respectively. We now use the structural physical
approximation of partial transposition (SPA-PT) of a single qubit in a three-qubit system. The
SPA-PT map on the qubit X (X = A,B,C) of the three-qubit state papc, may be defined as

1 1
Pisc = 1g(h @R ©h) + 2phe, X =AB.C (65.3)

where I, denotes the 2 x 2 identity matrix. The SPA-PT map defined above is completely pos-
itive and hence may be implemented in an experiment [180]. The statement of the necessary

conditions for the separability and biseparability of a three-qubit state is given by [180].
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(a) If a tripartite state papc is separable or biseparable in the A|BC cut, then

1
}Lmin (p};‘gc) >

— 6.5.4
(b) If papc is separable or biseparable in the B|AC cut, then
T 1
A‘min(pABC) > TO (655)
(c) If papc is separable or biseparable in the C|AB cut, then
T 1
)Lmin(pAgc) > E (656)

It may be noted that the violation of the inequalities (6.5.4), (6.5.5), (6.5.6) implies that the
state papc is genuinely entangled.

6.5.1 Realignment map on three-qubit system

Here, we generalize the concept of a realignment map to three party system and thus define
a realignment operation on 2 ®2 ®2 system. If pspc denotes a quantum state in 2®2®2

dimensional Hilbert space, then pspc can be expressed in block matrix form as

A B C D
B E F G

PaBc = (6.5.7)
cr F* H I

D" G I J

where A,B,C,D,E,F,G,H,I, and J represent a 2 x 2 block matrices.

Then the realignment matrix of pagc may be defined as

vec(A)  vec(B)

vec(C)  vec

R(pasc) = (6.5.8)
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For any matrix Z = (z;;) € C"™*", vec(Z) is defined as

vec(Z) = (lea :Zm1,2125 +++1Zm2 Z1n;s ---azmn) (6.5.9)

Let O be a permutation operator defined by Q(e;) = m(e;) where = is a permutation on Sg
given by =(1,2,3,4,5,6,7,8) = (1,3,5,7,2,4,6,8) and ¢; denotes a 8 x 1 column vector with ith
entry equal to 1 and other entries equal to zero. Thus, the permutation operator Q may be

expressed in matrix form as

1 00 00OO0O
001 00O0O0O
000O0OT1O0O0ODPO
0=10 00 0 0 0 1 O (6.5.10)
01 00O0O0O0O
000O0OO0OT1TTU 0O
000O0O0O0OO01

Let X = [X;;]},_, be any 8 x 8 matrix written in block matrix form with each block matrix X;; of

size 2. Then 7 is the matrix operation defined as X* = [Xl.j.]j‘d-:1 where T denotes the usual
transpose operation. Then the transformed matrix Z(papc) obtained after applying the re-

alignment operation on the state pspc can be expressed as

Z(pasc) = (PapcQ)" (6.5.11)

6.5.2 Detection of genuine entanglement in three-qubit system

Now we use the realignment operation defined in (6.5.8) to derive a genuine entanglement
detection criteria for three-qubit states. To develop this criterion, we use the SPA-PT map
defined in (6.5.3). This criterion involves the computation of the minimum eigenvalue of the
Hermitian matrix [%(pasc)]’ % (pasc), Where Z given in (6.5.11) is the realignment operation
defined on the three-qubit system. Later, we will show that our criteria have the potential to
detect three-qubit entangled states.

Theorem 6.5. Let pspc be a tripartite state in 2 Q2 ® 2 dimensional Hilbert space. If the state papc is

biseparable in A|BC cut or B|AC cut or C|AB cut respectively or if it is fully separable then

Aanin (% (Panc)) % (Pasc) +P:;Tv}§c) > Amin([%(Pasc))" % (pasc)) + 11*0

(6.5.12)
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where pjﬁc denotes the SPA-PT with respect to the subsystem X = A, B,C.

Proof. Let us assume that the three-qubit state pspc represents either a separable or a biseparable state

in the A|BC cut. Since [%(pasc)|’ % (papc) and p, 4 are Hermitian, using (1.1.42), we have

Donin ([22(Pasc))" Z(Pasc) + Pase) = Amin([Z(Panc)) Z(Pasc)) + Amin(PAnc)

> Xin([Z(Panc)) % (pasc)) + % (6.5.13)

where the last inequality follows from (6.5.4). This proves Theorem — 6.5 for X = A. Similarly, the
proof follows for X = B and C. |

Corollary 6.1. A tripartite state p4pc is genuine entangled if the following inequality holds with respect

to every subsystem X = A,B,C

Aonin([% (Panc)) % (Pabc) +I;E) < donin([2(panc)) % (panc)) (6.5.14)

10

The result stated in Corollary — 6.1 is strong in the sense that it can detect three-qubit genuine

entangled states.
6.5.3 Example

Consider the following family of entangled three-qubit states constructed from mutually unbi-

ased basis as [181]

1
pasc(p1,p2,p3) = g[lz RLRL+1r10,20,0hL+10,05L® 0;+ ;3L ® 0;® 0, + 140y ® Oy @ Oy
+750, ® Oy ® Oy + 160y ® O @ Oy + 170, & Oy @ Oy (6.5.15)

where ry =ry =r3 = p1+p2—p3, ra=p1—p2+3p3, rs =16 = r; = —p1 + p2 + p3 With p; 4+ pr +
3ps=1and0< p; <1fori=1,2,3.Using the separability criteria given in Theorem — 6.5, we find
that the inequality given in (6.5.12) is violated for each subsystem X = A, B,C for some values
of (p1,p3), which is shown in Fig-6.2. Thus, by Corollary—6.1, we conclude that pagc(p1, p2, p3)

is a genuine three-qubit entangled state.

6.6 Conclusion

To summarize, we have shown that the realignment operation may be expressed in terms
of partial transposition and permutation operator (SWAP operator). By doing this, we have
demonstrated that Tr[R(pap)] can be expressed in terms of the expectation value of SWAP

operator which indicates the possibility of its physical measurement. Next, this physically
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Figure 6.2: For the state pagc(p1, p2, p3) given in (6.5.15), the yellow and blue curve represents the left
hand side and the right hand side of the inequality (6.5.14) for X = A, B, and C. The graph is plotted
with respect to the state parameter p; and p3. The figure shows that the inequality (6.5.14) holds for a
large number of states and hence those entangled states are detected by the method developed in this
chapter.

realizable quantity, 7r[R(pas)] has been used to obtain separability criteria. This criterion
is weaker in terms of detection power, but it is important because it reduces to the original
realignment criteria for Schmidt-symmetric states. Since R(pap) is not Hermitian, so we have
derived the kth moments of the Hermitian operator [R(paz)] R(pag) in terms of its first moment
which reduces the heavy calculations required to compute higher order moments. Using these
moments, we propose entanglement detection criteria that are shown to detect NPTES as
well as BES. Moreover, we have defined a new realignment operation for a three-qubit system
and have shown that the three-qubit realigned matrix can be expressed using a permutation
operator. We derive separability criteria to detect three-qubit genuine entangled states using

SPA-PT and the proposed realignment operation.

*hkkkkkkkkkhkkkkk



Conclusion and Future Scope

Conclusion

In the present thesis, we have extensively studied and used realignment criteria to character-
ize entanglement in bipartite and multipartite systems. We have established a few separability
criteria that successfully detect NPTES as well as PPTES. Although the topic of detection of
entanglement has been extensively studied in the literature through many approaches, the
majority of these criteria are not physically realizable. This means that they are well accepted
in the mathematical language but cannot be implemented in a laboratory setting. In this the-
sis, we have proposed some theoretical ideas to realize these entanglement detection criteria
experimentally.

In Chapter — 1, we have introduced basic definitions and concepts of linear algebra and quan-
tum mechanics, along with some important mathematical results obtained in the literature. We
then provide a brief review on the theory of bipartite and multipartite entanglement. We also
discuss here a few existing entanglement detection criteria. This chapter provides a founda-
tion for understanding the upcoming chapters of the thesis.

In Chapter — 2, we have constructed a family of witness operators that is efficient in detecting
BES and NPTES. For this, we first constructed a linear map using the combination of partial
transposition and realignment operation. Then we found some conditions on the parameters
of the map for which the map represented a positive map. Further, we have constructed a
Choi matrix corresponding to the map and have shown that it is not completely positive. We
then constructed an entanglement witness operator, which is based on the linear combination
of the function of the Choi matrix and the identity matrix and has shown that it can detect both
NPTES and PPTES. Finally, we prove its efficiency by detecting several bipartite BES that
were previously undetected by some well-known separability criteria. We also compared the
detection power of our witness operator with three well-known powerful entanglement detec-
tion criteria, namely, dV criterion [82], CCNR criterion [66] and the separability criteria based
on correlation tensor (CT) proposed by Sarbicki et al. [81] and find that our witness operator

detects more entangled states than these criteria.

147



148

In Chapter — 3, we have introduced a novel entanglement criterion for bipartite systems based
on the moments of the Hermitian matrix [R(pag)]"R(pas), Where R(pap) denotes the matrix
obtained after applying realignment operation on a quantum state p,z, which we call here
realigned moments (or R-moments). The motivation of this chapter is to construct experimen-
tally realizable entanglement detection criteria that can detect NPTES as well as BES through
partial knowledge of the density matrix. It has been shown that measuring partial moments is
technically possible using m copies of the state and controlled swap operations [122]. In this
chapter, firstly, we have proposed a separability criterion (called R-moment criterion), which
is based on moments and has been formulated in the form of an inequality that must be ful-
filled by all bipartite separable states. Thus, the violation of the derived inequality reveals that
the state is entangled. The criterion is efficient in the sense that it detects BES for m @ n,
mn # 4 dimensional systems. Furthermore, we have shown that it performs better than the
other existing criteria based on partial moments in some cases, for detection of NPTES in
higher dimensional systems. We have illustrated the efficiency of the R-moment criterion for
the detection of NPTES and BES by examining some examples. Since the above discussed
criterion requires all four moments for 2 ® 2 dimensional system, we have devised another
moment based separability criterion for two-qubit systems that need only three moments. We
also have chosen some examples of two-qubit NPTES that are undetected by other criteria
based on partial moments and realignment operation.

In Chapter — 4, the physical realization of a realignment map using the method of structural
physical approximation has been proposed. Although the realignment criterion is one of the
best for the detection of PPTES, it may not be used to detect entanglement practically. It hap-
pens because the realignment map corresponds to a non-positive map and it is known that the
non-positive maps are not experimentally implementable. In this chapter, we have started with
approximating the realignment map to a positive map using the method of structural physical
approximation (SPA) and then we have shown that the structural physical approximation of
realignment map (SPA-R) is completely positive. Next, we developed a separability criterion
based on SPA-R map in the form of an inequality and have shown that the developed criterion
not only detects NPTES but also PPTES. We estimated the eigenvalues of the realignmen-
t matrix using moments that may be used physically in an experiment [96, 125, 154, 155].
We have provided some examples to support the results obtained. Moreover, we discuss
the accuracy of our approximated realignment (SPA-R) map by calculating the error of the
approximation in trace norm. We have also introduced an error inequality which holds for all
separable states. This chapter is significant because the idea of SPA of realignment operation
has been discussed here which has not been explored yet.

In Chapter — 5, we have constructed a family of witness operators to detect and quantify

NPTES and PPTES. Our main contribution in this work is that the constructed witness op-
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erator is used to improve the earlier obtained lower bound of the concurrence of any arbitrary
entangled state in d; ® d, (d; < d,) dimensional system. In particular, our result may be used
to estimate the lower bound of the concurrence of the bound entangled states in higher di-
mensional systems. This study is important because the exact expression of the concurrence
for higher dimensional mixed bipartite entangled state is not known and thus has to depend on
the lower bound. The defined witness operator has been proven to be useful in the detection
and quantification of not only the NPTES but also BES. We have illustrated the above facts
with a few examples.

In Chapter — 6, the problem of the physical implementation of the realignment criterion has
been discussed. In this chapter, we have shown that the matrix obtained after applying the re-
alignment operation on a bipartite state can be expressed in terms of the partial transposition
operation along with column interchange operations. These column interchange operations
form a permutation matrix which can be implemented through swap operator acting on the
state. Using this mathematical framework, we have determined the exact expression for the
first moment of the realignment matrix experimentally. This has been accomplished by show-
ing that the first moment of the realignment matrix can be expressed as the expectation value
of a permutation operator which indicates the possibility of its measurement. Further, we have
provided an estimation of the higher order moments of the Hermitian matrix [R(pap)]"R(pag) in
terms of its first realigned moment. Moreover, we have defined a new realignment operation
for three-qubit states. We have shown that the three-qubit realigned matrix can be expressed
using a permutation operator and derived separability criteria to detect three-qubit genuine en-
tangled states using SPA-PT and the proposed realignment operation. It has been illustrated

using an example that the criteria has the potential to detect BES.

Future Scope

In the literature, various schemes exist for the detection and classification of entangled states
in higher dimensional bipartite and multipartite systems but most of them may not be imple-
mented experimentally. In the present thesis, we have focussed on overcoming this problem
and have presented theoretical solutions to a few of them, but still, there is a scope to improve
this situation. A few ideas for future work are discussed below:

(i) Quantification of bound entanglement via SPA-R map

There exist various entanglement measures such as concurrence, negativity, relative entropy
of entanglement, and geometric measure of entanglement that can quantify the amount of en-
tanglement in a two-qubit as well as higher dimensional bipartite pure and mixed state. Now,
the question arises of whether the entanglement measures can quantify the amount of entan-

glement for any arbitrary dimensional bipartite system physically. This situation is complicated
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in higher dimensional systems since only a handful of measures are available to quantify high-
er dimensional bipartite mixed states. For instance, concurrence is a well-defined measure but
we do not have a closed formula for concurrence in higher dimensional systems. Secondly,
we have another easily computable measure of entanglement, namely negativity, which may
be used to quantify the amount of entanglement in higher dimensional bipartite states but the
problem with this measure is that it depends on the negative eigenvalues of the non-physical
partial transposition operation. Thus, negativity does not correspond to a completely positive
map and hence, is difficult to implement in the laboratory. Also, negativity cannot be used for
the quantification of BES. In the present thesis, we provide experimentally realizable entangle-
ment detection criteria based on structural physical approximation of realignment operation.
This work can be further extended to the quantification of bound entanglement in arbitrary
dimensional bipartite and multipartite quantum systems using the method of SPA.

(ii) Physical realization of higher order moments of realignment matrix

In recent technology, moments become practical tools in estimating properties of quantum
systems, including quantum entanglement. Several moment based methods have been pro-
posed in the literature. However, the measurement of moments of the realigned matrix is still
considered an open problem. In this thesis, we have revealed the exact expression for the first
moment of the realignment matrix in terms of the expectation value of a permutation operator
which makes its measurement possible. For higher ordered moments, we have obtained lower
bounds and upper bounds in terms of the first order moment. This work can be extended to
obtain the exact expression for the higher order moments of the realignment matrix in terms
of an experimentally realizable quantity.

(iii) Detection and classification of bound entangled states in multipartite systems
Classification of multi-qubit quantum state is another important problem in quantum informa-
tion theory that gets more complicated when the number of qubits is greater than or equal to
three. We have developed a new realignment operation for three-qubit states and shown that
it can be used to detect genuine entanglement. There is further scope to develop methods for

the classification of multipartite entanglement using the proposed realignment operation.
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